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Multi-Objective Particle Swarm Optimisation
for Molecular Transition State Search

Jan Hettenhausen, Andrew Lewis, Stephen Chen, Marcus Randall and René
Fournier

Abstract This paper describes a novel problem formulation and specialised Multi-
Objective Particle Swarm Optimisation (MOPSO) algorithm to discover the reaction
pathway and Transition State (TS) of small molecules. Transition states play an im-
portant role in computational chemistry and their discovery represents one of the big
challenges in computational chemistry. This paper presents a novel problem formu-
lation that defines the TS search as a multi-objective optimisation (MOO) problem.
A proof of concept of a modified multi-objective particle swarm optimisation algo-
rithm is presented to find solutions to this problem. While still at a prototype stage,
the algorithm was able to find solutions in proximity to the actual TS in many cases.
The algorithm is demonstrated on a range of molecules with qualitatively different
reaction pathways. Based on this evaluation, possible future developments will be
discussed.
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René Fournier
Department of Chemistry, York University, Canada e-mail: renef@yorku.ca

1



2 J. Hettenhausen, A. Lewis, S. Chen, M. Randall and R. Fournier

1 Introduction

Many chemical compounds can exist in a number of different forms, or isomers,
each having the same molecular formula but different physical and chemical proper-
ties, due to their different molecular structure. The process of isomerisation, chang-
ing a molecule from one structure to another, involves passing through an interme-
diate or transition state. This transition state is the unstable intermediate state at
which the molecule has the highest potential energy between the two, stable, low-
energy isomers. Figure 1 illustrates a reaction path from reactant via transition state
to product on the example of hydrogen cyanide.

TS play an important role in a variety of areas of theoretical chemistry. Accu-
rate knowledge of geometry and potential energy of TS is, for example, required to
understand chemical reactivity, reaction rates and mechanisms as well as analysing
barrier lowering in catalysed reactions [17, 20]. For example, the Arrhenius law,
k = Ae−Ea/RT , gives a good fit to the observed rate constant k(T ) of chemical re-
actions. The parameters A and Ea are readily obtained if one knows the transition
state: Ea is the energy difference between the saddle point and the local minimum,
and A can be estimated from the curvature (energy second derivatives) at the saddle
point. As transition states cannot be directly observed and even their approximation
by experimental means is difficult, determining transition states computationally has
been a field of ongoing research in computational chemistry.

Algorithmically this problem is usually approached by approximating the reac-
tion pathway on the Potential Energy Surface (PES) of the molecule [35]. While
generally not known in its entirety, individual points on the PES can be acquired
by solving the Schrödinger equation for a specific conformation of the nuclei of the
molecule in question. The PES can be pictured as a hilly landscape, in which the
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Fig. 1 Appromimate illustration of a reaction path showing corresponding conformations of hy-
drogen cyanide.
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stable isomers are valley bottoms (local minima). The transition states then are the
passes, i.e. the lowest crossing point over the mountains between two valleys [35].

While for macro-molecules, such as proteins, the search for the various local
minima of a molecule is still a challenging problem, it is considerably more difficult
to obtain the saddle points even for small molecules. This is in particular due to the
fact that TSs are first order saddle-points of the PES and therefore require signifi-
cantly more complicated approaches than are necessary to identify local minima.

The process of identifying the TS for a given local minimum of a molecule (re-
actant) comprises five distinct steps (see, for example, Fournier et al. [17]):

1. Locate the reactant on the PES. Depending on the problem definition it may also
be necessary to identify the second local minimum (product) which the reaction
will result in.

2. Determine a good approximation for the TS. This is often based on finding an
approximation to the reaction pathways and identifying a candidate TS on it.

3. Refine the TS by performing a constraints minimisation of the norm of gradient.
Appropriate constraints need to be chosen to ensure that the search does not
converge to either of the local minima.

4. Calculate the Hessian matrix and frequencies of the candidate TS to verify that
the point is, in fact, a first order saddle-point.

5. Map out the intrinsic reaction coordinate.

Step 2 usually represents the most challenging aspect of identifying a TS. Once
an approximate TS is identified, it is usually straightforward to find the actual TS.
The algorithm presented in this paper addresses the problem of finding such an
approximate TS with sufficient accuracy.

A large percentage of TS finding algorithms can be classified as either Shallow-
est Ascent (SA) or Path Interpolation (PI) methods. SA methods start at the reactant
and iteratively try to follow the shallowest ascent out of the valley until the norm of
gradient becomes zero and the TS is found. One of the first practical approaches to
finding the TS was developed by Cerjan and Miller [5] in 1981. Other approaches
were published by, for example, Baker [1] and Maeda and Kono [31]. To identify
the shallowest ascent the second derivative matrix of the PES needs to be calculated
in every step making SA approaches computationally more expensive than PI meth-
ods. Their advantage, however, is that only the first minimum needs to be known.
SA approaches therefore solve a more general and more difficult problem than PI
approaches, which require a priori knowledge of both minima, i.e. the reactant and
the product. PI approaches start with a coarse approximate path between the two
minima and gradually refines it using constraint optimisation. Common PI methods
include nudged elastic band [15, 22, 23, 41], the string method (SM)[13], Growing
String Method (GSM) [3, 4, 34, 38] and modified GSM [19, 20]. Further methods
outside these two categories include the Fast Marching Method (FFM) [2, 11, 12]
and Dewar’s method [10]. Comprehensive overviews of existing methods can be
found in del Campo and Köster [9] and Schlegel [35].

To the authors’ knowledge, the first non-deterministic method was developed
by Fournier et al. [17]. Their approach combines the ideas of SA with those of
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common metaheuristics by using a small group of “climbers” that traverse an ap-
proximate reaction pathway towards the TS. Climbing direction and movements are
thereby guided by a set of parameters acquired from the global information of the
path gathered by all climbers. The performance of each climber is assessed with
an aggregated fitness function based on energy, distance and changes in bonds. An
interesting feature of this approach is that the climbers can continue after finding
an approximate TS, allowing the algorithm to discover successive minima and TS
without having to restart the algorithm from a new position.

Based on the idea that the reaction pathway follows the shallowest path out of
the valley around the minimum, this paper presents a novel problem formulation
for TS search treating the problem as a multi-objective optimisation problem of the
following form:

minimise f(x) = { f1(x), f2(x), ..., fm(x)}
fk : Rn→ R,∀x ∈ F,F⊆S⊂ Rn (1)

where F is the feasible space within the search space S based on a set of given
constraints. A detailed discussion on this formulation and its justification will be
provided in Section 2. Using this problem formulation then allows finding the re-
action pathway and TS using multi-objective metaheuristics, a class of algorithms
highly successful on a wide range of problems in science and engineering (e.g.
[21, 24, 25, 37]). While non-deterministic, metaheuristics have the advantage of
being inherently parallel and do not require structural knowledge of the problem
domain.

As a solution technique, a prototype of a modified multi-objective particle swarm
optimisation algorithm will be used. Particle Swarm Optimisation (PSO) takes its
inspiration from the behaviour of swarming and flocking animals [29]. PSO models
candidate solutions as a populations of particles that can either freely or with con-
straints move in the parameter space of the problem. The velocity of the particles
is thereby governed by a velocity equation usually based on momentum, a particle
specific memory of the best solution visited by that particle and a social component
giving each particle knowledge of the best solution known to the swarm. Sometimes
a turbulence component is used to improve diversity [39]. A variety of PSO adapta-
tions exist to allow simultaneous optimisation of multiple objectives [6, 16, 32]. The
primary difference to single-objective PSO is that multi-objective PSO (MOPSO)
incorporates an archive that holds knowledge of a set of known optimal compro-
mise solutions. Optimality in this context is defined on the basis of the dominance
relation where one parameter vector x1 is said to dominate another parameter vector
x2 if and only if

fk(x1)≤ fk(x2),∀k ∈ 1, ...,nk

∃k ∈ 1, ...,nk : fk(x1)< fk(x2)
(2)

The set of all globally non-dominated parameter vectors form the Pareto-optimal set
or
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P∗ = {x∗ ∈ F|@x ∈ F : x≺ x∗} (3)

and the set of corresponding objective vectors is called Pareto-front or

PF∗ = {f(x∗)|x∗ ∈P}. (4)

which could be described as the set of optimal compromise solutions. For each
solution no objective can be further improved without worsening another.

On the basis of the MOPSO algorithm a method will be presented that can suc-
cessfully converge to the minimum energy pathway. However, a number of adapta-
tions and additions were necessary to address the specific challenges of identifying
the reaction on the PES in the context of a multi-objective optimisation problem.
These will be discussed in Sections 2 and 3.

The algorithm was tested on a set of small molecules with different reaction path-
ways. The results of these tests will be discussed in Section 4. Concluding remarks
and a discussion of future work and extensions to the method presented can be found
in Section 5.

2 The Multi-Objective Optimisation Problem Formulation

This paper introduces a novel way of describing the TS search problem by defining
the minimum energy pathway section-wise as Pareto-fronts, transforming it into
a multi-objective optimisation problem. Based on this formulation, algorithms can
solve the TS search problem without knowledge of the second minimum as required
by PI approaches. It further makes the problem formulation of the more general TS
search problem independent of knowledge of the gradient.

Essential to the problem formulation presented is that the reaction pathway will
always follow the path of the shallowest ascent and points on the path will have
the lowest potential energy of all conformations with the same distance from min-
imum 1. Furthermore, the potential energy is subject to a steady increase along
the reaction path [17]. This allows defining the reaction path as a Pareto-front in a
multi-objective optimisation problem (Equation 1) that minimises potential energy
and maximises distance. In particular, it allows solving the more generic TS search
problem requiring only a priori knowledge of the first minimum, i.e. the reactant.
Based on the reaction pathway the approximate TS can then be identified in a sec-
ond step. The metric for the first objective, molecular potential energy, is derived
from solutions of the electronic Schrödinger equation [36] using quantum chem-
istry software (Gaussian 03) [18]. The details of this computation are beyond the
scope of this paper. The metric for the second objective is the distance between the
conformation of a trial solution and that of the original reactant, ”minimum 1”.

A common definition for the distance between two molecular conformations with
identical atoms is the least root mean square deviation (lRMSD). The lRMSD can
be calculated by shifting each conformation to its geometrical centroid, finding its
optimal alignment and calculating the root mean square deviation (RMSD), defined
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as

RMSD(x,y) =

√
1

Natoms

N

∑
i=1
|xi−yi|2 (5)

for corresponding sets of atoms x and y of magnitude Natoms. Each atom is repre-
sented by its Cartesian coordinates. The optimal alignment of the molecules can be
efficiently computed with either the Kabsch algorithm [28, 27] or using quaternions
[7].

Defining distance as a scalar value, such as lRMSD, practically allows quanti-
fying all combined atom movements in a way meaningful to the problem domain.
However, it does not provide any insight into the direction of the movement, i.e.
whether it is towards or away from the TS. Furthermore, for any distance an infinite
number of conformations with different (or possibly identical) potential energies
can be constructed. While this does not affect the definition of the reaction path
as Pareto-front as such, it poses a challenge to algorithms trying to converge to-
wards the Pareto-front by recombining individuals from its population. To ensure
convergence, several counter-measures were developed as part of this research, us-
ing the specific knowledge available in TS search. Rather than random initialisation
of parameters, the initial population is generated by conducting a Monte-Carlo in-
spired search around the minimum. During this stage, a set of candidate solutions
is created by applying small random movements to some atoms of minimum 1. To
ensure sufficient diversity in the population, a larger than required set of candidates
is generated and its fittest members, by energy and distance are chosen. Candidate
solutions c for which

RMSD(c,nni)�‖RMSD(c,min1)−RMSD(nni,min1)‖, i ∈ [1,2] (6)

with nn1 and nn2 being the nearest neighbours as seen from minimum 1, are re-
jected from the approximate front. This further ensures fast convergence towards
the reaction pathwaybby removing solutions likely to be on a different pathway. In
particular for symmetric or partly symmetric molecules, it further proved beneficial
to align candidate molecules to each other at regular intervals but particularly at the
initialisation stage. This is to ensure that identical but rotated conformations do not
slow down the convergence of the algorithm. Since rotations are calculated as part
of determining the lRMSD, this process does not incur any additional computational
costs and can therefore easily be performed in each iteration.

The augmented, multi-objective algorithm is essentially capable of climbing up
the reaction path towards the TS, since the reaction path corresponds with the Pareto
front while the search is concentrated between minimum 1 and the TS. In the region
of the TS, the search must be modified to successfully identify the TS. The algorithm
first needs to detect when it has reached the region of the TS and restrict further
expansion of the front accordingly. One approach is to test candidate conformations
for a norm of gradient close to zero [17]. However, this approach is successful only
with solutions very close to the TS and the diversity inherent in the MOPSO swarm
means many particles may be beyond the TS before this test can confirm its location.
This may lead to potential solutions being prematurely removed from the archive.
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Instead, particles can detect when they are near or beyond the TS by observing
changes in gradient direction, which generally points coarsely towards the nearest
local minimum. If the direction of the gradient changes by angle α ≥ 90◦, then it
can be assumed that the gradient is pointing towards a new local minimum. The
algorithm prevents such solutions entering the archive and corrective measures can
be taken to pull solutions back into the feasible region. Refinement of solutions close
to the TS then usually leads to a candidate TS within very few iterations.

A steepest-descent search (or comparable algorithm) starting from the conforma-
tion with gradient pointing towards the second minimum will quickly discover the
second half of the reaction pathway. Some refinements to this method will have to be
made as it occasionally fails and terminates the search prematurely. While included
in the current algorithm, this feature was not used for the evaluation discussed in
Section 4.

A final consideration in defining TS approximation as a multi-objective optimi-
sation problem is an appropriate coordinate system for the parameter space. A range
of alternative coordinate systems exist to describe molecules. Apart from defining
the location of individual atoms by their Cartesian coordinates, some coordinate
systems are based on bond lengths, valence angles etc. Such non-Cartesian coor-
dinate systems are particularly relevant for macro-molecules, where the “curse of
dimensionality” makes the use of Cartesian coordinates infeasible, as 3 ·NAtoms co-
ordinates are necessary to describe a molecule. For small molecules, as are common
in the TS search literature, Cartesian coordinates provide a suitable coordinate sys-
tem for algorithmic analyses of reaction pathways. For the purposes of evaluating
the proposed method, molecules with between three and seven atoms were chosen.

As the algorithm described in this paper is, at its current stage, mainly targeted
at small molecules, Cartesian coordinates are the natural choice to represent the
parameter space. Cartesian coordinates provide a strong coupling to the potential
energy surface and allow analysing a wide range of molecules easily and without
any adaptation [35]. This allows definition of the feasible space of Equation 1 as
S ⊂ R3NAtoms . However, in principle the algorithm described in this paper could be
adapted to other coordinate systems with only minor adjustments to the algorithm’s
configurable parameters.

In the following Section MOPSO-specific aspects of the proposed TS search ap-
proach will be discussed.

3 Application of MOPSO

As outlined in Section 1, a MOPSO algorithm comprises a set number of particles
that remains constant throughout the optimisation process. Particles normally start
at random positions in parameter space and are allowed to move in parameter space
based on a velocity equation. This velocity is based on the particle’s previous ve-
locity, a selected globally non-dominated solution and a solution from the particle’s
memory of non-dominated solutions. Each of these is weighted with a constant and
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a random factor, generally aiming to over- or undershoot the respective component
with about equal probability. In each iteration, newly found non-dominated solu-
tions are added to the archive, solutions no longer non-dominated are removed. By
pulling the particles towards well performing parameter vectors, the swarm usually
converges towards the Pareto-front.

However, the nature of the TS search problem renders attempts to naı̈vely ap-
ply MOPSO or the most common multi-objective genetic algorithm, NSGA-2 [8],
unsuccessful. Even given a starting population within a small range around mini-
mum 1, neither method could converge to the minimum energy pathway within a
reasonable number of iterations. Therefore, based on the considerations discussed
in Section 2, a number of changes were made to MOPSO to allow it to move along
the reaction path and identify the TS. These modifications comprise a Monte-Carlo
inspired initialisation of the population, an adjusted guide particle selection mech-
anism, an adapted velocity update and the inclusion of the available knowledge of
the gradient for each conformation.

To create a viable starting population a set of candidate conformations is created
based on the known minimum 1. The size of this set is chosen as twice the number
of particles in the swarm. Candidate conformations are created by adding a random
movement to the position of the atoms of minimum 1. With each candidate created
the magnitude of random dispersion increases slightly, leading to a set of candidate
particles with a range of distances. From these particles the best half, measured by
non-dominance and, if not sufficient for the swarm size, proximity to non-dominated
solutions, is chosen as the initial population. Factors are chosen sufficiently small to
keep the population within a range significantly smaller than the anticipated distance
to the TS.

With the initial population within a small distance from minimum 1, the swarm
will have to move up the reaction path and thereby trade off convergence towards
the actual path, i.e. the Pareto-front, and progress towards the TS. Particularly with
the inclusion of a gradient component, which will be discussed below, it is neces-
sary to ensure that the swarm does not collapse back towards the minimum. This can
be achieved by employing an appropriate selection mechanism for the global best
guide. A wide range of guide particle selection mechanisms exist [16, 33, 6, 30].
However, all these approaches target algorithms approaching the Pareto-front top
down and aim at a good diversity and spread of the solutions. The algorithm pre-
sented is designed to move up the reaction pathway, requiring a swarm pushing for-
ward while at the same time attempting not to diverge away from the front. Adaptive
grid and crowding distance based methods were thereby less successful in terms of
convergence speed than roulette wheel selection of archived solutions with a strong
bias towards solutions in the foremost third of the Pareto-front by distance. The rea-
son for this is that the initial population is already reasonably close to a small section
of the Pareto-front. From there it needs to follow the Pareto-front towards the TS.
Adaptive grid and crowding distance based selection mechanisms are highly suc-
cessful at achieving good diversity and spread across the entire Pareto-front, when
the swarm moves top down towards it. This particular variation of MOPSO, how-
ever, requires a swarm that moves along the Pareto-front without diverging from

https://www.researchgate.net/publication/3949342_MOPSO_A_proposal_for_multiple_objective_particle_swarm_optimization?el=1_x_8&enrichId=rgreq-a6079964f698c23a2e9d4bbf64a8f995-XXX&enrichSource=Y292ZXJQYWdlOzI1OTE1MTEyNDtBUzoxMDIxODExMzkxMjQyMzJAMTQwMTM3MzI5MDk2MA==
https://www.researchgate.net/publication/220742641_A_Non-dominated_Sorting_Particle_Swarm_Optimizer_for_Multiobjective_Optimization?el=1_x_8&enrichId=rgreq-a6079964f698c23a2e9d4bbf64a8f995-XXX&enrichSource=Y292ZXJQYWdlOzI1OTE1MTEyNDtBUzoxMDIxODExMzkxMjQyMzJAMTQwMTM3MzI5MDk2MA==
https://www.researchgate.net/publication/2836771_Strategies_for_Finding_Good_Local_Guides_in_Multi-objective_Particle_Swarm_Optimization_MSPSO?el=1_x_8&enrichId=rgreq-a6079964f698c23a2e9d4bbf64a8f995-XXX&enrichSource=Y292ZXJQYWdlOzI1OTE1MTEyNDtBUzoxMDIxODExMzkxMjQyMzJAMTQwMTM3MzI5MDk2MA==
https://www.researchgate.net/publication/2536349_A_Multi-Objective_Algorithm_based_upon_Particle_Swarm_Optimisation_an_Efficient_Data_Structure_and_Turbulence?el=1_x_8&enrichId=rgreq-a6079964f698c23a2e9d4bbf64a8f995-XXX&enrichSource=Y292ZXJQYWdlOzI1OTE1MTEyNDtBUzoxMDIxODExMzkxMjQyMzJAMTQwMTM3MzI5MDk2MA==
https://www.researchgate.net/publication/2526557_A_fast_and_elitist_multi-objective_genetic_algorithm_NSGAII?el=1_x_8&enrichId=rgreq-a6079964f698c23a2e9d4bbf64a8f995-XXX&enrichSource=Y292ZXJQYWdlOzI1OTE1MTEyNDtBUzoxMDIxODExMzkxMjQyMzJAMTQwMTM3MzI5MDk2MA==


MOPSO for Molecular Transition State Search 9

it but with a constant pressure to move forward. Roulette wheel selection provides
a good mechanism to achieve this pressure without moving so fast that the swarm
would diverge from the front. For the purposes of this paper non-dominated solu-
tions not in the foremost third of the front were chosen with a probability of 10
percent.

The size of the archive is limited to 40 solutions. If this size is exceeded, solutions
with the highest crowding distance are removed. However, the crowding distance for
solutions in the foremost third is biased with a factor of two, effectively allowing
denser crowding for particles with large distances.

An interesting aspect of the TS search problem is the availability of the gradient.
While a numerical approximation of the Hessian is infeasible due to its inherent
computational complexity, incorporation of the gradient allows performing correct-
ing steps to move particles and archived solutions closer to the Pareto-front. To
achieve this, the velocity update equation was amended with a gradient-based term,
resulting in the following velocity equation:

vt+1 = wt ·vt + c1r1 (ŷpbest−xt) + c2r2 (ŷgbest−xt)+ c3r3gcomp,t (7)

where vt represents the previous velocity (momentum), ŷpbest and ŷgbest denote the
personal and global best respectively and xt stands for the particle’s parameter vec-
tor at the current iteration t. The factors wt , c1,2,3 and r1,2,3 represent the constant
and random weights. The gradient based component is represented by gcomp. It is
defined as

gcomp,t = ẋt−
ẋt · (xt−min1)

|xt−min1|2
· (xt−min1) (8)

and serves the purpose of pushing particles towards the Pareto-front while minimis-
ing the gradient’s drag towards the minimum. An additional normalisation step is
added should the magnitude of the gcomp become greater than the magnitude of the
combined other velocity components. The total velocity is furthermore subjected
to clamping [14], scaling all velocities that exceed a set magnitude to a predefined
maximum velocity. This step proved to improve convergence towards the TS by
keeping particles close to the Pareto-front. A value close to the maximum value for
random movements in the initialisation step is chosen as the maximum velocity.

In combination, these modifications allow the swarm to quickly move up the re-
action path without diverging too far from it. However, streamlining the swarm in
this way bears the risk of losing diversity in the population. Such a loss in diver-
sity can significantly slow down the progress of the search. To counteract that, a
turbulence component [29, 40] was added which, with a certain probability, adds
a random mutation to particles. The probability was chosen as 2

dimx , where dimx
represents the number of parameters, selecting on average two components of the
parameter vector for mutation. The mutation for each selected component is uni-
formly randomly chosen from the interval [−vmax,vmax].

A final optional step was the possibility for archived solutions to perform a small
number of gradient descent steps. When this option is included, archived solutions
perform a small number of gradient descent steps (usually around 3), after each

https://www.researchgate.net/publication/4074907_Particle_swarm_optimization_with_mutation?el=1_x_8&enrichId=rgreq-a6079964f698c23a2e9d4bbf64a8f995-XXX&enrichSource=Y292ZXJQYWdlOzI1OTE1MTEyNDtBUzoxMDIxODExMzkxMjQyMzJAMTQwMTM3MzI5MDk2MA==
https://www.researchgate.net/publication/235709721_Computational_Intelligence_PC_Tool?el=1_x_8&enrichId=rgreq-a6079964f698c23a2e9d4bbf64a8f995-XXX&enrichSource=Y292ZXJQYWdlOzI1OTE1MTEyNDtBUzoxMDIxODExMzkxMjQyMzJAMTQwMTM3MzI5MDk2MA==
https://www.researchgate.net/publication/273453883_Particle_Swarm_Optimization?el=1_x_8&enrichId=rgreq-a6079964f698c23a2e9d4bbf64a8f995-XXX&enrichSource=Y292ZXJQYWdlOzI1OTE1MTEyNDtBUzoxMDIxODExMzkxMjQyMzJAMTQwMTM3MzI5MDk2MA==


10 J. Hettenhausen, A. Lewis, S. Chen, M. Randall and R. Fournier

of which the new candidate solution is added to the archive iff non-dominated. To
minimise the computational costs, this step is only performed every few iterations
and only on solutions that have either been newly added to the archive or where
all the gradient descent steps in the previous round were successfully added to the
archive. Doing these additional gradient descent steps only marginally improves the
convergence and quality of the TS approximation. However, it improves the quality
of the overall pathway found as part of the search.

In summary, MOPSO can be adapted to find an approximation to a chemical
reaction pathway that leads up to a TS. Modifications are necessary to ensure that
MOPSO stays in an area where the MOO problem definition is applicable. Primarily
this is achieved by using available knowledge of the reactant to generate the initial
population and applying clamping to ensure that the movements of the swarm re-
main relatively small. To improve the performance of the swarms movement along
the path, a guide particle selection mechanism with a bias for solutions further away
from the reactant is used. Other performance related changes include the incorpora-
tion of the gradient to improve convergence towards the minimum energy path and a
turbulence component to improve diversity within the swarm while operating under
these constraint conditions. The following section will discuss the specific parame-
ters chosen for the algorithm as well as present the results of a number of test runs
on a variety of molecules.

4 Results

For the evaluation of the method, three molecules with qualitatively different reac-
tion pathways were chosen. The specific molecules chosen, the number of test runs
and the metrics reported were chosen to allow comparison with related literature
[17]. At the current stage most emphasis was put on the development of a suitable
problem definition and MOPSO-based algorithm. Plans for qualitative comparisons
with other algorithms as well as future work on making the approach more compet-
itive will be discussed in Section 5. The following molecules were chosen for the
evaluation:

Ar7 −→ Ar7 (Argon7)
HCN −→CNH (Hydrogen cyanide)

HCCH −→CCH3 (Acetylene)

The argon 7 cluster is a well understood molecule often used for benchmarking.
As a noble gas, the potential energy and gradient of argon clusters can be calculated
quite cheaply using the Lennard-Jones potential [26]. The Lennard-Jones potential
is applicable to all molecules comprising only neutral atoms and provides a mean of
accurately approximating the potential energy of a given conformation at negligible
computational costs. The potential energy of the other molecules in this evaluation
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was calculated using Gaussian 03 [18]. Gaussian is commercial software for compu-
tational quantum chemistry. Like the Lennard-Jones potential it allows calculating
the potential energy and the gradient for a given molecular conformation, but at sub-
stantially higher computational costs. The distance objective for all molecules was
calculated as outlined in Section 2. The results from all test runs are summarised
in Table 1. Shown are the actual distance between minimum and TS, the difference
in potential energy between the solution found and the actual TS as well as the dif-
ferences in distance, measured by distance of the candidate to the TS and by the
difference in distance of the TS and minimum and candidate and minimum. Fol-
lowing other publications [17], the energy is measured in kcal/mol, distances in
angstrom (Å). In general, the solutions achieved are quite competitive with respect
to their potential energy and in many cases also with respect to their distance to the
actual TS. The following paragraphs will briefly discuss the algorithm’s behaviour
on the different molecules.

Argon 7 – The argon 7 cluster starts with 5 of its atoms in a regular pentagon and
the two remaining atoms above and below the centre of the plane spanned by the
pentagon (Figure 2(a)). Towards the TS one of the pentagon atoms (due to the sym-
metry this can be any one of the five) moves away from the centre while the other
pentagon atoms move closer towards each other, making the pentagon irregular and
giving it a pointy shape. The two atoms above and below the centre take a slightly
angled position towards each other (Figure 2(b)). Towards the second minimum the
pentagon shape is broken up altogether and the atoms take the shape illustrated in
Figure 2(c).

The symmetry of the molecule poses challenges to the algorithm until solutions
align. On argon 7 the front will occasionally move away from the actual reaction
pathway but usually converge back it its vicinity quickly. However, in one of the
runs the algorithm followed a different reaction coordinate ending up with a path at
a significant distance from the desired path (see table 1 run 3 of argon 7).

(a) Reactant (b) TS (c) Product

Fig. 2 Minima and TS of Argon 7 (Ar7)

Hydrogen cyanide – Hydrogen cyanide starts with all three atoms in a line.
Towards the transition state, Hydrogen and Nitrogen rotate around the carbon atom
towards each other, forming a triangle and a bond forms between the hydrogen and
nitrogen atoms. As the molecular structure approaches the second minimum, the
bond between the hydrogen and carbon atoms breaks and the molecule straightens
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out, forming a straight line again. The process is illustrated in Figure 3. Test runs on
HCN generally achieved good performance. An approximate transition state could
be acquired in usually less than 15 iterations and with a difference in energy of only
0.001605675 kcal/mol on average.

(a) Reactant (b) TS (c) Product

Fig. 3 Minima and TS of Hydrogen cyanide (HCN)

Acetylene – At minimum 1 of acetylene all four atoms are aligned in a straight
line with the two carbon atoms in the middle. Towards the TS one of the hydrogen
atoms rotates around the carbon atom it is bonded with, ending up in a position
forming a triangle with the two carbon atoms. Towards the second minimum its
bond changes over to the other carbon atom, eventually ending up in a Y-shape with
both hydrogen atoms bonded with one of the carbon atoms. The three relevant states
are illustrated in Figure 4. Acetylene proved challenging in the tests performed.
The algorithm could successfully perform the rotation of the hydrogen but had a
strong tendency to rotate both hydrogen atoms but one of them usually to a lesser
degree. While the resulting solutions differ from the actual TS due to the second
hydrogen atom, they could successfully perform the rotation and find a solution with
only a small difference in potential energy to the TS. In the four test runs MOPSO
successfully found one solution very close to the actual transition state and with the
second hydrogen in the correct position. The three other runs found solutions with
a similar potential energy but a significant distance away from the TS. Empirically
this can be explained with the relatively small increase in potential energy arising
from the second rotation.

(a) Reactant (b) TS (c) Product

Fig. 4 Minima and TS of Acetylene (HCCH).

In summary, the algorithm could successfully navigate the potential energy sur-
face, in most cases coming up with solutions close to the TS. Currently the al-
gorithm may not reliably determine the transition reliably without the help of a
human decision maker. However, user interaction could also be a pathway to signif-
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Table 1 Overview of results achieved with the proposed algorithm on a range of molecules. A
population of 40 particles was used for each run.

Molecule Dist min1→ ts δEa(kcal/mol) Distts(Å) δDistmin(Å) Iterations

Ar7 0.1911537 0.076588 0.018438 0.006651 48
Ar7 0.1911537 0.028173 0.012577 0.000053 73
Ar7 0.1911537 0.245090 0.117432 0.014742 89
Ar7 0.1911537 0.039635 0.028680 0.008752 88
HCN 0.3666355 0.001007 0.005780 0.008611 22
HCN 0.3666355 0.001568 0.013504 0.003783 15
HCN 0.3666355 0.001341 0.031942 0.032877 16
HCN 0.3666355 0.001813 0.015113 0.032877 10
HCCH 0.463125 0.091507 0.639619 0.445840 10
HCCH 0.463125 0.002149 0.311172 0.083044 23
HCCH 0.463125 0.013743 0.204976 0.115168 31
HCCH 0.463125 0.000763 0.015012 0.121488 31

icant improvements to performance. Incorporating domain knowledge would allow
dynamically constraining the search space and reducing the dimensionality of the
problem. For example, both HCN and HCCH could easily be constrained to only
planar movements, reducing the search space by one third. Future developments
will therefore consist of a combination of improvements to the algorithm itself and
the incorporation of domain knowledge through user interaction. In combination, it
is hoped this will allow discovery of TS on significantly larger molecules.

5 Conclusion

This paper presented a novel formulation of the Transition Search (TS) search prob-
lem by treating it as a multi-objective optimisation problem and introduced a proof
of concept MOPSO-based algorithm to solve this problem. At the current stage, a
reasonable success rate on a range of molecules can be reported. In terms of perfor-
mance, the proof of concept MOPSO algorithm still requires more objective func-
tion evaluations to find the TS than some of the other methods. This is partially
alleviated by the inherent parallelism of the approach so that a comparison in wall
clock time, parallel execution of the objective function assumed, is already per-
forming similarly to some other algorithms. Some future work will be dedicated to
improving the success rate and stability of the search as well as the computational
costs. In particular, the incorporation of domain knowledge could greatly aid this
goal. It is hoped the incorporation of domain knowledge and dynamic constraints
will enable the MOPSO based approach to become a viable alternative for larger
molecules which current techniques cannot process in a satisfactory amount of time.



14 J. Hettenhausen, A. Lewis, S. Chen, M. Randall and R. Fournier

References

1. Jon Baker. An algorithm for the location of transition states. Journal of Computational Chem-
istry, 7(4):385–395, 1986.

2. S.K. Burger, Y. Liu, U. Sarkar, and P.W. Ayers. Moving least-squares enhanced shepard
interpolation for the fast marching and string methods. The Journal of chemical physics,
130:024103, 2009.

3. Steven K. Burger and Weitao Yang. Quadratic string method for determining the minimum-
energy path based on multiobjective optimization. The Journal of Chemical Physics,
124(5):054109, 2006.

4. Steven K. Burger and Weitao Yang. Sequential quadratic programming method for determin-
ing the minimum energy path. The Journal of Chemical Physics, 127(16):164107, 2007.

5. Charles J. Cerjan and William H. Miller. On finding transition states. The Journal of Chemical
Physics, 75(6):2800–2806, 1981.

6. C.A.C. Coello and M.S. Lechuga. MOPSO: A Proposal for Multiple Objective Particle
Swarm Optimization. In Evolutionary Computation, 2002. CEC’02. Proceedings of the 2002
Congress on, volume 2. IEEE Computer Society, 2002.

7. Evangelos A. Coutsias, Chaok Seok, and Ken A. Dill. Using quaternions to calculate rmsd.
Journal of Computational Chemistry, 25(15):1849–1857, 2004.

8. K. Deb, A. Pratap, S. Agarwal, and T. Meyarivan. A fast and elitist multiobjective genetic
algorithm: NSGA-II. Evolutionary Computation, IEEE Transactions on, 6(2):182–197, 2002.
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