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Abstract 

Commodities are a broad class of economic consumption goods that differ in several 

key aspects from other asset classes. Commodity markets exhibit complex behaviours, such as 

seasonal trends and mean-reversion, and are characterised by high volatility. Rigorous 

empirical models that forecast commodity market prices and behaviour are thus crucial 

financial tools to evaluate capital investment decisions under commodity price uncertainty.  

This research presents a comprehensive framework for estimating, analysing and 

applying multi-factor commodity pricing models (CPMs) and uses these CPMs to value and 

manage uncertainty in capital investment projects through real options (RO) analysis. A 

procedural framework for developing and selecting appropriate CPMs is developed and applied 

to energy, metal, and agricultural commodities. The number of latent factors required to 

describe these commodity classes are discussed, including unique methods of optimizing the 

computational efficiency of model estimation and commodity data fit. The sequential 

processing Kalman filter algorithm is empirically shown to be at least 6.5 times faster than 

traditional Kalman filtering, substantially reducing CPM estimation time. A unique approach 

allowing for flexibility in the error of observations increases the interpretability and 

performance of these models. 

Three new open-source packages for the R statistical programming language are also 

developed and presented in this research: FKF.SP, NFCP and LSMRealOptions. These 

rigorously tested packages provide efficient and complete frameworks for Kalman filtering, 

commodity market modelling and capital asset valuation through RO analysis, respectively. 

The open-source publication of these packages promotes the application of these techniques in 

future research. 

Multi-factor crude oil and European Union carbon allowance CPMs presented in this 

research are applied to value capital investment projects using RO models, with the multi-factor 

modelling of carbon allowances unique to this dissertation. Multi-factor CPMs are shown to 

substantially reduce bias and uncertainty and increase the robustness of calculated project value 

compared to a one-factor geometric Brownian motion model. These multi-factor models are 

further shown not to increase the dimensionality of RO models, providing substantial support 

for their application in capital asset valuation and RO analysis. 
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In a major empirical case study, the financial viability of retrofitting a western European 

coal-fired power plant with carbon capture technology under carbon allowance price 

uncertainty is evaluated through a novel two-stage RO model. The model considers the value 

of suspending or abandoning a capture unit at fixed costs. The option to abandon is shown to 

substantially reduce the irreversibility of investment, greatly promoting carbon capture. 

Immediate investment into the technology is concluded to be the optimal strategy in the EU’s 

energy sector due to high prevailing carbon market prices resulting from direct market 

intervention in 2018. This is the first case study within the literature to promote the commercial 

adoption of this emission abatement technology. 

Future streams of research proposed include extensions to the commodity modelling 

framework by incorporating stochastic trigonometric factors or relaxing the assumption of 

Gaussian dynamics in the spot price process. Extensions to the RO case studies and applications 

of the modelling techniques presented in this research are also discussed. 
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 Introduction 

Commodities are a broad class of consumption goods that play an important role in the 

economy and are required inputs to produce almost any good or service. Market price 

movements in commodity markets have been of substantial interest to researchers and market 

participants for many decades. Selecting appropriate forecasting models for these consumption 

goods is complex because the market behaviour of commodity prices differs in key aspects to 

other asset classes. First, there are substantial costs and risks associated with holding 

inventories, such as warehouse costs and risk of deterioration. On the other hand, there are also 

benefits associated with holding an inventory of a commodity as it may enable a market 

participant to meet unexpected demand or hedge against stockout risk. Second, commodity 

market prices display short- and long-term behaviour, mean-reversion, seasonal trends, 

structural breaks, and heteroskedasticity (Schwartz & Smith, 2000; Sørensen, 2002; Cortazar 

& Naranjo, 2006; Trolle & Schwartz, 2009; Cortazar, Gutierrez, & Ortega, 2016). Commodity 

producing firms must be acutely aware of these complex dynamics when forecasting market 

prices and valuing capital investment opportunities. 

To forecast commodity market prices, market participants may use commodity pricing 

models (CPMs). CPMs are systems of stochastic differential equations that rigorously and 

empirically capture historic, observable market dynamics of commodities. CPMs are typically 

developed by establishing a relationship between the spot price of a commodity to 

unobservable dynamic components of its futures price curve (i.e., term structure). The term 

structure of a commodity represents market expectations on future spot prices, market 

movements and supply and demand conditions in the short-, medium- and long-term (Fama & 

French, 1987). Deriving and estimating a model with high fit to futures prices and their 
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dynamic behaviour over time thus develops a model which has captured available empirical 

information of a commodity’s market. Commodity markets have experienced substantial 

growth in liquidity and availability of derivative contracts over recent decades, with over $23 

trillion and $28 trillion USD traded on American commodities futures markets in 2017 and 

2018, respectively (Cifuentes, Cortazar, Ortega, & Schwartz, 2020). Continued growth in 

commodity futures markets provides an increasing volume of empirical data on price 

movements that can derive this relationship within developed CPMs. 

Commodity producers develop valuation models to evaluate capital investment projects 

with cash flows contingent upon expected future commodity prices. Commodity investment 

projects, such as natural resource investments, are generally irreversible and characterised by 

substantial required capital and long residual asset lifetimes. The success of these projects is 

thus highly sensitive to future commodity market prices. These projects, however, often 

possess several types of managerial flexibility embedded into these investment opportunities 

that may minimize the effects of uncertainty and capitalize on opportunity. These include the 

option to defer initial investment until optimal market conditions and adjust the operation of 

an investment project under low or high prevailing commodity market prices accordingly. 

These options, defined in the literature as real options (ROs), can add value to commodity 

capital investment projects if they can be identified and timely executed (McDonald & Siegel, 

1986). Optimizing the exercise of managerial flexibility under commodity market uncertainty 

is thus a key consideration for many commodity capital investment projects. 

Evaluating commodity capital investment opportunities by combining CPMs to 

forecast market prices and RO models to execute managerial flexibility provides a market 

participant with a robust financial toolkit to manage commodity price uncertainty. Despite term 

structure commodity pricing and RO models derived from identical seminal studies (Brennan 

& Schwartz, 1985; Paddock, Siegel, & Smith, 1988), these highly active research fields have 

been mostly self-contained, developing and growing independently. Existing CPM literature 

has successfully modelled the term structure and corresponding market dynamics of many 

commodities through multi-factor stochastic differential equations, but these models are rarely 

adopted within RO literature studies to evaluate capital investment opportunities. A handful of 

academic studies have incorporated empirically estimated multi-factor CPMs into RO models 

(such as Cortazar, Gravet, and Urzua (2008)), which unanimously concluded that this approach 

substantially influences market price forecasts and the corresponding value of commodity 

capital investment projects. Tsekrekos, Shackleton, and Wojakowski (2012) in particular 
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observed changes in estimated project values by as much as 60% for different CPMs, 

highlighting this sensitivity and supporting the application of multi-factor commodity pricing 

RO models to value capital investment projects. 

Forecasting commodity market prices through CPMs to estimate discounted cash flows 

of commodity contingent claims is far from the standard approach adopted by practitioners. 

Practitioners instead typically evaluate commodity market uncertainty by selecting (what they 

deem) appropriate discount rates of static cash flows to estimate project value (Schwartz, 

2013). Commodity pricing and RO models are likely rarely used due to both their complexity 

(Baker, Dutta, & Saadi, 2011; Horn, Kjærland, Molnár, & Steen, 2015) and a lack of 

availability of implemented frameworks that allow for the straightforward estimation, analysis 

and usage of these models. Selecting an appropriate CPM to forecast market prices is a daunting 

task, with a vast number of models presented in the literature with different modelling 

characteristics. Estimating the parameters of these models is also a computationally expensive 

process as they must be estimated numerically. Analysing the performance of these estimated 

models is not straightforward, with many proposed performance and stability metrics scattered 

throughout the literature. Finally, applying these estimated CPMs within a RO model requires 

end-user input to identify the key managerial flexibilities that define a capital investment 

opportunity. There are then a variety of analytic and numeric solutions proposed to solve for 

the value of RO models, each with their own benefits and caveats. Given the numerous complex 

barriers to adopting this valuation approach, it is not surprising that these modelling approaches 

have not been widely adopted. 

Under a market-based climate policy, carbon allowances represent unique consumption 

goods that continue to receive global recognition and attention. Human-driven climate change 

is the leading factor threatening the future sustainability of the global ecosystem (IPCC, 2014). 

Global-scale efforts are required to reduce anthropogenic (i.e., harmful) emissions to avoid 

potentially catastrophic future consequences upon our climate. The emission of carbon dioxide 

(CO2) from the combustion of fossil-fuels for energy consumption in particular drives this 

climate change, with more than 55 billion tonnes produced annually (World Bank Group, 

2018), which is approximately 24% of global greenhouse gas emissions (IPCC, 2014). The 

increasing scarcity of the atmosphere as a sink for anthropogenic emissions highlights the 

negative externality and social cost of emitting CO2: a cost resulting from these emissions that 

society (and not the emitter) pays for (Pindyck, 2013). 
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To directly address the scarcity and social cost of greenhouse gases (GHGs), the 

European Union (EU) launched in 2005 the EU Emissions Trading Scheme (ETS): the world’s 

oldest and largest cap-and-trade carbon pricing system. The EU ETS currently regulates 

approximately half of the EU’s CO2 emissions (Gerlagh, Heijmans, & Rosendahl, 2020), 

including all CO2 emissions from the heavy industry, power and aviation sectors. Under this 

ETS, an absolute (and annually decreasing) limit on emissions is established, with participating 

companies publicly trading (and subsequently consuming) European Union Allowances 

(EUAs). Each EUA corresponds to the right to pollute one tonne of CO2 equivalent (tCO2e) 

emissions. The EU ETS also features an established futures market, with futures contracts 

available trading at a maximum maturity of seven years (Intercontinental Exchange, 2019). 

The increasing scarcity of EUAs provides an economic signal to participants to consider 

potential emission abatement options, where it is assumed that the most cost-effective carbon 

reduction methods will be exploited first under an efficient market. Participants of this ETS are 

faced with two choices: reduce emissions or continue to emit at higher financial costs. Whilst 

increases in the scarcity of EUAs is guaranteed, meaning long-term future prices will trend 

upwards, the specific price path of these allowances remains unknown. This characteristic of 

the EU ETS provides participants with managerial flexibility regarding how, when, and if they 

respond to this economic signal, with the value of emission abatement opportunities highly 

sensitive to future market prices of EUAs. Therefore, a substantial portion of the private sector 

within the EU finds themselves considering the adoption of environmental investments under 

carbon price uncertainty. Commodity pricing and RO models could be key techniques to 

evaluate these investment problems. 

In particular, the highly competitive energy production industry finds the optimization 

of timing reactions to climate policy signals to be a critical problem (Fan, Xu, Yang, Zhang, & 

Li, 2019). Under-investment in mitigation technology exposes energy producers to the risk of 

losing an early-mover advantage, whilst over-investment of scarce resources committed to 

mitigation may increase the net cost of energy production, and more profitable opportunities 

may arise (Fuss, Szolgayová, Obersteiner, & Gusti, 2008). The energy industry reacting to 

economic signals under the EU ETS may potentially “fundamentally reshape future market 

positions of energy companies” (Fuss et al., 2008, pp. 708–709). 

One of the most promising proposed medium- to long-term emission abatement 

methods in the energy sector is carbon capture and storage (CCS) technology (IPCC, 2005; 
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Yu, Wei, Tang, Mi, & Pan, 2016; J. Li, Hou, Wang, & Yang, 2019). CCS is the process of 

capturing anthropogenic emissions from a pollution point source, such as a coal-fired power 

plant, for long-term storage and isolation from the atmosphere through injection into 

appropriate geological rock formations (IPCC, 2005). Captured CO2 emissions from CCS may 

also be used for enhanced oil recovery (EOR) purposes, a highly appealing synergistic 

operation which increases yields in oil fields and can provide additional revenue streams to a 

CCS operator (Fan, Xu, Yang, Zhang, et al., 2019). Whilst CCS requires greater energy to 

facilitate the capture and storage of emissions, it is capable of a net reduction in CO2 emissions 

of a point source of up to 90% (IPCC, 2005). Utilizing CO2 for EOR is the primary storage site 

considered by those evaluating CCS technology (Yao et al., 2019), which is still a significant 

net carbon-negative process (Bui et al., 2018). CCS can be both in-built during point source 

construction or built onto existing point sources (retrofit) (Reinelt & Keith, 2007). CCS is 

considered a key transition technology towards carbon-neutral energy production, as a large 

global fleet of operational coal-fired power plants are still in operation, with residual lifetimes 

of several decades. 

Whilst CCS is a highly promising emerging technology, it has yet to see widespread 

commercial adoption due to the high cost and technological barriers of entry (Fan, Xu, Yang, 

Zhang, et al., 2019). CCS continues to undergo extensive research and development (R&D) 

and future advances in the technology may increase the energy efficiency of capture or reduce 

total investment costs. This has led to many energy producers hesitating to lock themselves 

into existing capture technology, despite the associated social benefits attributed to emissions 

abatement. Evaluating the option of energy producers to adopt CCS technology is thus a 

complex and multifaceted problem. Developing valuation models that manage this 

investment's uncertainty and minimise the potential for future losses under prevailing EUA 

market prices is crucial to promote emissions abatement in energy producers. 

The EU ETS, currently in its fourth trading phase (2021-2030), has been historically 

characterized by high market volatility, lower than expected EUA market prices and has 

experienced several famous market failures over its complex lifetime (Abadie & Chamorro, 

2008; Clara & Mayr, 2018). However, a defining moment in this trading scheme came in early 

2018, following the announcement of the market stability reserve (MSR) (Clara & Mayr, 

2018). The MSR was a direct market intervention designed to address the oversupply of EUAs 

that built up due to the 2008 Global Financial Crisis (GFC), cancelling a portion of EUAs 

within the trading scheme. The 2018 announcement of the MSR had an immediate and 
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unprecedented change in the market price of EUAs, driving prices from approximately 

8 €/tCO2e in January 2018 to over 50 €/tCO2e by mid-2021 with market prices continuing to 

trend upwards. The strength of the carbon pricing signal under the EU ETS has never been 

higher, providing a critical need for EUA market participants to assess emission abatement 

options and methods of valuing these environmental capital investment opportunities. 

 Aim of this Research 

The first aim of this research is to promote the application of multi-factor commodity 

price modelling in capital investment decision-making. This research thus provides a general 

and comprehensive framework to commodity market participants for this rigorous and robust 

valuation framework. It addresses this first aim by advancing the field of commodity capital 

investment valuation by: 

- Reviewing the literature that has modelled commodity prices, identifying 

comprehensive modelling frameworks as well as trends and gaps in existing 

research, 

- Developing methods of estimating CPMs considering the increasing richness of 

commodity term structure data, 

- Identifying appropriate metrics to compare the performance and stability of 

estimated CPMs, and, 

- Assessing how multi-factor CPMs influence capital investment decision-making. 

The second aim of this research is to evaluate the financial viability of CCS technology. 

By deploying case studies, this research aims to provide recommendations to the EU energy 

sector for emissions abatement by considering contemporary market data. In these case studies, 

empirically estimated multi-factor CPMs are applied to evaluate investments into CCS, using 

RO analysis to manage market and technological uncertainty. This then advances the field of 

CCS investment studies by: 

- Reviewing the literature that has valued CCS technology through RO analysis, 

identifying trends and gaps in existing research, 

- Developing a comprehensive valuation model that considers the case-specific 

characteristics pertinent to the CCS valuation problem, and, 

- Valuing investment into this technology using multi-factor CPMs estimated under 

contemporary observations of term structure market data. 
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Addressing the second aim of this research will produce findings that are widely applicable to 

EU ETS researchers and market participants, as well as government regulators. 

The specific research questions this study aims to address are presented below. 

Research Question 1 (RQ1): What existing modelling frameworks are appropriate for a 

market participant to forecast commodity market prices, and what is required to apply them? 

Research Question 2 (RQ2): How do multi-factor commodity pricing models influence 

capital investment project valuation, and what are the primary considerations of this approach? 

Research Question 3 (RQ3): What are the significant sources of uncertainty and opportunity 

associated with carbon capture and storage investment in the energy sector? 

Research Question 4 (RQ4): Should EU based coal-fired power plants retrofit carbon capture 

and storage given recent market developments of the EU ETS? 

 Main Contributions of this Research 

This research contributes to the literature by presenting a comprehensive framework 

for estimating and analysing multi-factor CPMs, including their application to value capital 

investment projects. It presents detailed descriptions and analyses into the process of 

developing CPMs, discussing the optimal methods and primary considerations of using these 

models to value capital investment opportunities. Novel extensions to existing CPM and RO 

modelling frameworks presented within the literature are extended in several ways in this 

research, with the benefits of these extensions empirically evaluated. To promote the 

application of these frameworks, this research further presents implemented and published 

open-source frameworks of these modelling techniques, increasing the accessibility of the 

literature and avoiding the need of individuals to develop frameworks presented in these 

literature fields from the ground up. The N-Factor Commodity Pricing (NFCP), Fast Kalman 

Filtering through Sequential Processing (FKF.SP) and RO analysis through Least-square 

Monte Carlo (LSM) simulation (LSMRealOptions) packages are three open-source R packages 

developed during this dissertation and published to the official repository of the R statistical 

programming language: the Comprehensive R Archive Network (CRAN). 

This research adopts and extends the N-factor framework of Cortazar and Naranjo 

(2006) to develop CPMs. Replication and contemporary multi-factor models are then 
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presented. Table 1-1 below presents descriptive statistics of commodity term structure data 

utilized to develop CPMs throughout this dissertation.  

The primary purpose of the term structure data presented in Table 1-1 is to develop N-

factor CPMs whilst describing the many considerations associated with estimating and 

analysing these models. This includes computationally efficient methods of estimating these 

models. It also discusses the optimal number of latent factors and modelling characteristics 

required to describe different commodity classes adequately. This contributes to the literature 

by providing detailed discussion regarding the development of rigorous forecasting models. 

This research empirically contributes to existing financial feasibility studies of CCS 

retrofits by valuing this technology under contemporary observations of EUA market prices. 

This research also makes a theoretical contribution to the literature by presenting a two-stage 

RO model to value this capital investment opportunity. Existing literature has highlighted the 

high intrinsic value of the option for a CCS project to temporarily suspend or permanently 

abandon carbon capture under low prevailing carbon market prices (Mo, Schleich, & Fan, 

2018). Temporary suspension of the capture unit has primarily been considered within the 

literature, however, to be instantaneous and costless. The two-stage RO model seeks to relax 

this assumption, resulting in more realistic calculations of the value of these defining project 

characteristics. Empirical findings are provided to highlight the substantial increase in 

calculated project value under this two-stage RO model, substantially increasing the financial 

viability of CCS retrofits. 

The CCS case study is further extended to consider a synergistic EOR operation from 

the perspective of CCS producers and EOR operators using game theory. Whilst an EOR 

operation in Western Europe is determined to be largely unprofitable and unlikely to occur, 

recent increases in EUA market prices are concluded to incentivize immediate investment of 

CCS retrofits in existing EU based coal-fired power plants. This study is thus the first of its 

kind to determine that CCS retrofits are a financially viable technology, highlighting that the 

commercial adoption of this technology within the EU may be imminent. 
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Dataset Name Panel Data Start Date End Date # Obs. # Contracts Total Obs. 

Schwartz and Smith (2000) Crude Oil (CL) 

(Weekly) 
In-Sample 1990-01-02 1995-02-14 268 5 1,340 

Cortazar and Naranjo (2006) Crude Oil (CL) 

(Daily) 

A 1992-01-02 2001-12-31 2,507 154 72,919 

B 1992-01-02 1996-12-31 1,257 90 30,636 

C 1997-01-02 2001-12-31 1,250 94 42,283 

D (Out-Of-Sample) 2002-01-02 2004-12-30 749 70 25,407 

Contemporary American Corn (C) 

(Weekly) 

In-Sample 2000-01-01 2019-12-31 1,043 119 12,674 

Out-Of-Sample 2020-01-02 2021-06-16 76 20 1,025 

Abadie and Chamorro (2008) EUA (MO) 

(Daily) 
Phase 2 2006-05-01 2007-05-10 265 5 1,325 

Contemporary EUA (MO) 

(Daily) 

Phase 3 2013-01-02 2017-12-29 1,290 68 8,888 

Phase 4 2018-01-02 2020-12-31 773 43 5,335 

Out-Of-Sample 2021-01-04 2021-06-16 116 13 741 

Contemporary Crude Oil (CL) 

(Daily) 

In-Sample 2015-01-02 2019-12-31 1,259 73 16,929 

Out-Of-Sample 2020-01-03 2021-06-16 369 30 4,954 

Contemporary Copper (HG) 

(Daily) 

In-Sample 2015-01-02 2019-12-31 1,259 72 14,370 

Out-Of-Sample 2020-01-03 2021-06-16 369 29 4,211 

Table 1-1. Commodity term structure market data used within dissertation.
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Through the application of the CCS and EOR case studies, this research further 

contributes to existing CPM and RO literature by evaluating the influence and key 

considerations of incorporating multi-factor CPMs within RO models. The key findings in this 

aspect of the research are that the LSM simulation method is the most appropriate way to solve 

the value of RO models when using multi-factor CPMs. The application of multi-factor CPMs 

is determined to decrease overall bias and uncertainty in calculated project values, highlighting 

the benefits of adopting this valuation approach. Interestingly, it is also determined that multi-

factor CPMs (under some prevailing assumptions) do not influence the convergence properties 

of RO models solved through Monte Carlo simulation (MCS). This suggests that incorporating 

multi-factor CPMs may not increase the dimensionality or computational expense of solving a 

RO model, providing further empirical evidence into the benefits of adopting this approach. 

Overall, new theoretical and empirical contributions are made to the current body of 

research of several fields. Contributions of this research benefit several different agents, 

including commodity market participants (such as commodity producers), researchers working 

within these fields and climate policy regulators. 

 Dissertation Structure 

Chapter 2 reviews the literature from two primary fields: research that has developed 

and presented stochastic modelling frameworks to fit the term structure of commodity market 

prices and research that has evaluated investment into emission abatement technology under 

climate policy and carbon market price uncertainty. Trends and identified research gaps are 

discussed and used to develop the research questions of this dissertation. 

Chapter 3 presents a theoretical overview of the N-factor CPM framework. Analytic 

and numeric solutions to the pricing of derivatives under this framework are presented, as well 

as the solution to Kalman filtering of the N-factor state variables to estimate the parameters of 

these models. The maturity measurement error approach when estimating the parameters of 

these models is also introduced. Optimizing the computational efficiency of Kalman filtering 

through sequential processing is empirically tested in this chapter to various datasets, 

highlighting the superiority of this approach to commodity term structure data. 

Chapter 4 applies the theoretical framework presented in Chapter 3 to numerous 

replication and contemporary case studies, presenting CPMs for crude oil, copper, American 

corn, and EUA market prices. The optimal number of latent factors and modelling 
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characteristics of N-factor CPMs for different commodities are examined in-depth in this 

chapter, presenting a comprehensive framework for estimating and analysing these models. 

Chapter 5 presents two case studies applying N-factor CPMs estimated in Chapter 4 

to evaluate capital investment decisions under commodity price uncertainty. The influence of 

multi-factor modelling of commodity prices on both the calculated value and convergence of 

results of these case studies is examined in-depth to identify the impacts of multi-factor 

stochastic modelling on investment decision making. The value of the option of an EU energy 

producer to retrofit CCS technology is presented using a two-stage ROs model with operational 

flexibility to reduce the irreversibility of this investment decision. This case study is then 

expanded to consider a synergistic EOR operation between carbon capture operators and oil 

producers to increase the profitability of CCS, with the optimal structure of this synergistic 

operation evaluated from both perspectives. 

Chapter 6 concludes this dissertation by presenting the overall findings of this 

research. Recommendations for modelling commodity prices for application in capital 

investments are summarised and highlighted, with the immediate adoption of CCS retrofits 

identified. Future research directions in this area of research are also explored. 
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 Literature Review 

This chapter presents a thorough review of the literature fields relevant to this 

dissertation. The purpose of this review is to survey, synthesise and summarise the research 

presented in key areas, including: 

- Research into the modelling of commodity prices through multi-factor models,  

- The application of these models within RO analysis,  

- Research that has evaluated investment into emissions abatement technology under 

climate policy uncertainty, and,  

- Research that has applied RO analysis to consider the option to invest in CCS 

technology under carbon pricing uncertainty. 

There are several existing reviews of the literature fields of commodity pricing, RO 

analysis and investment under carbon pricing uncertainty. An early review of the commodity 

pricing literature was conducted by Lautier (2005), with other reviews including those of 

Skiadopoulos (2013) and Back and Prokopczuk (2013). The theoretical foundations of RO 

analysis was reviewed in the early work of Trigeorgis (1993b), with more contemporary 

reviews conducted by Savolainen (2016) and Trigeorgis and Tsekrekos (2018), which focus on 

the evaluation of metal mining and natural resource investment projects. The works of Yu et 

al. (2016) and J. Li et al. (2019) conducted bibliometric analyses to review studies that evaluate 

investment into emissions abatement technology.  

This literature review aims to provide a more contemporary survey of these literature 

fields. The recent trends in the commodity pricing literature, not identified within earlier 

literature reviews, are discussed. The systematic search methodology of bibliometric studies 

by Yu et al. (2016) and J. Li et al. (2019) is applied to conduct a more focused review on RO 

studies considering investment into CCS technology, highlighting the market and technological 

barriers for entry. 
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This chapter is structured as follows. Beginning with the characteristics of commodities 

and the theoretical foundations that underpin the commodity pricing literature, the development 

of multi-factor CPM models that capture historical commodity pricing dynamics and 

methodologies used to estimate the CPM parameters is then presented. It is noted that the 

extremely strong growth over recent decades in both the liquidity and availability of empirical 

data (Cortazar, Millard, Ortega, & Schwartz, 2018) has led to an associated increase in the 

breadth and depth of CPM research. Significant areas of study are presented and grouped by 

their distinguishing characteristics, including:  

- Deterministic seasonal trends,  

- The estimation of CPMs under a multicommodity setting,  

- The use of exogenous data to estimate the true distribution of spot prices,  

- The inclusion of stochastic volatility in CPMs to improve model fit to commodity 

options on futures contracts, and,  

- The application of multi-factor CPMs within RO analysis. 

It is shown that the commodity pricing and RO literature fields stem from the same 

seminal studies (Brennan & Schwartz, 1985; Paddock et al., 1988), resulting in highly active 

but mostly self-contained research fields. A subset of these literature fields has demonstrated 

that the inclusion of multi-factor CPMs within RO models has a significant impact on the 

valuation of capital investment projects. Resulting from this, it is suggested that existing RO 

literature should consider the application of models derived within the CPM literature within 

these valuation frameworks. 

The importance of the environmental impact of greenhouse gas emissions has become 

a topic of increasing focus within the academic community (Yu et al., 2016; J. Li et al., 2019). 

Through the application of a systematic search using advanced search terms, it is shown that 

the introduction of the EU ETS led to an exponential increase in academic research into the 

technical- and economic-feasibility of full-chain CCS technology on a commercial scale under 

carbon pricing scenarios. A review of studies that have applied RO analysis to consider the 

option to invest in CCS technology under carbon pricing uncertainty is then presented, with 

key papers identified. The high technological and market barriers prohibiting the commercial 

adoption of the technology is noted, with the utilization of captured CO2 emissions within EOR 

operations shown to increase the financial feasibility of CCS due to additional revenue streams. 
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The chapter concludes with a discussion of gaps in the literature and opportunities for 

future theoretical and empirical works. In summary, it is noted that there is a lack of attention 

within the commodity pricing literature to the practicalities necessary to conduct empirical 

research in this fast-evolving field. It is also identified that whilst CCS financial feasibility 

studies have noted the sensitivity of stochastic modelling parameters of carbon prices on project 

value, these parameters are often calibrated without considering empirical market pricing data. 

While influential within the literature, existing estimated modelling parameters were calibrated 

under different trading rules and in an immature carbon market, warranting a re-

parameterisation of these stochastic models. This chapter finishes with a discussion of how the 

research questions of this dissertation will address these identified gaps in research. A detailed 

review of the commodity pricing literature is now presented. 

 Commodity Pricing Models 

2.1.1 Development of the CPM Literature 

The relationship between futures and contemporaneous spot prices of commodities and 

the concept of a convenience yield or cost-of-carry has been examined and posturized since at 

least the 1930’s (Keynes, 1930; Hicks, 1939; Working, 1948). However, the earliest discussion 

of CPMs in the financial literature is attributed to Black (1976), in which he presented the 

development of a one-factor geometric Brownian motion (GBM) process with a constant net 

convenience yield. The simplest term structure CPMs were first presented in the early RO 

analysis literature studies of Brennan and Schwartz (1985) and Paddock et al. (1988). These 

studies evaluated capital investments of natural resource projects under commodity price 

uncertainty whilst allowing for deterministic, average convenience yields calculated through 

futures prices. These early studies related the term structure of commodity prices and its 

respective level of contango, or backwardation, to the costs associated with holding physical 

inventories of stock, thus establishing the commodity pricing literature. 

A prominent theory regarding the volatility of returns on futures contracts is the 

hypothesis first proposed by Samuelson (1965) that this volatility increases as maturity 

decreases. This, Samuelson’s famous hypothesis, implies that the arrival of unanticipated 

information regarding an underlying asset has a more significant impact on futures contracts 

with a shorter time to maturity than one with a longer time to maturity. An inverse relationship 

between futures returns volatility and the time to maturity of an underlying futures contract 
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implies that optimal hedging strategies and margin policies of commodity futures require 

periodic adjustment as the contract approaches its maturity over time (Rennemo, 2019). 

Samuelson’s hypothesis is a well-known phenomenon in commodity futures contracts and is 

empirically well documented (Fama & French, 1987; Schwartz, 1997; Schwartz & Smith, 

2000; Cortazar & Naranjo, 2006; Trolle & Schwartz, 2009; Hughen, 2010; Chiang, Hughen, 

& Sagi, 2015; Cortazar et al., 2016; Cortazar, Lopez, & Naranjo, 2017). Violations, however, 

have been empirically observed to occur when inventory is high (see Fama & French (1988) 

and Routledge, Seppi, & Spatt (2000)). The term structure of some commodities, such as oil, 

has also been empirically observed to exhibit humps under particular market conditions, which 

also does not support the Samuelson effect (Chiarella, Kang, Nikitopoulos, & To, 2013). 

The first studies to empirically examine the evidence of convenience yields in liquid 

markets were Brennan (1986) and Fama and French (1987, 1988). These studies demonstrated 

that convenience yields drive the relationship between futures and spot prices of many 

commodities. In particular, Brennan (1986) suggested that a constant net convenience yield 

will hold only under very restrictive assumptions. Fama and French (1987) found evidence that 

marginal convenience yields vary seasonally for most agricultural and animal products and that 

futures prices exhibit forecast power on expected premiums in specific commodity markets. 

Fama and French (1988) furthermore found evidence of mean-reversion in the convenience 

yields of metal commodities. As a consequence of empirical studies, the CPM literature 

evolved by demonstrating that modelling commodity prices, and by extension valuing 

investment opportunities, under the assumption of constant or deterministic convenience yields 

was inadequate in capturing the market behaviour of most commodities (Gibson & Schwartz, 

1990; Schwartz, 1997; Schwartz & Smith, 2000; Sørensen, 2002; Cortazar & Schwartz, 2003; 

Casassus & Collin‐Dufresne, 2005; Cortazar & Naranjo, 2006; Trolle & Schwartz, 2009). 

To directly address this inadequacy, Gibson and Schwartz (1990) were the first to 

present a two-factor CPM, modelling spot prices and the instantaneous net convenience yield 

as a joint stochastic process. Gibson and Schwartz (1990) argued that multi-factor CPMs are 

required to adequately model commodity prices as one-factor CPMs imply a perfect correlation 

between spot prices and futures prices for different maturities, which is not consistent with the 

hypothesis by Samuelson (1965). Using a stochastic adjustment in the size of the convenience 

yield, they were able to explain the evolution of the term structure of a commodity from 

backwardation to contango and vice-versa, empirically demonstrating the superior 

performance of the two-factor approach. 
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Using a different commodity modelling approach to Gibson and Schwartz (1990), 

Cortazar and Schwartz (1994) utilized the seminal Heath, Jarrow, and Morton (1992) (HJM) 

framework to model commodity futures prices. Originally developed to model movements in 

the term structure of interest rates, they presented a model that studied the stochastic movement 

of futures prices by taking the initial term structure of commodity futures prices and deriving 

its stochastic movement consistent with no-arbitrage. The published model allowed spot prices 

to be made up of an arbitrary number of factors driven by independent Brownian motions, with 

the number of factors and parameter estimates determined by principal component analysis 

(PCA). Because the model was estimated using the entire term structure of futures prices as 

given, the model could not be used in the pricing of futures contracts. Cortazar and Schwartz 

(1994) applied this model to price bonds with final payment or coupons linked to commodity 

prices. The HJM framework pioneered by Cortazar and Schwartz (1994) in the commodity 

pricing literature has since been used in several other studies by researchers for derivative 

pricing (Miltersen & Schwartz, 1998; Manoliu & Tompaidis, 2002; Trolle & Schwartz, 2009; 

Cheng, 2017). 

Schwartz (1997) extended the influential two-factor model of Gibson and Schwartz 

(1990), presenting CPMs with one, two, and three factors, with the third factor modelling 

stochastic interest rates. Whilst parameter estimation of the earlier model required the solution 

to a complex partial differential equation, the CPMs presented by Schwartz (1997) were linear 

affine Gaussian models formulated under risk-neutrality. This has the advantage of delivering 

simple closed-form expressions for the distribution of futures prices in terms of state variables 

under no-arbitrage conditions. Schwartz (1997) estimated the unknown spot price and state 

variables via a Kalman filter, then used to estimate drift, mean-reversion, volatility and 

correlation terms through maximum likelihood estimation (MLE). It was the adoption of 

Kalman filtering and MLE by Schwartz (1997) that led to this methodology becoming the 

primary parameter estimation approach adopted by the commodity pricing literature (for just a 

few examples, see Schwartz (1997, 1998); Schwartz and Smith (2000); Lucia and Schwartz 

(2002); Manoliu and Tompaidis (2002); Richter and Sørensen (2002); Sørensen (2002); 

Cortazar, Schwartz, and Naranjo (2004); Cortazar and Naranjo (2006); Abadie and Chamorro 

(2008); Shiraya and Takahashi (2012); Goodwin (2013); Rennemo (2019); Aspinall et al. 

(2021a), among many others). Comparisons of the relative performance of one-, two- and 

three-factor CPMs enabled Schwartz (1997) to conclude that one-factor CPMs imply a constant 

rate of growth in a commodity price, assume that expected price levels grow exponentially 
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without bound, and feature a variance of future spot prices that is monotonically increasing 

over time, all of which are unrealistic assumptions for commodity prices. The literature has 

also argued against applying the Vasicek (1977) term structure model of interest rates, a one-

factor mean-reverting process, to commodity prices (Schwartz & Smith, 2000; Cortazar & 

Naranjo, 2006; S. Chen & Insley, 2012). S. Chen and Insley (2012) argue its inadequacy by 

pointing out that it assumes that volatility tends to zero for very long maturities and prices to a 

long run equilibrium, which are likely better characterized as a stochastic variable, further 

supporting the argument for multi-factor CPMs. 

An alternate risk-premium class of CPM was first presented in the very high and 

frequently cited work of Schwartz and Smith (2000), which presently has over 1,300 citations. 

This two-factor model of Schwartz and Smith (2000), known in the literature as the Short-

Term/Long-Term model, decomposes spot prices into changes in short-term deviations and a 

long-run equilibrium. The two-factor model is praised for being simpler to interpret than 

previous two-factor CPMs (i.e., Gibson and Schwartz (1990); Schwartz (1997, 1998)) whilst 

being affine equivalent. Demand or supply shocks resulting in scarcity or abundance of a 

commodity are explained as temporary (and therefore short-term) divergences from a long-

term equilibrium price. When temporary price shocks occur, such as prices increasing to a level 

above the long-term equilibrium, the supply of the commodity responds by higher-cost 

producers, who could not initially operate profitably, entering (or remaining in) the market 

(Schwartz & Smith, 2000). This would result in downward pressure on the commodity price 

as it reverts to the long-term equilibrium level. Longer-term price drivers that are not expected 

to revert instead influence equilibrium prices and reflect: “expectations of the exhaustion of 

existing supply, improving technology for the production and discovery of the commodity, 

inflation, (and) political and regulatory effects” (Schwartz & Smith, 2000). The Short-

Term/Long-Term model thus explains the term structure of a commodity moving between 

backwardation and contango through the dynamic of short-term and long-term behaviour. 

The Short-Term/Long-Term CPM models the Samuelson hypothesis (1965) by stating 

that futures contracts typically experience greater volatility in short- to medium-term because 

of the time required to adjust to changes in the demand or supply of a commodity, with this 

imbalance corrected by sudden changes in prices even when they should be related to 

production costs for a given future demand in the long-term. The Short-Term/Long-Term 

model is popular in the literature, likely due to its ease in interpretation and an empirically 

observed good fit to commodity prices. It has been applied, replicated, benchmarked or 
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otherwise investigated to several different commodities and within several further publications 

(for examples, see: Lucia and Schwartz (2002); Manoliu and Tompaidis (2002); Tai and Fu 

(2009); Paschke and Prokopczuk (2010); Goodwin (2013); Cortazar, Kovacevic, and Schwartz 

(2015); Aspinall et al. (2021a)). 

2.1.2 Seasonality 

The early CPMs of Schwartz (1997) and Schwartz and Smith (2000) and the affine 

gaussian frameworks they presented were quickly adopted and extended by Lucia and 

Schwartz (2002); Manoliu and Tompaidis (2002); Richter and Sørensen (2002); Sørensen 

(2002) to explicitly consider systematic seasonal patterns that have been empirically observed 

within many commodity prices (Fama & French, 1987, 1988). Whilst earlier CPMs featured 

straightforward parameter estimation and were able to explain changes in the shape of the 

futures curve of a commodity over time, these subsequent papers argued that some 

commodities (such as agricultural commodities or electricity prices) may be characterized by 

seasonal trends in production levels, consumption demand and cost of production (Lucia & 

Schwartz, 2002; Manoliu & Tompaidis, 2002; Richter & Sørensen, 2002; Sørensen, 2002). 

To address seasonal trends in commodity prices, Sørensen (2002) and Lucia and 

Schwartz (2002) separately extended the early CPMs of Schwartz (1997) and Schwartz and 

Smith (2000), respectively, by including deterministic seasonal elements. Lucia and Schwartz 

(2002) presented a CPM of electricity prices, which are strongly characterised by supply and 

demand and climate and weather conditions. In an extension of the Short-Term/Long-Term 

model, they considered seasonal systematic patterns by including dummy variables for 

holidays/ weekends and for each calendar month, concluding that seasonality is a crucial 

characteristic of CPMs. This model was subsequently utilized by Manoliu and Tompaidis 

(2002) for natural gas futures, estimating monthly dummy variables and presenting its 

importance in explaining the shape of the futures curve of natural gas prices respectively.  

A limitation of Lucia and Schwartz’s (2002) model is the large number of dummy 

variables that must be estimated through MLE. An alternate approach to consider deterministic 

seasonality was proposed by Sørensen (2002), extending the two-factor CPM presented by 

Schwartz (1997). He included seasonality in this CPM as a composite of sine and cosine 

functions. The advantage of this specification of seasonality is that the seasonal component is 

smooth whilst having fewer total parameters to estimate (Shao, Bhar, & Colwell, 2015). 

Sørensen (2002) and subsequently Richter and Sørensen (2002) were able to demonstrate the 
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explanatory power of the trigonometric based seasonal component on agricultural 

commodities, and this approach has become the standard method in the literature of 

deterministically considering seasonality in CPMs (Mirantes, Población, & Serna, 2012, 2013; 

Shao, 2013; Shao et al., 2015; Rennemo, 2019). 

2.1.3 Parameter Estimation Methods 

The early multi-factor CPMs of Gibson and Schwartz (1990) and Schwartz (1997) were 

empirically demonstrated to have a high fit to short- and medium-term oil contracts. However, 

both studies were limited in their ability to posturize model fit to long-term assets, such as those 

considered in RO analysis, due to the lack of liquid and publicly traded long-term maturities at 

the time. The lack of long-term contract observations was further exacerbated by the data 

structure used by Schwartz (1997) and consequently Schwartz and Smith (2000) to estimate 

CPMs. The traditional Kalman filter used by these studies to estimate state variables and model 

parameters required a complete (i.e., no missing value) term structure dataset with a fixed 

number of observations at each time point.  

To achieve this, Schwartz (1997) developed a term structure dataset by denoting 

contracts by ordering in terms of maturity (i.e., F01, F02, etc.), selecting a subsample of these 

contracts and rolling over observations as the closest contract matured. This resulted in a 

stitched set of continuously observable futures prices within a narrow range of time-to-

maturity, which were then assumed to be fixed. Whilst this allowed for the application of term 

structure data to the Kalman filter algorithm, it came at the cost of information loss due to 

portions of the term structure of the commodity, such as long-term contracts, not being 

observed during the estimation process as well as differences between the fixed and actual 

time-to-maturity of observations. Schwartz (1997) and Schwartz and Smith (2000) estimated 

CPMs observing publicly available contracts with a maximum maturity of nine and seventeen 

months, respectively, using aggregated futures observations. This severely limited the ability 

of estimated CPMs to forecast long-term commodity prices and value long-term commodity 

assets (Schwartz, 1998). 

To address this limitation, Schwartz (1998) and subsequently Schwartz and Smith 

(2000) utilized proprietary oil forwards curves made available by Enron, which had maximum 

maturities of nine years. This dataset allowed for estimating CPMs with longer maturities of 

contracts at the cost of utilizing data where the method of constructing these forward curves 
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was largely unknown. Stitched, continuously observable term structure data has since been 

applied in several further studies (Goodwin, 2013; Rennemo, 2019; Aspinall et al., 2021a). 

The substantial information loss resulting from aggregating term structure data for 

application in the Kalman filter led to several other studies proposing alternate CPM estimation 

procedures to the Kalman filter. The HJM framework and PCA estimation procedure adopted 

by Cortazar and Schwartz (1994) allowed estimation using full term structure data in lieu of a 

Kalman filter approach. Casassus and Collin‐Dufresne (2005) applied a similar approach, 

fitting principal components of interests rates and the futures curve and subsequently deriving 

likelihood scores, a method first proposed by Collin‐Dufresne and Goldstein (2002). Lucia and 

Schwartz (2002) estimated parameters of electricity CPMs through first estimating 

deterministic seasonality components, subsequently adopting an iterative nonlinear least 

squares procedure that minimized the sum of squared errors between model and observed 

market prices. Cortazar and Schwartz (2003) presented a similar, straightforward procedure for 

estimating parameters through minimum mean square error methods. This estimation 

procedure allowed for full term structure data to be considered, had lower implementation 

requirements than the Kalman filter and was in general an easier estimation procedure. 

Whilst the least-squares estimation procedure proposed by Cortazar and Schwartz 

(2003) is straightforward to implement, it was soon noted that it does not consider the time-

series relationship of estimated state variables, does not make an optimal use of the term 

structure in the estimation of state variables (as opposed to the Kalman filter) and cannot be 

used to obtain parameter standard errors (Cortazar et al., 2004; Cortazar & Naranjo, 2006; 

Cortázar, Schwartz, & Naranjo, 2007). Abadie and Chamorro (2008) also state that when 

futures contracts are very informative, Kalman filter estimates are also equivalent to 

minimizing the sum of squared errors of the model’s fit to the observed futures curve.  

The first to address the information loss associated with the Kalman filter approach was 

Cortazar et al. (2004). They applied a modified Kalman filter algorithm that allowed for the 

number of observations at each discrete time step to be dynamic, with the associated matrices 

of the Kalman filter adjusting to the number of observations at a given point in time. Whilst 

allowing for a variable number of observations in a Kalman filter algorithm is not uncommon, 

Cortazar et al. (2004) were the first to apply it to the commodity pricing literature. This 

approach allowed for full term structure data to be applied to the Kalman filter parameter 

estimation procedure, as contracts that were not traded on a particular observation date were 
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simply dropped from the associated vectors of the Kalman filter algorithm, at the cost of 

increased processing time. The application of Kalman filtering with a dynamic number of 

observations has become a parameter estimation approach increasingly adopted by the 

literature (Cortazar et al., 2004; Cortazar & Naranjo, 2006; Cortázar et al., 2007; Trolle & 

Schwartz, 2009; Cortazar et al., 2016; Cortazar et al., 2018). 

In addition to those above, several alternate and novel extensions to the parameter 

estimation of CPMs have been presented. For example, Aiube, Baidya, and Tito (2008) apply 

particle filters rather than Kalman filters to estimate CPMs with the inclusion of jump 

components, which create difficulties in the estimation of state variables through traditional 

Kalman filtering. A two-stage estimation procedure originally proposed by Durbin and 

Koopman (2001) was applied by Tai and Fu (2009) to the Short-Term/Long-Term model, 

taking advantage of the steady state distribution of the Kalman filter to estimate drift terms 

conditional on the remaining parameters through a simple least-squares expression. The 

remaining terms are subsequently estimated through any non-linear optimization routine, 

reducing the total number of parameters required to estimate through MLE (Tai & Fu, 2009).  

Jafarizadeh and Bratvold (2012) propose a parameter estimation procedure of the Short-

Term/Long-Term model without using historical data through multiple stages, using implied 

volatilities and the slope of the futures curve at a given observation date. Date, Mamon, and 

Tenyakov (2013) utilize multivariate hidden Markov model filtering to estimate parameters of 

a regime-switching CPM. García-Mirantes, Larraz, and Población (2016) proposed a 

regression-based parameter estimation method inspired by Cortazar and Schwartz (2003) to 

lower the implementation requirements required for the Kalman filter approach. Lai and 

Mellios (2016) presented a modified form of the Schwartz (1997) three-factor model that 

considers the convenience yield as unobservable, drawing inferences about it from the spot 

price and interest rate. This model is estimated using the Kalman filter and a two-stage MLE 

procedure, first estimating the parameters of the interest rate factor and subsequently those of 

the spot price and convenience yield. A recent study by Guo (2020) proposes a two-step least-

square estimation method similar to that of Cortazar and Schwartz (2003), applying this method 

to the Short-Term/Long-Term model. 

Despite the numerous alternate CPM parameter estimation procedures presented within 

the literature, affine CPM frameworks with parameters estimated through the Kalman and 

extended Kalman filter remains the dominant approach of this field. Following the application 
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of a modified Kalman filter algorithm to reduce information loss in the observed futures dataset 

(Cortazar et al., 2004), the literature then progressed by increasing the complexity and number 

of factors used to model commodity market dynamics. 

2.1.4 The N-Factor Framework 

The foundational CPMs (or their affine transformation equivalents) of Gibson and 

Schwartz (1990); Schwartz (1997, 1998); Schwartz and Smith (2000), among others, were 

unified under the N-factor model framework developed by Cortazar and Naranjo (2006), 

extending existing CPMs to an arbitrary number of factors. This risk-premium class framework 

is based upon the canonical representation of Dai and Singleton (2000) for the term structure, 

where typically the first factor follows a Brownian motion and subsequent 𝑁 − 1  factors 

follow an Ornstein-Uhlenbeck with mean-reversion. The Short-Term/Long-Term model of 

Schwartz and Smith (2000) is the particular case of the N-factor framework for 𝑁 = 2. The 

motivation of the N-factor framework is to allow the stochastic behaviour of CPMs to be as 

simplistic or complex as required, with term structure fit generally increasing with the number 

of factors at the cost of greater estimation and modelling complexity. The N-factor framework 

can also consider seasonal effects of commodity prices, modelled through stochastically 

evolving factors. Parameters under the N-factor framework are estimated using the Kalman 

filter approach.  

Cortazar and Naranjo (2006) empirically demonstrated that the N-factor framework 

performed extremely well using in- and out-of-sample futures prices of oil and copper. They 

also determined that an increased number of factors allows the CPM more flexibility to adjust 

first and second moments simultaneously, which better fits both the futures price curve and the 

volatility term structure of futures returns and more accurately replicates the Samuelson effect. 

The Kalman filter approach with full term structure data proposed by Cortazar et al. (2004) 

was used to take advantage of the long-term oil futures contracts that began being publicly 

traded during this time, estimating CPMs with no information loss using observed prices 

possessing maturities up to seven years. Cortazar and Naranjo (2006) also estimated CPMs 

using daily futures price data instead of weekly data used by previous studies (Schwartz, 1997, 

1998; Schwartz & Smith, 2000), likely due to increases in computing power and commodity 

market liquidity. 

Increasing the number of factors under the N-factor framework generally increases in- 

and out-of-sample fit to the observable commodity term structure (Cortazar & Naranjo, 2006). 



  

24 

 

This is because increasing the number of state variables in a CPM allows greater flexibility in 

the simultaneous adjustment of the first and second moments of futures prices, thereby 

increasing a CPMs fit to the observable term structure and its stochastic behaviour (Cortazar 

& Naranjo, 2006). Rennemo (2019) noted, however, that CPMs under the N-factor framework 

may become overfit when too many state variables are adopted. The estimated parameters of 

these models have been empirically determined by Rennemo (2019) to be poorly specified, 

resulting in parameter values approaching their boundary conditions or taking values with no 

economic meaning. 

To evaluate the optimal number of latent factors in a CPM to model a commodities 

term structure, Cortazar and Naranjo (2006) estimated CPMs of increasing size 𝑁. This may, 

however, be a computationally expensive process and unpractical in real-world applications 

(Cortazar, Milla, & Severino, 2008; Garcia-Mirantes, Larraz, & Poblacion, 2020). This has led 

to studies by Cortazar, Milla, et al. (2008) and Garcia-Mirantes et al. (2020) to propose CPM 

selection procedures to avoid estimating and comparing multiple CPMs. Cortazar, Milla, et al. 

(2008) proposed an approach where the optimal structure of the CPM can be evaluated by 

estimating partial common principal components of models. This CPM selection procedure 

was subsequently extended by Garcia-Mirantes et al. (2020), evaluating the eigenvectors of the 

variance matrix of futures prices and applying regression and nonlinear search procedures to 

identify the optimal structure of N-factor CPMs. These CPM selection methods are partially 

based upon the PCA procedures adopted by Cortazar and Schwartz (1994) and subsequently 

Casassus and Collin‐Dufresne (2005) to estimate CPMs under the HJM framework. 

Due to the flexibility of the N-factor framework, it has become one of the most popular 

CPM frameworks, praised for its versatility and effectiveness. It has been utilized and extended 

by a large portion of the commodity pricing literature (Cortázar et al., 2007; Cortazar, Milla, 

et al., 2008; Paschke & Prokopczuk, 2009, 2010; Bhar & Lee, 2011; Shao et al., 2015; Cortazar 

et al., 2016; García-Mirantes et al., 2016; Cortazar et al., 2017; Cortazar et al., 2018; Rennemo, 

2019). The N-factor framework unified many CPMs presented in the literature, resulting in 

many current publications applying or extending this framework in varied and novel 

approaches. For example, Paschke and Prokopczuk (2010) presented an alternate structure of 

the N-factor model where mean-reverting factors follow a more complex continuous time 

autoregressive moving average CARMA(p,q) process, which is shown to have a greater fit to 

the volatility term structure of oil futures. Similarly, stochastic seasonal components were 

considered by Mirantes et al. (2012) and subsequently Mirantes et al. (2013) in an extension of 
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the N-factor framework, modelling seasonal components through a system of complex 

trigonometric stochastic differential equations (SDEs). Mirantes et al. (2012) were able to show 

the superior fit of these CPMs to natural gas at the cost of a substantial increase in the 

complexity of the CPM framework and did not provide general futures pricing formula for an 

arbitrary number of drift and seasonal components. This framework was subsequently adopted 

by Mirantes et al. (2013) to estimate seasonal components of their CPMs through convenience 

yields rather than commodity prices, finding that this generally removes non-seasonal factors 

in observations and allows for more precise modelling of seasonality in commodities. 

Deterministic seasonality was incorporated into the N-factor framework in the works of Shao 

(2013); Shao et al. (2015); Rennemo (2019). 

2.1.5 Multi-Commodity CPMs 

The N-factor framework has also been extended to consider the estimation of CPMs of 

multiple commodities simultaneously (Cortazar, Milla, et al., 2008; Paschke & Prokopczuk, 

2009). In a follow-up to the work of Cortazar and Naranjo (2006), the studies of Paschke and 

Prokopczuk (2009) and Cortazar, Milla, et al. (2008) both separately proposed the estimation 

of CPMs of multiple commodities simultaneously. Paschke and Prokopczuk (2009) estimated 

Short-Term/Long-Term models for three commodities simultaneously, finding that jointly 

modelling multiple commodities to estimate common factors between them can ultimately 

increase model fit and out-of-sample error. The motivation of Cortazar, Milla, et al. (2008) 

instead was the long-term forecasting of commodities that do not feature longer maturity 

futures contracts. By jointly estimating two commodities, Cortazar, Milla, et al. (2008) were 

able to use the longer maturity futures contracts of one commodity to estimate the parameters 

of another. This framework thus allowed for N-factor modelling of long-term commodity 

contingent claims for commodities with a few futures contracts available. Paschke and 

Prokopczuk (2009) and Cortazar, Milla, et al. (2008) concluded that estimation of CPMs under 

a multi-commodity framework could greatly influence model parameters and provide insights 

into the co-movement of different commodities at the cost of greater modelling complexity. 

These early studies subsequently led to a series of publications that estimated CPMs 

under multi-commodity frameworks (Cortazar & Eterovic, 2010; Ohana, 2010; Nakajima & 

Ohashi, 2012; Casassus, Liu, & Tang, 2013; Benth & Koekebakker, 2015; Farkas, Gourier, 

Huitema, & Necula, 2017). Cortazar and Eterovic (2010) used the framework of Cortazar, 

Milla, et al. (2008) to estimate copper and silver CPMs using oil term structure data. Ohana 
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(2010), and Casassus et al. (2013) propose joint models for two commodities; however, these 

frameworks cannot easily be extended to larger dimensions. Nakajima and Ohashi (2012) 

present a CPM that considers the effect of linear relations of commodity spot prices, with 

cointegration represented under certain conditions. Benth and Koekebakker (2015) evaluated 

CPMs of two cointegrated commodities, with deviations from the cointegration relation 

modelled through a continuous time autoregressive moving average (CARMA) process. Farkas 

et al. (2017) present a two-factor multi-commodity framework, finding significant co-

integration among the futures and options markets prices for ten commodities. 

2.1.6 Estimation of the True Spot Price Process 

Risk-premium CPMs such as the N-factor framework are the primary class of CPM 

considered within the commodity pricing literature. Such CPMs have been empirically 

observed to estimate parameters of the true distribution with lower precision than those of the 

risk-neutral distribution, with these parameters typically estimated with large associated 

standard errors and are mostly found not to be statistically significant (Schwartz & Smith, 2000; 

Cortazar & Naranjo, 2006). Schwartz and Smith (2000) were the first to observe that risk 

premiums are not well estimated, suggesting it was because price expectations are not directly 

observed in the estimation procedure and that a very long observation period may result in 

more reliable estimates of risk premiums. To examine the precision of estimated risk premiums 

of the Short-Term/Long-Term model, Andresen and Sollie (2013) estimated parameters using 

simulated futures prices where the true values of the process were known a priori. They 

concluded that market prices of risk cannot be accurately estimated through the Kalman filter 

and may depend on the starting value of the iterative routine used in MLE. 

Whilst imprecise estimates of risk premiums do not influence estimates of futures prices 

or other commodity contingent claims under the risk-neutral framework, they do affect 

expected spot prices under the true measure (Schwartz & Smith, 2000). The true distribution 

is helpful for non-valuation purposes, such as calculating risk management metrics like the 

value at risk (Cortazar, Kovacevic, & Schwartz, 2013). The risk-neutral assumption is also not 

the standard approach used by practitioners to value natural resource investments, who instead 

opt to forecast commodity prices under the true measure, discounting expected cash flows 

generated under those forecasts at the weighted average cost of capital (Cortazar et al., 2013).  

Cortazar et al. (2013) were the first to present a method to increase the reliability of 

estimated true expected spot prices under the N-factor framework. Cortazar et al. (2013) and 
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subsequently Cortazar et al. (2015) integrate asset and commodity pricing models to increase 

the precision of true distribution parameters, using asset pricing models to estimate expected 

futures returns, with these estimates used as conditions to increase the reliability of estimated 

true expected spot prices. The capital asset pricing model (CAPM) and the Short-Term/Long-

Term model are asset and commodity models used as examples in these studies (Cortazar et 

al., 2013; Cortazar et al., 2015). 

Suenaga (2013) presented a two-step parameter estimation procedure to remove bias in 

the true stochastic dynamics of the underlying spot price. A subset of model parameters is first 

estimated during parameter estimation on the first difference of observed futures prices, with 

remaining parameters subsequently estimated through standard futures price equations. 

Suenaga (2013) shows that this alternative approach estimates the first subset of parameters 

free from bias in the deterministic price variation and dynamics of underlying state variables, 

with the Short-Term/Long-Term model applied as a case study. Cortazar et al. (2018) and 

subsequently Cifuentes et al. (2020) estimate CPMs using futures prices and analysts’ 

predictions of future spot prices with oil and copper prices considered in these studies, 

respectively. These studies conclude that long-term estimations in expected spot curves are 

significantly different when utilizing analyst forecasts information to estimate CPMs. These 

should be considered to obtain reasonable expected spot curves (Cortazar et al., 2018; Cifuentes 

et al., 2020). 

2.1.7 Option Pricing 

The affine, gaussian series of linear CPMs (such as the N-factor framework) that 

dominate the commodity pricing literature have been praised for their fit to futures prices and 

ability to explain the futures price curve and stochastic behaviour of commodities. This is due 

to the multi-factor modelling of the drift of the risk-neutral processes (Cortazar & Naranjo, 

2006). CPMs that assume Gaussian dynamics are also popular due to the existence of closed-

form derivative prices (such as futures and European options on futures contracts) and 

straightforward parameter estimation through the Kalman filter and MLE.  

A drawback of linear CPMs that feature constant gaussian dynamics in the spot price 

process, however, is that they have been empirically observed to have a lower fit to the pricing 

of options contracts (Cortazar et al., 2016). Options on futures contracts of commodities are 

derivative products that have taken a greater proportion of the total value of commodity-

contingent claims over the past approximate decade (Cortazar et al., 2016), leading to greater 
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focus on pricing these products. A different stream of the commodity pricing literature have 

thus presented CPMs that aim to improve the pricing of commodity options by considering 

jumps (Hilliard & Reis, 1998; X. S. Yan, 2002), regime-switching (S. Chen & Insley, 2012) 

and stochastic modelling of spot price volatility (Richter & Sørensen, 2002; Trolle & Schwartz, 

2009; Hughen, 2010; Liu & Tang, 2011; Chiarella, Kang, Nikitopoulos & Tô, 2013; Chiang et 

al., 2015; Cortazar et al., 2016; Cortazar et al., 2017; Schöne & Spinler, 2017; Zong, 2017; 

Kang, Nikitopoulos, & Prokopczuk, 2020). 

Hilliard and Reis (1998) and Miltersen and Schwartz (1998) simultaneously presented 

CPMs that price options on commodity futures contracts. Both studies, published in the same 

issue, constructed closed-form solutions for options prices under their respective CPMs in the 

tradition of Black and Scholes (1973) and Merton (1973). Whilst Miltersen and Schwartz 

(1998) presented a three-factor CPM under the HJM framework, Hilliard and Reis (1998) 

instead extended the three-factor model of Schwartz (1997) by introducing jumps in the spot 

price of the commodity. The intuition behind a jump-diffusion process for the spot price is that 

significant events, such as extreme weather, can cause large discrete changes in commodity 

prices (Hilliard & Reis, 1998). This model used the initial term structure of interest rates to 

eliminate the market price of interest rate risk from the pricing equation and was estimated 

using quasi-MLE and the Kalman filter. They empirically demonstrated that extending the 

three-factor model of Schwartz (1997) to include jumps did not improve the model fit to futures 

prices but did have a significant increase in the fit to option prices. 

In an extension of the study by Hilliard and Reis (1998), X. S. Yan (2002) presented a 

CPM that considered both jumps and stochastic volatility in the spot price process. Whilst Cox, 

Ingersoll Jr, and Ross, (1985) were the first to apply this modelling approach to the term 

structure of interest rates, X. S. Yan (2002) was the first to relax the assumption of Gaussian 

dynamics in the commodity spot price process. X. S. Yan (2002) presented a four-factor CPM 

with jumps in spot prices and interest rates, with spot price volatility following a square-root 

process and empirically demonstrated that both jumps and stochastic volatility play a key role 

in pricing options on futures contracts. 

Hilliard and Reis (1998) and X. S. Yan (2002) empirically demonstrated that 

incorporating a jump-diffusion process significantly increases the fit of CPMs to commodity 

option prices. Jumps in asset prices have also been shown empirically within the broader 

financial literature to be relevant in the explanation of short-term maturity options (Pan, 2002; 
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Eraker, 2004). W. Yan and Li (2009) also considered jump-diffusions in their four-factor CPM; 

however, they did not model option prices. Regime-switching models were proposed by S. 

Chen and Insley (2012) as an alternative to jump-diffusions in spot prices, presenting a regime-

switching CPM for lumber prices. Parameters in this model were estimated with futures options 

prices to calibrate spot price volatility and futures prices to calibrate other parameters, and both 

W. Yan and Li (2009) and S. Chen and Insley (2012) estimated parameters through the least-

squares approach of Cortazar and Schwartz (2003). 

Despite empirical evidence of the relevance of jumps to the modelling of options prices, 

it has not become the standard approach adopted in the commodity pricing literature (Cortazar 

et al., 2016). Instead, the traditional approach has been to model the volatility characteristics 

of commodity markets by relaxing the assumption of constant Gaussian dynamics in the spot 

price process (Cortazar et al., 2016; Cortazar et al., 2017), which is referred to in this chapter 

as volatility CPMs. There is substantial empirical evidence that commodity market prices 

experience heteroskedasticity (Litzenberger & Rabinowitz, 1995), volatility clustering (Duffie 

& Gray, 1995) and volatility smiles (Cortazar & Naranjo, 2006; Hughen, 2010). Cortazar et al. 

(2017) determined that when multiple stochastic factors are used to model spot price volatility, 

the inclusion of jumps in the spot price process does not influence model option pricing ability.  

Richter and Sørensen (2002) considered a CPM with stochastic volatility and 

seasonality for agricultural commodities, opting to consider stochastic volatility over jump-

diffusions in the spot price process as considering both is more complicated to model and 

estimate. Nielsen and Schwartz (2004) extended the early CPM of Gibson and Schwartz (1990) 

to consider a square root process for spot price volatility. These studies determined that 

stochastic volatility in their respective models resulted in significant differences to constant 

volatility CPMs on the pricing of option contracts. Arismendi, Back, Prokopczuk, Paschke and 

Rudolf (2016) further modelled futures options of the agricultural commodity corn through a 

seasonal stochastic volatility model, empirically demonstrating a reduction in contract pricing 

error through this modelling specification. The commodity pricing literature has thus indicated 

that realistic modelling of the volatility of commodity markets is the essential characteristic for 

the pricing, hedging and risk management of commodity option contracts (Trolle & Schwartz, 

2009). 

The previously developed stochastic volatility CPMs of Richter and Sørensen (2002) 

and Nielsen and Schwartz (2004) were nested within the volatility CPM framework of Hughen 
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(2010) and subsequently Schöne and Spinler (2017). Hughen (2010) presented a three-factor 

volatility CPM where the spot price volatility followed a stochastic independent square-root 

process. This framework was subsequently extended by Schöne and Spinler (2017) to consider 

a fourth additional risk factor. Liu and Tang (2011) also grew the model of Nielsen and 

Schwartz (2004) to three factors with spot price volatility dependent on convenience yield and 

interest rates. Hughen (2010) used his volatility CPM framework to perform a comparative 

study of constant and stochastic volatility CPMs, evaluating the fit of these models to options 

and futures prices. He empirically demonstrated that the volatility CPM was better able to 

capture volatility smiles commonly found in commodity option markets and had a better model 

fit to the observed prices of option contracts. Liu and Tang (2011) used their volatility CPM to 

demonstrate empirical evidence of heteroskedasticity in convenience yields for industrial 

commodities. Schöne and Spinler (2017) present the additional fit to futures and option prices 

resulting from an additional risk factor. Cheng, Nikitopoulos and Schlögl (2018) present a 

stochastic modelling framework for crude oil that exhibits stochastic volatility and interest 

rates, with the superior fit of this framework to long-term options prices empirically presented. 

To better understand the dynamics of volatility in commodity markets, Trolle and 

Schwartz (2009) presented a comprehensive analysis of the evidence of unspanned stochastic 

volatility (USV) in commodity markets. USV is a phenomenon studied initially in fixed-

income markets (Collin‐Dufresne & Goldstein, 2002) that implies that futures options are non-

redundant assets to hedge spot price volatility risk. Trolle and Schwartz (2009) empirically 

demonstrated the presence of USV in many commodity markets. They concluded that due to 

the presence of USV in commodity markets, this characteristic should be captured in CPMs 

when pricing option contracts. Their volatility CPM is formulated under the HJM framework, 

and they further determine that this framework naturally includes the parameter restrictions on 

volatility to exhibit USV. Affine volatility CPMs, on the other hand, typically require 

parameter conditions (such as Q-independence between cost-of-carry and volatility processes) 

to obtain USV (Cortazar et al., 2017). 

CPMs that consider stochastic volatility dynamics do not possess closed-form solutions 

for derivatives, and hence intensive numerical methods must be used to estimate unknown 

parameters (Cortazar et al., 2016). The volatility models of Richter and Sørensen (2002); 

Nielsen and Schwartz (2004); Trolle and Schwartz (2009); Hughen (2010), among others, 

feature quasi-analytical formula for futures and options prices, which can be calculated by 

solving a system of ordinary differential equations and through a Fourier inversion approach 
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respectively. Hughen (2010) estimated unknown parameters through a Markov chain Monte 

Carlo (MCMC) method. Larsson and Nossman (2011) subsequently used this approach to 

empirically demonstrate the performance of jump-diffusion volatility CPMs to options prices. 

The extended Kalman filter and quasi-MLE is an alternate estimation procedure adopted by the 

literature (Trolle & Schwartz, 2009; Chiang et al., 2015; Cortazar et al., 2016; Cortazar et al., 

2017). Due to the rigorous and computationally expensive process of estimating volatility 

CPMs, many studies restrict the number of drift factors considered (i.e., factors of the N-factor 

framework) to obtain results in a reasonable amount of time, resulting in a trade-off between 

futures and options pricing performance (Cortazar et al., 2016). 

To address the difficulty in parameter estimation of volatility CPMs, Chiang et al. 

(2015) presented a novel parameter estimation method for volatility CPMs using a model-free 

specification for the implied variance. Rather than applying the Fourier-inversion approach to 

model option prices, they instead calculate a nonparametric measure of implied variances from 

observed option prices; the average risk-neutral expected value of the instantaneous return 

variance. This implied variance is then shown to be linear in the volatility state variable, thus 

extracting information content from options prices much more efficiently than calculating 

model option prices and fitting them to observed prices through an MCMC approach (Chiang 

et al., 2015). This implied variance specification is a volatility CPM with a simpler estimation 

procedure than previously presented volatility CPM specifications (Cortazar et al., 2016). The 

model features quasi-analytic formula for futures prices, with parameters of this model 

estimated through a quasi-maximum likelihood approach in conjunction with the extended 

Kalman filter (Chiang et al., 2015). 

Following the publication of the implied variance specification of Chiang et al. (2015), 

this procedure was adopted by Cortazar et al. (2016) to expand the comparative study of 

Hughen (2010). Cortazar et al. (2016) compared stochastic volatility models against constant 

volatility benchmarks using oil, copper and gold options and futures prices. The N-factor 

framework of Cortazar and Naranjo (2006) was used as the constant volatility benchmark 

compared against the traditional two-factor stochastic volatility approach of Trolle and 

Schwartz (2009) and the Chiang et al. (2015) model-free implied variance specification 

approach. The objective of this study was to determine the conditions and application of CPMs 

that warrant consideration of stochastic volatility.  
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Cortazar et al. (2016) empirically demonstrated the superior fit of the N-factor 

framework to futures prices but a weaker fit to options prices compared to the stochastic 

volatility models. They determined that the number of factors is the most relevant characteristic 

of CPMs for modelling the drift of the risk-neutral process in futures modelling, however, for 

pricing financial options a well-specified dynamics for the volatility becomes crucial (Cortazar 

et al., 2016). This results in a trade-off between implementation complexity and the 

performance of these models to option pricing, with parameter estimation of the stochastic 

volatility models found to be between 8 and 15 times slower than the N-factor framework 

(Cortazar et al., 2016).  

However, the most crucial finding of Cortazar et al. (2016) in reference to this 

dissertation was that the difference in pricing errors between stochastic and constant volatility 

CPMs became less relevant as option maturity increased. They hypothesised this may be as 

longer maturity options feature less discrepancy in volatility terms across time and moneyness, 

allowing the N-factor constant volatility framework to better fit longer maturity options than 

shorter ones (Cortazar et al., 2016). This finding by Cortazar et al. (2016) implies that a 

stochastic volatility CPM may not be necessary for the valuation of ROs on assets over long 

forecasting horizons, although this has yet to be empirically studied. 

The most flexible and comprehensive framework for modelling commodity prices is 

the framework developed by Cortazar et al. (2017), which allows for the multi-factor modelling 

of futures and options on futures prices. In this framework, the cost-of-carry and volatility of 

commodity prices may each be driven by an arbitrary number of risk factors. This framework 

thus nests both the N-factor framework of Cortazar and Naranjo (2006) and allows for 

stochastic volatility through the model-free implied variance specification approach of Chiang 

et al. (2015). The framework exhibits USV, features a closed-form formula for futures prices 

and quasi-analytic expressions for option prices. USV is utilized within this framework to 

separate the fitting of futures and option prices, with the cost-of-carry factors used to fit futures 

prices, whilst volatility factors only influence the pricing of options contracts. Model 

parameters are estimated using quasi-maximum likelihood and the Extended Kalman Filter 

(Cortazar et al., 2017). The high model fit to both futures and options prices is empirically 

demonstrated, with at least three volatility risk factors needed to accurately fit the volatility 

surface of options on oil futures. 
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A recent study by Kang et al. (2020) presents a driftless multi-factor volatility model 

for commodity futures considering short-, medium- and long-term variations in commodity 

market volatility. The study assessed oil futures volatility and emphasized embedding 

economic meaning to the latent volatility factors. Kang et al. (2020) determined that the 

volatility of oil is driven by hedging pressure and the CBOE Volatility Index (VIX) in the short-

term, industrial productions, credit spreads, inflation and the VIX in the medium-term and 

interest rates in the long term. 

Commodity modelling frameworks that incorporate stochastic volatility factors in the 

spot price process is the current trend in the commodity pricing literature, with substantial 

empirical evidence of the superior fit of these frameworks to model financial option prices. 

However, these frameworks are highly complex, computationally expensive, feature many 

unknown parameters and require the use of advanced modelling techniques such as the 

extended Kalman filter. Current trends in the commodity pricing literature therefore extend 

beyond what may be necessary for applying commodity modelling frameworks to evaluate 

capital investment decisions. This highlights the need to identify an appropriate modelling 

framework to forecast commodity market prices and subsequently value capital investment 

projects. A review of literature applying multi-factor CPMs within RO analysis is now 

presented. 

2.1.8 Real Options Analysis 

The stochastic modelling specification of commodities influences short-, medium-, and 

long-term forecasts of future commodity price paths. Forecasts of commodity price paths can 

be used to model cash flows under commodity price uncertainty and subsequently evaluate 

managerial decision making through RO analysis. GBM is the most common stochastic model 

used in RO analysis due to its relative simplicity, a low number of parameters to calibrate and 

ease in obtaining analytic solutions of asset values and investment decisions (Brennan & 

Schwartz, 1985; McDonald & Siegel, 1986; Dixit & Pindyck, 1994). Different CPMs imply 

different time-series and cross-sectional properties for a commodity's prices, thus generating 

different valuations for investment projects contingent on such prices. The application of multi-

factor CPMs has been observed to have a large influence on projected cash flows, capital 

investment project value and managers responses under commodity price uncertainty. This 

section presents a brief introduction to the fundaments of the RO literature and its relations to 

the commodity pricing stream of research. The application of different CPMs to optimize 
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investments under uncertainty through RO analysis is then discussed, with the influence of 

CPMs on decision making highlighted. 

The first to coin the term “real options” was Myers (1977), who demonstrated that firm 

investment options are a component of their market value. However, Brennan and Schwartz 

(1985) are considered the first to define the RO literature field by evaluating ROs through 

continuous-time modelling. The commodity pricing and RO literature thus both stem from the 

seminal works of Brennan and Schwartz (1985) and Paddock et al. (1988). The commodity 

pricing literature then progressed and matured by developing frameworks for the multi-factor 

modelling of commodity futures and options on futures prices. The well-established RO 

literature field progressed by expanding the valuation frameworks used to evaluate capital 

investment projects, considering different types of ROs and flexibility relevant to investment 

projects. 

Operational flexibility in RO valuation frameworks was first introduced in the early 

works of McDonald and Siegel (1985) and Dixit (1989), with both studies independently 

deriving optimal control models in the form of firm entry and exit decisions under uncertainty. 

These early and seminal studies emphasised the importance of considering the possibility of 

shutting down when variable costs exceed operating revenues during the evaluation of the 

initial investment decision of a natural resource investment. Dixit (1989) also introduced the 

concept of hysteresis risk, the failure in operational decisions to reverse themselves when the 

underlying causes of optimal or conversely sub-optimal operating conditions have been 

resolved. The seminal studies of Brennan and Schwartz (1985), McDonald and Siegel (1985) 

and Dixit (1989) thus developed the fundaments of the application of operational flexibility 

within RO analysis frameworks. These valuation models were unified in the work of Kulatilaka 

(1995) and subsequently Kulatilaka and Trigeorgis (2004), presenting a framework for 

evaluating multiple, path-dependent and interacting RO by allowing for switching among an 

arbitrary number of different operating modes. Trigeorgis (1993a) investigated the interaction 

effect of multiple flexibilities within RO models, concluding that the addition of numerous 

operational flexibilities experiences diminishing returns whilst simultaneously increasing 

valuation complexity. 

Table 2-1 below provides a table listing the top 25 most influential studies in the RO 

literature, where it can be clearly observed that these studies have received a high volume of 

academic attention. These studies were selected by evaluating the literature reviews of 
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Trigeorgis (1993b); Savolainen (2016); Trigeorgis and Tsekrekos (2018), as well as by 

identifying individual studies frequently cited within the RO analysis literature. Indeed, the 

theory behind RO analysis and the active literature field has been compiled, reviewed, and 

discussed many times before. Rather than review this vast and well-established literature field, 

the application of multi-factor CPMs within RO analysis will now be discussed. 

 Year Author Total Citations 
Citations 

Per Year 

1 1973 Black and Scholes 41,560 866 

2 1977 Myers 17,544 399 

3 1979 Cox, Ross and Rubinstein 9,144 218 

4 1983 Bernanke 4,216 111 

5 1985 Brennan & Schwartz 3,404 95 

6 1985 McDonald and Siegel 1,103 31 

7 1985 Titman 908 25 

8 1986 Pindyck, R 2,060 59 

9 1986 McDonald and Siegel 4,593 131 

10 1987 Majd and Pindyck 1,325 39 

11 1987 Trigeorgis and Mason 755 22 

12 1988 Paddock, Siegel, and Smith 1,215 37 

13 1989 Dixit 1,191 37 

14 1990 Gibson and Schwartz 1,288 42 

16 1992 Ingersoll Jr and Ross 743 26 

17 1993(a) Trigeorgis 1,082 39 

18 1993(b) Trigeorgis 834 30 

19 1994 Dixit and Pindyck 18,704 693 

20 1994 Kogut and Kulatilaka 1,398 52 

21 1996 Trigeorgis 4,375 175 

22 1996 Faulkner 429 17 

23 1999 Perlitz, Peske and Schrank 343 16 

24 2001 Longstaff and Schwartz 3,880 194 

25 2001 Antikarov and Copeland 2,450 123 

Table 2-1. Top 25 most influential early real options literature. 

In an early study by Laughton and Jacoby (1993) it is determined that projects are 

under-valued through RO analysis when dependence of cash-flows upon uncertain variables 

with mean-reverting behaviour are ignored. Laughton and Jacoby (1993) were thus among the 

first to conclude that selecting a stochastic process to model cash flows influences project value 

under RO analysis. The application of empirically estimated multi-factor CPMs to RO analysis 

were first presented within relatively simplistic examples in the works of Schwartz (1997, 



  

36 

 

1998) and Schwartz and Smith (2000). These studies independently determined that the multi-

factor modelling of an underlying commodity can significantly influence the value of the option 

to invest into a natural resource investment compared to a one-factor GBM stochastic process. 

Each of these studies developed and numerically solved partial differential equations for the 

value of their proposed natural resource investments. Schwartz (1998) noted that the multi-

factor modelling of commodity prices increases the complexity of interpreting the optimal spot 

price above which it is optimal to invest, as this optimal price becomes a function of multiple 

state variables. He demonstrated that this optimal price depends upon the instantaneous-

convenience yield under the two-factor CPM of Schwartz (1997), with differing optimal trigger 

prices dependent upon high and low prevailing values for the convenience yield. 

By considering a longer-term capital investment project, Schwartz and Smith (2000) 

determined that the value of the option to invest into long-term capital projects is insensitive to 

the stochastic modelling of the short-term factor of the Short-Term/Long-Term model, which 

has mean-reverting behaviour. They therefore conclude that under the Short-Term/Long-Term 

model, the stochastic modelling of only the long-term factor is relevant for project valuation 

through RO analysis. This effectively reduced the dimensions of the investment project partial 

differential equation (PDE) and was concluded to be an additional benefit of the risk-premium 

CPM framework over other CPMs that model the evolution of convenience yields, such as 

those of Gibson and Schwartz (1990) and Schwartz (1997). This finding is consistent with that 

of Laughton and Jacoby (1993), as the spot price dependence in a state variable with mean-

reverting behaviour has been explicitly considered. 

Whilst the studies by Schwartz (1997, 1998); Schwartz and Smith (2000) evaluated the 

effect of their presented CPMs on project value through RO analysis, these examples were 

relatively simplistic. Several other papers expanded upon the empirical evaluation of the impact 

of the stochastic dynamics of commodity prices on project value and the value of the option to 

invest through RO analysis (de Magalhães Ozorio, de Lamare Bastian-Pinto, & Brandao, 2012; 

de Magalhaes Ozorio, Shevchenko, & de Lamare Bastian-Pinto, 2013; Schöne, 2014).  

Casassus and Collin‐Dufresne (2005) determined empirically that a RO framework that 

ignores spot price dependence in convenience yields will postpone investment sub-optimally. 

de Magalhães Ozorio et al. (2012); de Magalhaes Ozorio et al. (2013) discuss the theoretical 

considerations of applying multi-factor stochastic processes on project value over one-factor 

models. They note that GBM is a popular method in the broader RO analysis literature due to 
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a lack of informative term structure data for many uncertainties modelled stochastically, 

preventing the calibration of more complex multi-factor models. This does not, however, 

provide empirical support for the modelling of commodities that do have rich empirical term 

structure data through a GBM. Schöne (2014) evaluates alternative commodity price processes 

against a GBM and empirically conclude that different commodity price processes may affect 

project values by as much as 20%. The subsequent dissertation of Schöne (2016) estimated a 

four-factor stochastic volatility CPM, which was used within RO models to optimize short-

term decision-making in the operation of a commodity producer, such as in inventory 

management and unit pricing.  

The application of multi-factor CPMs in the RO analysis literature is typically 

performed through MCS, with option value solved through the LSM simulation method of 

Longstaff and Schwartz (2001) (for examples, see: Cortazar, Gravet, and Urzua (2008); 

Jafarizadeh and Bratvold (2012); Tsekrekos et al. (2012)). The stability, robustness and 

convergence of the LSM simulation method under high dimensionality and multi-factor CPMs 

was empirically demonstrated by Cortazar, Gravet, et al. (2008). This was further supported by 

Cortazar, Naranjo, and Sainz (2021), who state that LSM simulation performs well during RO 

analysis under high dimensions when the underlying uncertainty is bounded. 

Other solution methods for calculating options with early exercise opportunities, such 

as analytic- or lattice-based approaches, are typically infeasible in multidimensional settings 

due to the well-known curse of dimensionality (Schwartz, 2013). Whilst Schwartz (1997, 

1998); Schwartz and Smith (2000) numerically solved PDEs through finite differences, and 

their empirical studies were relatively simplistic with few case-specific characteristics or path 

dependence. S. Chen and Insley (2012) solve their optimal stopping RO model using finite 

differences under regime switching lumber price uncertainty. A recent study by Cortazar et al. 

(2021) presented an alternative simulation-based option solution method called the “Simulated-

Fixed Point Iteration Method for Real Options” method. The application of lattice-based 

approaches in RO analysis with multi-factor CPMs was not found to have been applied within 

the literature during this review. 

The Brennan and Schwartz (1985) RO model and the well-known copper mine example 

presented within this study have been extended by a portion of the RO literature to consider 

multi-factor CPMs (Cortazar, Gravet, et al., 2008; Tsekrekos et al., 2012; Cortazar et al., 2021). 

Brennan and Schwartz (1985) presented a system of PDEs for the value of a finite natural 
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resource investment with operational flexibility, considering the options to temporarily or 

permanently suspend or abandon. This RO framework is an optimal switching problem with 

three states: operational, suspended, and abandoned. Each state is considered to have its 

associated cash flows based upon prevailing commodity prices, with costs of switching 

between states and the abandonment state classified as an absorbing state. Cortazar, Gravet, et 

al. (2008) presented a solution of this RO model through LSM simulation, extending this model 

to consider the three-factor CPM of Cortazar and Schwartz (2003). Tsekrekos et al. (2012) used 

LSM simulation to replicate the copper mine example under the two-factor model of Gibson 

and Schwartz (1990) and three-factor models of Schwartz (1997) and Casassus and Collin‐

Dufresne (2005). They empirically determined that the stochastic modelling of commodity 

prices is a key consideration during RO analysis, with different CPMs changing estimated 

project values by as much as 60% (Tsekrekos et al., 2012). They further concluded that value 

differences increase with the maturity of the investment and the level and volatility of the 

convenience yield of the underlying (Tsekrekos et al., 2012). A recent study by Cortazar et al. 

(2021) replicated the copper mine example under two- and four-factor stochastic volatility 

CPMs under the framework of Cortazar et al. (2017). 

A key result of Cortazar, Gravet, et al. (2008) is that they empirically determined using 

polynomials of simulated asset prices as regressors, rather than state variables, to calculate the 

expected continuation value function during LSM simulation results in comparable valuation 

accuracy whilst reducing computational complexity. By taking advantage of prior knowledge 

regarding the structure and relationship of state variables, Cortazar, Gravet, et al. (2008) have 

thus determined that applying multi-factor CPMs in RO analysis does not increase the 

dimensionality of the investment problem. This would mean that the additional computational 

complexity of using multi-factor CPMs is associated with estimating CPM parameters and 

simulation of state variables. After state variables have been calculated, the single dimension 

of simulated asset prices can then be applied within the LSM simulation method to evaluate 

the project value. 

Several other studies have considered operational flexibility under multi-factor CPMs. 

Jafarizadeh and Bratvold (2012) considered the abandonment of an oilfield under the Short-

Term/Long-Term model of Schwartz and Smith (2000). Carmona and Ludkovski (2008) 

present RO analysis examples of energy assets using a d-dimensional geometric Ornstein-

Uhlenbeck process with jumps, formulating operational flexibility as an iterative cascade of 

optimal stopping problems. S. Chen and Insley (2012) consider the optimal harvesting 
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decisions of lumber under regime switching CPMs, empirically concluding that the CPM 

chosen to describe timber prices can significantly affect optimal harvesting decisions and land 

valuation. 

The RO literature has determined CPM selection to be a key consideration during 

project valuation, resulting in substantial changes in the calculated value of assets and 

managerial response to commodity price uncertainty. GBM remains the dominant stochastic 

process applied within RO analysis despite empirical evidence that multi-factor CPMs can 

better explain the behaviour of historical commodity prices and can be utilized within RO 

analysis with only marginal increases to computational expense when solving for asset value. 

 Investment Under Climate Policy Uncertainty 

Climate change and uncertainty in future climate policies have driven unprecedented 

change in global sectors such as energy production, heavy industry, and agriculture. The Paris 

Climate Agreement, entering into force in 2016, was a globally accepted commitment to keep 

global average temperature increases to well below 2oC above preindustrial levels (United 

Nations office at Geneva, 2015). The Agreement encouraged parties to make individual, 

voluntary long-term commitments to lower carbon emissions, formalized through Individual 

Nationally Determined Contributions (INDCs) (World Bank Group, 2017). Carbon Pricing 

played a prominent role within many of these INDCs, with approximately 100 parties planning 

or considering its use to meet long-term climate objectives, including three of the world’s five 

largest emitters: China, India and Brazil (World Bank Group, 2016). Increasing coverage and 

levels of market-based climate policies across the globe have led to increased academic interest 

in the modelling and response to climate policy uncertainty.  

RO analysis has traditionally been applied in evaluating natural resource projects under 

commodity price uncertainty and the optimization of research and development projects under 

uncertainties such as time to completion and costs of development (Schwartz, 2013). In this 

section, the application of RO analysis to evaluate the option to invest in environmental and 

emission abatement technology under climate policy uncertainty by existing literature is 

explored. The specific application of RO analysis to assess the option for a large point source 

to invest into carbon capture technology is then presented, with a systematic search of these 

studies conducted. 
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Cap and trade, market-based climate policies have been posturized and discussed since 

the early 1960s (Coase, 1960; Crocker, 1966; Dales, 1968; Montgomery, 1972) and were 

designed as a way to quantify the social cost of pollution, placing the financial burden of the 

negative externalities resulting from pollution onto those responsible (Pindyck, 2013). The 

world’s first cap-and-trade system, however, was the U.S. Acid Rain Program, an emissions 

trading scheme that targeted the emissions of US power producers that are precursors to acid 

rain (Herbelot, 1992). The market-based climate policy came into effect in 1990 and provided 

U.S. based energy producers with flexibility when, how, and if they respond to these climate 

signals (Insley, 2003). The U.S. Acid Rain Program is generally regarded as a successful 

market-based climate policy, resulting in immediate and permanent changes in sulphur dioxide 

pollution (Barreca, Neidell, & Sanders, 2021). 

The long-term climate signal provided by the U.S. Acid Rain Program led to several 

studies evaluating the optimal investment policy under this cap-and-trade program through RO 

analysis (Herbelot, 1992; Chao & Wilson, 1993; Insley, 2003). These were amongst the earliest 

studies that considered investment into environmental projects under stochastically modelled 

future emission allowance price uncertainty. The PhD dissertation of Herbelot (1992) used a 

lattice approach to evaluate the option to retrofit an electric plant with a scrubber or switch to 

low sulphur coal. Chao and Wilson (1993) and subsequently Insley (2003) present analytic 

models for the optimal timing of a power plant retrofitting sulphur dioxide scrubbers. These 

studies assumed that emissions allowances evolved stochastically through a GBM process. 

Cortazar, Schwartz, and Salinas (1998) used a theoretical emissions trading scheme to evaluate 

a metal smelter considering investment into more environmentally efficient processes. These 

studies generally concluded that firms require very high returns on environmental investments 

before exercising the option to invest due to the high irreversibility and capital investment 

required. Cortazar, Schwartz, and Salinas (1998) stated that firms may alternately opt to cut 

back production rather than engage in heavy environmental investments. These studies 

established the applicability of RO analysis to evaluate investment under emissions trading 

scheme pricing uncertainty. 

The EU ETS was established in 2005 following the success of the U.S. Acid Rain 

Program, using much of the design and experience of this ETS to develop one for carbon 

emissions (Friedrich, Mauer, Pahle, & Tietjen, 2020). In anticipation of the EU ETS, several 

exchanges further began to offer the trading of futures contracts of EUAs, the largest of which 

is the Intercontinental Exchange (ICE) (Abadie & Chamorro, 2008). The establishment of a 
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consumption product with a corresponding futures market resulted in academic interest in 

modelling and analysing the behaviour of EUA market prices. Early empirical studies focused 

upon the relationship between EUA spot and futures prices, the classification of EUAs as a 

commodity asset and the validity of theoretical commodity term structure models, such as the 

theory of storage and hedging pressure theory. Several studies have reviewed the empirical 

literature into EUA market behaviour across the different phases of the EU ETS (Y.-J. Zhang 

& Wei, 2010; Hintermann, Peterson, & Rickels, 2016; Friedrich et al., 2020). Y.-J. Zhang and 

Wei (2010) review phase 1 studies, while Hintermann et al. (2016) review phase 2. In a recent 

review, Friedrich et al. (2020) determined that empirical studies generally consider that price 

formation in the EU ETS is not well understood and is mainly driven by factors other than pure 

fundamentals, such as uncertainty in future regulatory changes. 

Early empirical studies into EUAs investigated the pricing behaviour and modelling of 

this new consumption product. Seifert, Uhrig-Homburg, and Wagner (2008) (which currently 

has over 400 citations) suggested the calibration of risk-neutral spot price processes for EUAs 

using market data as a key approach for market participants to value derivatives, such as ROs. 

Abadie and Chamorro (2008) calibrated a one-factor GBM model for EUA prices through the 

Kalman filter, MLE and five long-term futures contracts expiring within phase two. Z. Zhu, 

Graham, Reedman, and Lo (2009) presented a one-factor mean-reverting stochastic model for 

carbon prices, stating that futures prices can be used to estimate parameters when enough liquid 

market data becomes available. Carmona and Hinz (2011) present a risk-neutral model of EUA 

prices calibrated using historic EUA futures prices. Econometric analysis by Aatola, 

Ollikainen, and Toppinen (2013) found that EUA futures prices have a predictive power of 

future spot prices in phase 2, which implies that modelling spot prices through term structure 

estimation is a viable approach. Rittler (2012) and Mizrach and Otsubo (2014) confirmed the 

cointegration between EUA futures and spot prices, finding that the more liquid futures market 

leads price discovery. This provides empirical support for the development of CPMs through 

term structure modelling. 

The literature has also investigated the validity of theoretical commodity term structure 

models, such as the theory of storage and hedging pressure theory (Friedrich et al., 2020). 

Friedrich et al. (2020) state that the convenience yield for EUAs is unique due to negligible 

storage costs. The benefit of holding EUAs over futures contracts arise from stock-out risk, the 

potential of the supply of EUAs to diminish towards the end of a compliance year, as allowance 

borrowing from future compliance years (a concept known as backloading) is no longer 
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permitted within the EU ETS (Friedrich et al., 2020). Chevallier (2009) determined that EUAs 

behave as very specific commodity markets, driven by allowance supply and power demand.  

Daskalakis, Psychoyios, and Markellos (2009), on the other hand, determined that phase one 

EUAs were not characterized by mean-reversion or seasonality and that EUA options behaved 

more like securities, which they argued was due to the phase one market's immaturity, which 

possessed low levels of liquidity and high market concentration. Similarly, Chevallier and Sévi 

(2014) determined that the low liquidity of EUAs in early phases resulted in pure-jump 

behaviour, which they suggested was better modelled by a centred Lévy or Poisson process as 

opposed to a continuous Brownian motion approach. Chevallier (2010); Pinho and Madaleno 

(2011); Chevallier (2013) empirically examined hedging pressure theory within EUA markets, 

finding on average positive risk premiums, which suggests that market participants seek to 

hedge against rising prices. 

Empirical literature into the behaviour of EUA spot and futures prices are overall 

supportive of the application of commodity pricing theory and term structure estimation for the 

calibration of risk-neutral stochastic models for the valuation of derivative products under 

carbon pricing uncertainty. Carbon pricing uncertainty is a key consideration on the adoption 

of low-carbon and emission abatement technology. The emission abatement option of CCS 

technology will now be evaluated. 

2.2.1 Carbon Capture and Storage 

The establishment of the EU ETS provided an economic signal for the long-term 

reduction of CO2 emissions within the energy production and heavy industry sectors. The 

announcement of an upcoming ETS for carbon emissions thus provided a strong incentive for 

scientific and economic research into emission abatement options under uncertainty in long-

term future prices of EUAs (Yu et al., 2016; J. Li et al., 2019). CCS is considered one of the 

most promising options within the global emission abatement portfolio due to its medium- to 

long-term abatement potential and decarbonisation of the heavy industry sector (IEA, 2004). 

Investment decision making into CCS technology under uncertainty in future EUA prices is 

very similar to the investment problem for scrubbers under the U.S. Acid Rain Program. 

However, unlike scrubbers for sulphur dioxide, CCS technology is a much more capitally and 

operationally expensive investment opportunity, requiring much more energy to compress and 

store CO2 over physical sulphur scrubbers. 
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The purpose of this section is to perform a systematic literature review of studies that 

have evaluated the financial feasibility of CCS technology under climate policy uncertainty, 

deploying a systematic search to identify which of these studies performed RO analysis. A 

systematic search is a reproducible, methodologically rigorous approach of identifying, 

selecting, synthesizing and summarizing an existing body of research that fits pre-specified 

eligibility criteria (Moher et al., 2015). This ensures a literature review is consistent, 

accountable and transparent (Moher et al., 2015). 

Literature that evaluated the financial feasibility and optimal investment timing in low-

carbon energy technologies, including CCS technology, was evaluated within the bibliometric 

studies of Yu et al. (2016) and J. Li et al. (2019). Each bibliometric study independently 

determined that decision making analysis on retrofitting CCS to existing point sources is 

investigated through two distinct approaches within the literature: the Levelized Cost of 

Electricity (LCOE) approach, a typical valuation approach used within the energy industry, 

and RO analysis. J. Li et al. (2019) states that RO analysis has become the standard approach 

to evaluate investment in low-carbon energy technology under carbon pricing uncertainty. 

These types of studies have focused upon China and the EU due to the large abatement potential 

of these countries and the economic signal of existing and upcoming ETSs (J. Li et al., 2019). 

2.2.1.a Systematic Search 

The Web Of ScienceTM secondary database is used in this systematic search. The 

selection of this database is consistent with the bibliometric analyses of Yu et al. (2016); J. Li 

et al. (2019). An advanced search of this database is used to identify the entire body of research 

into CCS technology and two subsets of this literature space. Identifying the whole CCS 

research area will allow for meta-analysis into the trends and growth of research into this 

proposed emission emissions abatement technology. The first subset of the CCS literature, 

identified by refining systematic search terms, are economic studies of CCS technology, those 

focused upon the financial feasibility of CCS. This literature subset allows for a distinction 

between studies that have researched the scientific process of carbon capture against those that 

have analysed the costs and net savings of commercial-scale CCS to evaluate the conditions at 

which CCS is financially feasible. A greater number of studies evaluating the financial 

feasibility of CCS can be used as a proxy for the technology's commercial prospects. The third 

subset of this literature is studies that have evaluated the financial feasibility of CCS technology 

through RO analysis, which allows for a literature review of the significant findings and trends 

in this literature field. 



  

44 

 

Figure 2-1 below summarises the search terms applied within the systematic search to 

identify the CCS literature and its two subsets. 

 

Figure 2-1. Systematic Search Terms of Carbon Capture and Storage Technology. 

Applying the above search terms within the Web of ScienceTM secondary database for 

journal articles and up to a date of June 29th, 2021, returns 30,642 articles for the CCS literature, 

11,854 articles for the Economic CCS Literature and 78 articles for the RO analysis CCS 

Literature. RO analysis is a form of dynamic programming; thus including this search term 

ensures all relevant studies are correctly identified. 

 

Figure 2-2. Journal Articles Per Year Researching Carbon Capture and Storage Technology. 
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Academic research into CCS technology began in 1990 (Figure 2-1). It was seen as a 

promising option to contribute to climate change mitigation, with the first industrial-scale CCS 

project initiated in 1996 (Meadowcroft & Langhelle, 2009). Academic interest in the emission 

abatement technology then experienced a surge in activity from approximately 2004 onwards 

(Figure 2-1), with research into the technology growing approximately exponentially since this 

date. The CCS literature is now a highly active literature field with many studies assessing the 

technological and financial viability of the adoption of the technology on a commercial scale. 

As technological research into CCS has progressed, a more significant proportion of the 

literature has performed economic studies into the commercial adoption of the abatement 

option. In 2004, economic studies made up approximately 32% of the literature, but as of 2020 

make up more than 42% (Figure 2-1). 

The surge in academic research into CCS technology in 2004 was in anticipation of the 

upcoming carbon market of the EU ETS, which presented a downwards signal on future 

emissions and incentivized research into CCS as an option within the abatement portfolio of 

industries (de Coninck & Benson, 2014). It is also attributed to the 2005 publication of the 

techno-economic report: “Special Report on Carbon Capture and Storage” (SRCCS) by the 

Intergovernmental Panel on Climate Change (IPCC) (de Coninck & Benson, 2014). In 2001, 

in response to increasing interest in CCS technology, the IPCC was invited during the seventh 

Conference of the Parties to develop a comprehensive report on the technical and financial 

feasibility of CCS as an emission abatement option (IPCC, 2005). The SRCCS concluded that 

the technology rivalled nuclear or renewable energy in mitigation potential, providing scientific 

credibility to the technology (IPCC, 2005). de Coninck and Benson (2014) state that the 

SRCCS increased engagement into CCS by the scientific academic community, spurring 

innovation in new materials and approaches for carbon capture and significantly increasing the 

scientific foundation for assessing the potential of CO2 storage. 

Despite the high levels of academic engagement into (and scientific credibility of) CCS 

technology, the pace of deployment of new commercial projects has always been lower than 

anticipated (IPCC, 2005; Rubin, Chen, & Rao, 2007; de Coninck & Benson, 2014). The 

establishment of the EU ETS did not sufficiently incentivize the energy sector to adopt this 

abatement option during this period. The poor performance of the EU ETS during its first phase 

(due to the overallocation of EUAs) threatened the viability of CCS demonstration projects, as 

subsidies for these pilots were funded from the auctioning of EUAs (de Coninck & Benson, 

2014). Rising demand for commodities during this time (such as oil and steel, which affect 
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construction costs of pipelines and capture installations), particularly in fast-growing 

developing countries, led to price hikes and energy price increases and dramatically increased 

early cost estimates for CCS (Rubin et al., 2007; Rubin, Davison, & Herzog, 2015). 

A systematic search has determined a substantial volume of academic engagement into 

CCS technology, with the growth in this field continuing to increase. The lower-than-expected 

rate of commercial adoption of CCS technology is likely due to the high levels of market and 

technological uncertainty associated with investment into this abatement option. Promoting 

investments into CCS technology, therefore, requires a valuation framework that manages 

these barriers of entry. RO analysis is an ideal approach for evaluating the optimal timing of 

commercial CCS adoption under climate policy uncertainty. The subset of the CCS literature 

that has evaluated the financial viability of the technology through RO analysis will now be 

compiled and reviewed. 

2.2.1.b Real Options Analysis Case Studies 

A portion of the CCS literature has identified RO analysis as an ideal valuation 

approach to consider the commercial adoption of this abatement technology (Yu et al., 2016; 

J. Li et al., 2019). This literature field has conducted case studies considering the commercial 

viability of CCS retrofits through RO analysis. The purpose of this section is to compile this 

stream of existing research. Rather than detailing each case study presented within this 

literature field, this section identifies key trends in this field and the characteristics considered 

within these case studies to value and promote the commercial adoption of CCS through RO 

analysis. By compiling the significant findings of this research, gaps within the literature area 

may be addressed, and the most appropriate framework for valuing the technology may be 

derived. 

The RO analysis CCS literature was identified through the advanced search terms 

defined in Figure 2-1, which returned 78 journal articles. These journal articles were then 

manually filtered by title and abstract to discard any research that did not meet the study 

selection criteria, considering only case studies that applied RO models to value CCS 

technology. Manual filtering returned 54 studies meeting the defined study selection criteria. 

One article that was repeatedly mentioned within the identified literature, but was not identified 

through the systematic search terms, was the work of Fuss et al. (2008). Szolgayova, Fuss, and 

Obersteiner (2008), a study identified within the systematic search, builds upon and further 

develops the study by Fuss et al. (2008), thus justifying the addition of this work. The total 
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number of identified RO analysis CCS studies is therefore 55. Appendix A provides a 

chronological table summarising the characteristics of these studies. This chronological table 

summarises the stochastic models, point source consideration and other specific characteristics 

of each case study. 

The RO analysis CCS literature first emerged in 2007 in line with the surge in academic 

interest in the emission abatement technology (Figure 2-1). Blyth et al. (2007) were the first to 

apply RO analysis to evaluate investment into CCS technology, using a RO model developed 

by the International Energy Agency (IEA) to conduct a pairwise technological comparison of 

coal and gas-fired power plants both with and without CCS. They determined that the option 

to retrofit CCS technology acts as a hedge against the risk of higher-than-expected future 

carbon prices, effectively accelerating investment in coal plants at the cost of greater 

environmental impact. 

The landmark paper of Blyth et al. (2007) was quickly followed by several subsequent 

studies applying RO analysis to evaluate investment into CCS technology (Reinelt & Keith, 

2007; Abadie & Chamorro, 2008; Fuss et al., 2008; Szolgayova et al., 2008; Fuss, Johansson, 

Szolgayova, & Obersteiner, 2009), thus establishing the RO analysis CCS literature. The first 

to assess the financial viability of CCS under the EU ETS and price uncertainty of EUAs was 

the highly cited work of Abadie and Chamorro (2008). These early studies received a 

substantial volume of academic interest from other literature fields, with each of the above 

articles currently featuring at least 80 citations (Reinelt & Keith, 2007) and approximately half 

of these studies presently featuring over 200 citations (Blyth et al., 2007; Abadie & Chamorro, 

2008; Fuss et al., 2008). This trend has continued across the literature field, with studies and 

associated RO outputs in this literature area often receiving a substantial volume of academic 

interest and recognition from other literature fields. 

The RO analysis CCS literature has primarily been published within highly reputable 

journals, with the most common journal being Energy Policy, an A-rated journal that has 

published nine articles in this literature field (Blyth et al., 2007; Szolgayova et al., 2008; Fuss 

et al., 2009; Rammerstorfer & Eisl, 2011; Laude & Jonen, 2013; Compernolle, Welkenhuysen, 

Huisman, Piessens, & Kort, 2017; Hauck & Hof, 2017; Fertig, 2018; Fan, Xu, Yang, Zhang, et 

al., 2019). The second most common journal is Applied Energy, an A-rated journal with eight 

articles published in this literature field (Fuss et al., 2008; Zhou et al., 2010; L. Zhu & Fan, 
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2011, 2013; Xian Zhang et al., 2014; Knoope, Ramírez, & Faaij, 2015a; Fan, Xu, Li, Yang, & 

Zhang, 2018; Yang, Xu, Yang, Fan, & Zhang, 2019). 

The RO analysis CCS literature has significantly increased in academic activity since 

2018, with 24 journal articles published, which is approximately 43% of the total literature 

field. The recent stream of research has been almost entirely published from research groups 

within China. An exception to this trend is the work of Aspinall et al. (2021a), which was 

published as part of this dissertation. These studies have considered the conditions under which 

CCS will be adopted by the Chinese energy and heavy industry sectors under the upcoming 

Chinese ETS, which is currently in pilot phases in cities across the country (Fan, Wei, Zhang, 

& Yang, 2020). Eight articles recently published in the literature field have been developed by 

one research team, using a trinomial lattice approach to evaluate the optimal design of Chinese 

climate-policy and subsidies to best promote investment into CCS under different scenarios 

and from the perspective of different market participants (Wang & Zhang, 2018a, 2018b; Fan, 

Xu, Yang, & Zhang, 2019; Fan, Xu, Yang, Zhang, et al., 2019; Yang et al., 2019; Fan, Shen, 

et al., 2020; Fan, Wei, et al., 2020; J.-Q. Li et al., 2020). Existing focus in this literature field 

is therefore on the investment of CCS in China, with little attention to the adoption of the 

technology within Europe and the EU despite strong recent growth in EUA market prices. 

There are several reasons for the focus of CCS investments within China. China has 

experienced a large increase in thermal power development over the past several decades (Zhou 

et al., 2010). China currently possesses the largest coal-fired power capacity in the world, 

representing 46.1% of the total global capacity (L. Zhu & Fan, 2013). This is primarily because 

China features abundant resources in coal, whilst oil and natural gas resources are scarce (Zhou, 

Zhu, Chen, Zhao, & Fei, 2014). Thermal power accounted for 71.8% of total electricity 

generation in China in 2017, of which the majority is coal-fired power (Fan et al., 2018). These 

power plants have lifetimes of several decades, and CCS is the only possible way to 

decarbonize these units (L. Zhu & Fan, 2011). 

The case studies presented within the RO analysis CCS literature have primarily 

considered the retrofit of full-chain CCS to coal-fired power plants (for example, see Abadie 

and Chamorro (2008); Fuss et al. (2008); Fan et al. (2018); Huang, Chen, Tadikamalla, and 

Gordon (2021), among others). Various other point sources have also been considered, 

however, including natural gas fired power plants (Fleten, Maribu, & Wangensteen, 2007; 

Rohlfs & Madlener, 2014b, 2014a; Elias, Wahab, & Fang, 2018), biomass facilities (Laude & 
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Jonen, 2013), cement kilns (Liang & Li, 2012), indirect coal liquefaction plants (Zhou et al., 

2014; Yao et al., 2019), and steel plants (Ding, Zheng, Liang, & Ren, 2020). 

The most common RO solution methods applied within the literature were lattice-based 

approaches and LSM simulation. Studies that used the lattice approach were limited by the 

number of stochastic processes considered within the RO analysis. The most complex studies 

considered a three-dimensional investment problem (Abadie, Galarraga, & Rübbelke, 2014; 

Wang & Zhang, 2018b). RO models with analytic solutions were further limited to only one or 

two stochastic uncertainties, with multidimensional analytic RO models applying dimension 

reduction to present boundary conditions as ratios of two state variables, such as carbon prices 

over oil prices (Heydari, Ovenden, & Siddiqui, 2010; Rohlfs & Madlener, 2011; Narita & 

Klepper, 2016). However, studies that used LSM simulation took advantage of its scaling 

ability, utilizing multiple stochastic uncertainties and path-dependent investment scenarios, 

with some studies using up to five stochastic variables within investment analysis (W. Zhang 

& Liu, 2019). LSM simulation may be considered the most flexible RO model solution method, 

capable of assuming the multitude of complex characteristics of the CCS investment problem. 

H. Chen, Wang, and Ye (2016) were the first to state that there are two types of studies 

within the RO analysis CCS literature field: technology-based studies and climate-policy based 

studies. These two streams of research were also identified within this review. Technological 

comparisons investigate the impacts of technological characteristics of CCS technology upon 

optimal investment timing, including:  

- Direct comparison of investment into different types of energy production plants and 

abatement technologies,  

- The possibility of “bridging strategies” towards full CCS (such as the option to build 

“Capture Ready” energy plants to reduce subsequent investment into CCS),  

- The effect of R&D into CCS reducing future investment and operating costs,  

- The potential for technology lock-in risk due to path-dependent investments, and,  

- The possibility of the utilization of captured carbon in processes such as EOR.  

The objective of climate policy comparison studies, on the other hand, is to determine the effect 

of climate policies on the CCS investment decision. These studies evaluate the optimal 

characteristics and timing of climate policies and government incentives. These include: 

- Investment and capture subsidies,  

- Market price floors or ceilings, and, 
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- Direct market intervention  

to best promote commercial investment in CCS. 

The RO analysis CCS case study literature is now summarised by the key themes and 

trends of this literature field. A summary of the key themes identified and addressed in order 

within the following sections include: 

- The stochastic models used to forecast commodity prices, 

- The ROs considered within the valuation framework, 

- Modelling technological uncertainty within the RO model, 

- Applying subsidies to promote CCS investments, and, 

- Increasing the profitability of CCS by utilizing and selling captured CO2. 

Stochastic Modelling 

There are a variety of stochastic models and stochastically evolving uncertainties 

considered within the literature. However, each study within the literature has modelled carbon 

market prices stochastically, with almost the entire literature adopting a one-factor GBM 

model. These GBM models are then set with a positive drift term parameter, reflecting the 

increasing scarcity of allowances resulting in an average long-term increase in carbon market 

prices. 

Several justifications for the GBM model have been presented within the literature. 

Abadie and Chamorro (2008) estimated the parameters of a GBM model after summary 

statistics of futures contracts revealed a direct relationship between annualised volatility and 

time-to-maturity. CO2 pricing scenarios required to limit global temperature increases have 

shown approximately linear long-term CO2 price increases, implying GBM is appropriate to 

model this behaviour (Laude & Jonen, 2013; Knoope et al., 2015a; Hauck & Hof, 2017). GBM 

was also determined to be suitable in phase two of the EU ETS, as immature carbon markets 

possess low liquidity and high market concentration (Rammerstorfer & Eisl, 2011). The 

arguments presented within these studies have been used to justify the GBM model by the 

remainder of the literature area. 

In one extension to the GBM model, Rammerstorfer and Eisl (2011) modelled carbon 

prices with linear and mean-reverting convenience yields, representing differing maturity 

levels in carbon markets. The second model adopted by Rammerstorfer and Eisl (2011) has 

been shown by Schwartz and Smith (2000) to be affine transformation equivalent to the Short-
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Term/Long-Term CPM. Rammerstorfer and Eisl (2011) have suggested that as carbon markets 

mature, they may be better modelled through a multi-factor CPM over a one-factor GBM model 

as they become driven by more complex market behaviour. 

Many studies within the literature set the drift and volatility terms of their stochastic 

carbon CPM with little-to-no supporting empirical evidence. Abadie and Chamorro (2008) 

estimated the parameters of a one-factor GBM model through term structure estimation, the 

Kalman filter and MLE. This was the only study within this literature field to adopt this 

approach. These estimated drift and volatility terms, however, have been adopted by several 

further studies to forecast EUA prices and subsequently value CCS retrofits (Heydari et al., 

2010; Mo & Zhu, 2014; Knoope, Ramírez, & Faaij, 2015b; Knoope et al., 2015a). This suggests 

that empirically estimating CPMs to forecast EUA market prices is valued within the literature, 

however, it is not an approach that is frequently adopted. In a subsequent study, Abadie et al. 

(2014) calibrated GBM models for EUAs, oil and electricity prices through a non-linear least-

squares method similar to the approach of Cortazar and Schwartz (2003). However, these 

estimated parameters have yet to be adopted by studies within the literature. 

Many other stochastic variables have been incorporated within RO models within the 

RO analysis CCS literature. These include electricity, coal and oil market prices (Appendix A). 

Electricity prices have been determined to be a key stochastic variable when considering 

retrofitting CCS to a coal-fired power plant. Retrofitting CCS technology reduces output 

energy efficiencies as large amounts of electricity are required to capture and condense CO2 

emissions (Abadie & Chamorro, 2008). Higher levels of expected price and volatility of 

electricity result in lower profitability of investing in CCS and greater risk for an investor, 

justifying the stochastic modelling of this commodity (Abadie et al., 2014). Electricity prices 

have typically been modelled either deterministically (Blyth et al., 2007; Zhou et al., 2010; 

Kato & Zhou, 2011; Xian Zhang et al., 2014; Zhou et al., 2014; Hauck & Hof, 2017), through 

a GBM process (Rohlfs & Madlener, 2011, 2014b, 2014a; Mo, Schleich, Zhu, & Fan, 2015; 

Mo et al., 2018), or through a stochastic process with mean-reversion (Abadie & Chamorro, 

2008; Fuss et al., 2008; Szolgayova et al., 2008; L. Zhu & Fan, 2013; Abadie et al., 2014; Mo 

& Zhu, 2014; Knoope et al., 2015b; H. Chen et al., 2016; Chu, Ran, & Zhang, 2016; Elias et 

al., 2018). 

The formulation of the energy efficiency reduction depends on whether a power plant 

can scale up energy outputs after retrofitting CCS, as increasing the installed capacity of energy 
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plants is not always a possibility (L. Zhu & Fan, 2013). In the case of Abadie and Chamorro 

(2008); Rohlfs and Madlener (2011); L. Zhu and Fan (2011), among others, a constant boiler 

size results in constant fuel consumption but lower net electricity output when CCS is retrofit. 

Energy efficiency decrease is thus considered a revenue loss resulting from a reduction in the 

net plant output. More inputs are required in both fuel and energy when energy production is 

scaled up to maintain electricity outputs post-CCS retrofits. Under this formulation, both fuel 

and electricity prices are relevant stochastic variables (for examples, see Heydari et al. (2010); 

L. Zhu and Fan (2013); Rohlfs and Madlener (2014a, 2014b)). 

Operational Flexibility 

CCS operations can be suspended or abandoned by either switching the capture module 

on/off or permanently decommissioning the CCS equipment (Mo et al., 2018). Operational 

flexibility has been considered within a subset of the literature by allowing for temporary 

suspension and permanent abandonment of the CCS unit within RO valuation frameworks 

(Fuss et al., 2008; Szolgayova et al., 2008; L. Zhu & Fan, 2011, 2013; Knoope et al., 2015b; 

Mo et al., 2015; Narita & Klepper, 2016; Mo et al., 2018). 

Permanent abandonment has been considered within the literature to limit exposure to 

technological and climate policy market uncertainty (L. Zhu & Fan, 2011, 2013; Knoope et al., 

2015b; Mo et al., 2015; Narita & Klepper, 2016; Mo et al., 2018). Expenditures associated with 

the abandonment of full-chain CCS include decommissioning the capture and compression 

plant, pumping station, offshore pipeline and injection platform, as well as severance payments 

of labour (Knoope et al., 2015b). Studies that allowed for abandonment within their RO models 

unanimously found high value in the abandonment option for CCS retrofits, reducing carbon 

trigger prices and substantially reducing risk in the long-term commitment of CCS technology. 

Through MCS, L. Zhu and Fan (2013) determined that the abandonment option occurred in 

more than 50% of simulation paths within their respective case study. Knoope et al. (2015b) 

concluded that whilst the abandonment option possesses a high level of intrinsic value, the 

added value was not influential enough to turn negative project values into positive ones. Mo 

et al. (2018) considered the option to abandon a coal-fired power plant under unfavourable 

operating conditions, finding that operational flexibility increases: “the propensity to invest in 

a CCS retrofit… indicating that (operational) flexibility should not be neglected (in the 

valuation scenario)” (Mo et al., 2018). 
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A portion of the literature has considered temporary suspension of a CCS unit to 

minimize losses under low prevailing carbon prices that may turn operating costs negative. The 

consideration of temporary suspension within RO valuation frameworks is more complex than 

permanent abandonment. While permanent abandonment is a path-dependent absorbing state, 

temporary suspension requires the investment to be considered an optimal control problem with 

multiple, path-dependent operating states. To simplify the consideration of temporary 

suspension, most of the literature has considered suspension to be instantaneous and costless, 

which is achieved by setting lower boundary conditions upon the net cash flows of either 

operating the point source or the CCS module (Mo & Zhu, 2014; Rohlfs & Madlener, 2014b, 

2014a; Knoope et al., 2015b; Mo et al., 2015; Compernolle et al., 2017; Elias et al., 2018; Mo 

et al., 2018; Yao et al., 2019). Studies that consider costless suspension are thus drawing the 

assumption that the cost of suspending and resuming operations will have only a minor 

influence on project value and operational management of the CCS unit (Knoope et al., 2015b). 

The temporary suspension of a CCS unit with a fixed cost of switching operating modes 

was considered within only a small portion of the literature (Fuss et al., 2008; Szolgayova et 

al., 2008). Fuss et al. (2008) and subsequently Szolgayova et al. (2008) considered an 

investment into CCS with the option to suspend or resume CCS operations at the cost of 1% of 

total initial capital investment. Operational flexibility was incorporated into the set of possible 

actions of the profit function of their dynamic cash flow model, solving for option value 

through MCS and linear programming. These studies both determined that the frequency of 

suspension of CCS was negligible across the forecasted asset lifetime due to the volatility of 

CO2 prices being too small to justify the suspension. These studies utilized an annualized 

volatility term of only 2.87%, which is far lower than what has been empirically observed 

within the market for EUAs, which has been observed to be over 45% (Abadie & Chamorro, 

2008). 

CCS Technology Comparisons 

The competitiveness of coal-fired power combined with CCS technology within a 

greater portfolio of energy generation technologies has been considered within a large portion 

of the literature to evaluate how CCS fits the future energy generation portfolio. These studies 

have directly compared power generation with CCS against other technologies, such as 

renewable energy, to jointly optimize both investment timing and selection in energy 

generation technology. Optimal technology choice can be determined through various metrics, 

including utility functions (Rohlfs & Madlener, 2014a), value-at-risk of technology choice 
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(Rohlfs & Madlener, 2014b) and the LCOE (Reinelt & Keith, 2007; Fuss et al., 2009; Fan et 

al., 2018). Articles that applied the LCOE metric sought to determine the impact of future 

capital investment decisions on power generation firms under consideration of future emission 

penalties.  

Reinelt and Keith (2007) considered a firm possessing a pre-existing pulverized coal 

plant that will be required in the future to either retrofit CCS or replace the plant with either 

natural gas or advanced and more efficient coal-fired technologies. Fuss et al. (2009) performed 

a long-term technological comparison of fossil fuel and wind power generation. Zhou et al. 

(2010) considered three types of technologies: pulverized coal, Integrated gasification 

combined cycle (IGCC), and wind farms. They argue that these represent three different 

approaches to reducing carbon emissions: carbon capture, energy efficiency improvement, and 

renewable energy. Rohlfs and Madlener (2014a) evaluate the optimal timing and technology 

choice of energy production technologies from the perspective of electricity generation 

companies. Different technologies are assumed to have different associated economic risk due 

to a different combination of inputs and outputs (such as fuel consumption and electricity 

output) as well as on the development of underlying price uncertainties (Rohlfs & Madlener, 

2014a). Rohlfs and Madlener (2014b) extend the work of Rohlfs and Madlener (2014a) by 

applying portfolio theory to evaluate the investment decision under consideration of the 

investor’s existing fleet of power plants, analysing the degree of correlation between the 

performance of new and existing portfolios. These studies determined that renewable energies 

and CCS technology are largely displaced by conventional power generation technologies like 

coal and combined-cycle gas and steam power plants. Fan, Xu, Yang, and Zhang (2019) and 

Fan, Wei, et al. (2020) perform comparative studies on CCS and solar energy under the Chinese 

ETS, finding that coal-fired power with CCS is an optimal future energy source under existing 

tariff and subsidy policies. 

Technological Considerations 

Commercial adoption of CCS technology is exposed to a considerable amount of 

technological risk. Lack of global experience in commercial, full-chain CCS results in cost 

uncertainty in the estimates of capital and operational costs of capturing and storing CO2 (L. 

Zhu & Fan, 2013). Ongoing R&D into CCS technology also exposes a point source to 

technology lock-in risk. Once a point source has been retrofitted with CCS, it’s infeasible to 

retrofit with more modern and updated technology that may feature lower investment costs or 

higher capture efficiency (Fan et al., 2018). The path dependency of investment thus reduces 
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investment incentives as point sources instead choose to wait until R&D matures, creating an 

opportunity cost in premature investment (Zhou et al., 2010; L. Zhu & Fan, 2011, 2013; Mo & 

Zhu, 2014; Walsh, O'Sullivan, Lee, & Devine, 2014; Narita & Klepper, 2016; Wang & Du, 

2016). Recent studies by Yao, Fan, Zhu, and Zhang (2020) and Huang et al. (2021) state that 

large-scale CCS deployment will rely more on second-generation CCS technology, which is 

unlikely to mature before 2030. 

Technology lock-in risk has typically been considered within the literature by allowing 

future capital investment costs to depreciate deterministically, known also as the rate of 

technological improvement or the slope of the learning curve (Abadie & Chamorro, 2008; Zhou 

et al., 2010; Mo & Zhu, 2014; Walsh et al., 2014; Narita & Klepper, 2016; Wang & Du, 2016). 

L. Zhu and Fan (2011) modelled technological improvement stochastically through the two-

stage R&D valuation framework developed by Schwartz (2004), where total investment cost 

and R&D time to completion follows a controlled diffusion process. This valuation framework 

was adopted in the subsequent study of L. Zhu and Fan (2013), modelling uncertainty in the 

time to completion and investment cost of the construction stage of CCS. Laude and Jonen 

(2013) modelled capital investment costs through a Poisson jump process, incorporating linear 

investment cost reductions due to technical change. Cui, Zhao, and Wu (2018) model future 

investment and O&M costs stochastically as a GBM process with negative drift. 

Commercial CCS deployment has been observed in the literature to be limited by 

prohibitively high market and technological investment barriers (Yu et al., 2016). To address 

and lower the technological barriers of investment, a subset of this literature field has 

considered bridging strategies and intermediate investment steps towards full chain CCS 

technology. The two main intermediate investment options considered by the literature are pre-

investment into capture ready installations during point source construction (Rohlfs & 

Madlener, 2011; Xian Zhang et al., 2014; Mo et al., 2018; Ding et al., 2020) and the investment 

into partial carbon capture CCS technology (Heydari et al., 2010; L. Zhu & Fan, 2013; Cui et 

al., 2018). 

The investment of CCS capture ready during point source construction generally refers 

to providing adequate space, access and storage routes for CCS retrofits as well as designing 

various aspects of the energy production process to be compatible with CCS, such as the flue 

gas treatment and the steam turbine (IEA, 2007). This option has generally been considered 

unattractive, primarily due to the significant time difference between plant construction and 
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CCS retrofits decaying the cost-saving effect of initial CCS investment (Rohlfs & Madlener, 

2011; Xian Zhang et al., 2014; Mo et al., 2018). However, a recent study by Ding et al. (2020) 

assessed the option of capture readiness within the steel industry and concluded that China’s 

CCS policy should consider mandating capture readiness designs in newly built steel plants to 

ease long-term emissions within the iron and steel sector. 

Partial carbon capture has also been considered by a portion of the literature. Partial 

carbon capture is the installation of CCS with a lower percentage of total emissions captured 

and is less capitally and operationally expensive. Studies that have considered partial carbon 

capture have suggested this may be a way of addressing emissions in the short-term given the 

prohibitively high barriers for entry of full-chain CCS. Heydari et al. (2010) and L. Zhu and 

Fan (2013), however, determined that not only is there little incentive to retrofit CCS 

technology at current market levels, but there is also furthermore little incentive to capture 

emissions after the CCS retrofit decision has been made. This implies that the magnitude of 

both capital and operating costs of CCS impact the investment decision negatively (Heydari et 

al., 2010; L. Zhu & Fan, 2013). Cui et al. (2018) evaluated the option of investing in 

demonstration projects and subsequently scaling up to commercial operations through a two-

stage investment model, finding that investment into a CCS retrofit project is sub-optimal at 

current Chinese market prices with investment prohibited by high investment costs. 

Government Subsidies 

Retrofitting CCS technology to existing point sources has yet to be identified within 

the literature as a financially viable emission abatement option under current or previous carbon 

market conditions. Commercial viability and the decision to retrofit CCS technology is only 

financially viable under carbon pricing policies and are highly dependent on strong carbon-

pricing signals, transparent, long-term government commitments, and higher existing prices of 

carbon (Abadie & Chamorro, 2008; Fuss et al., 2008; Zhou et al., 2010; L. Zhu & Fan, 2011, 

2013; Zhou et al., 2014; Mo et al., 2015; Yao et al., 2020; Huang et al., 2021). Prohibitively 

high market investment barriers have meant that the adoption of low-carbon technology has 

been primarily subsidy driven (Yao et al., 2020). This has led to an increased focus in the 

literature to evaluate the application of government subsidies to incentivise investment into 

CCS technology. Forms of government subsidies proposed within the literature include 

investment subsidies (Abadie & Chamorro, 2008; Xian Zhang et al., 2014; Wang & Du, 2016), 

electricity subsidies (H. Chen et al., 2016; Cui et al., 2018) and capture subsidies (L. Zhu & 

Fan, 2011, 2013; Fan, Xu, Yang, Zhang, et al., 2019). 
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Capital investment subsidies have been determined to increase willingness to invest, 

decreasing critical price thresholds by between 20-50% (Abadie & Chamorro, 2008; Xian 

Zhang et al., 2014; Wang & Du, 2016). Despite the positive relationship between capital 

investment cost subsidy and the propensity to retrofit CCS, immediate investment is often still 

sub-optimal even with a 100% subsidy of investment cost (Abadie & Chamorro, 2008; Xian 

Zhang et al., 2014; Yang et al., 2019). These findings highlight that point sources feature a low 

willingness to capture emissions even after CCS retrofits (L. Zhu & Fan, 2013). Abadie and 

Chamorro (2008) conclude that clear and strong climate policies create mitigation incentives 

and have a greater influence upon investment decisions than subsidies, as “technology policy 

in the form of adoption subsidies is a poor substitute for mitigation incentives” (Abadie & 

Chamorro, 2008). 

A subsidy on captured emissions has been determined to be one of the most effective 

ways to stimulate CCS development as it directly offsets the added expenditure of CCS 

adoption and promotes a willingness to capture emissions (L. Zhu & Fan, 2011, 2013; Fan, Xu, 

Yang, Zhang, et al., 2019). Total subsidy amounts under capture subsidies have been 

determined to likely be infeasibly high, however, which minimizes the feasibility of a capture 

subsidy occurring (L. Zhu & Fan, 2013; Fan, Xu, Yang, Zhang, et al., 2019). L. Zhu and Fan 

(2013) conclude that for investment risk (in the form of early abandonment) to fall below a 

likelihood of 5%, an unlikely capture subsidy of at least 15 EUR/tCO2 is required. Fan, Xu, 

Yang, Zhang, et al. (2019) find that tax credit provisions significantly improve investment 

returns and profitability of CCS in China, however, such subsidies are unsustainable over the 

full lifetime of a CCS project. 

Carbon Pricing Policy 

Carbon pricing climate policies have been well observed to generate investment signals 

into low-carbon technology such as CCS. The literature has evaluated the optimal structure and 

form of carbon pricing policies, evaluating the comparative propensity to retrofit CCS 

technology under both deterministic carbon taxes and stochastically evolving ETS (Blyth et 

al., 2007; Szolgayova et al., 2008; Walsh et al., 2014; Knoope et al., 2015a; Compernolle et 

al., 2017). A price-based carbon tax has been empirically shown within a portion of the 

literature to decrease investment trigger prices and increase the likelihood of CCS investment 

in comparison to market-based ETSs (Blyth et al., 2007; Walsh et al., 2014; Zhou et al., 2014; 

Knoope et al., 2015a). Whilst price-based carbon taxes decrease uncertainty in future carbon 

price paths, several studies have argued that market environments are important for the 
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development and adoption of CCS (Fuss et al., 2008; Szolgayova et al., 2008; Fuss et al., 2009; 

L. Zhu & Fan, 2013; Xinhua Zhang et al., 2020). These studies argue that abatement uncertainty 

is present irrespective of the regulatory instrument and that point sources are not comparatively 

worse off under either climate policy. Carbon price floors have also been evaluated by the 

literature (Mo & Zhu, 2014; Walsh et al., 2014; Xinhua Zhang et al., 2020), with Xinhua Zhang 

et al. (2020) in particular finding that this market mechanism only promotes CCS investment 

when the initial carbon price is already sufficiently high to trigger investment. 

Carbon pricing policies are complex systems and take extreme efforts to introduce and 

effectively enforce. It is generally considered that carbon taxes are substantially more 

straightforward to implement and regulate. Blyth et al. (2007) and subsequently Zhou et al. 

(2014) both argue that the timing of the carbon pricing policy, rather than its structure, has the 

most significant influence on CCS retrofits. If selecting an ETS over a carbon tax were to delay 

the introduction of this carbon pricing policy, the net effect would be harmful for CCS retrofits 

(Blyth et al., 2007; Zhou et al., 2014). These studies state that carbon pricing policies are far 

more reaching than the power and industry sectors in which CCS would be the most applicable. 

If strong arguments for one policy structure over another were then to be made in some other 

sector, it should have greater weightings over recommendations made for just CCS technology 

(Blyth et al., 2007; Zhou et al., 2014). 

Carbon Utilization 

Captured CO2 emissions from CCS have several useful applications within various 

industries and operations. Increasing the profitability of a CCS unit by selling these captured 

emissions has become increasingly considered within the literature to reduce technological 

barriers of investment. The utilization of captured CO2 within EOR operations is the primary 

utilization method considered within the literature (Fleten, Lien, Ljønes, Pagès-Bernaus, & 

Aaberg, 2010; Abadie et al., 2014; Xian Zhang et al., 2014; Compernolle et al., 2017; Wang & 

Zhang, 2018b; Fan, Xu, Yang, Zhang, et al., 2019; Yang et al., 2019; Yao et al., 2019; Fan, 

Shen, et al., 2020; L. Zhu, Yao, & Zhang, 2020).  

Studies that have considered the option for CCS to include EOR operations generally 

consider that this option increases capital and operational investment costs but returns 

additional revenue due to the sale of CO2 and increased oil yield. The additional revenue 

streams resulting from the selling and utilization of captured carbon has led to most Chinese 

large-scale CCS projects choosing EOR as their primary storage site (Yao et al., 2019). Non-
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EOR methods of CO2 utilization considered by the literature include the utilization of CO2 

within the industrial and food industries (W. Zhang & Liu, 2019) and for enhanced water 

recovery (J.-Q. Li et al., 2020). 

Fleten et al. (2010) were the first to consider EOR as an additional revenue stream for 

CCS, considering the option to store emissions in either natural, deep saline formations or for 

utilization in EOR operations. Abadie et al. (2014) and Xian Zhang et al. (2014) further 

considered this investment opportunity from the perspective of the UK and China, respectively. 

These studies, among others, found that considering EOR increases the profitability and 

commercial feasibility of CCS deployment (Fleten et al., 2010; Abadie et al., 2014; Xian Zhang 

et al., 2014; Fan, Xu, Yang, Zhang, et al., 2019; Yao et al., 2019; Fan, Shen, et al., 2020). 

Early studies that considered CCS with EOR operations assumed that payoffs accrued 

to the point source were anchored to oil prices, implying that revenue is sourced through the 

sale of the greater volumes of oil that are produced (Fleten et al., 2010; Abadie et al., 2014; 

Xian Zhang et al., 2014). Compernolle et al. (2017) highlighted the limitation of this approach, 

as it assumes that energy and oil producers are a single entity that share investment costs and 

revenues, whilst it is more likely that a trade in CO2 between the two agents would occur. To 

address this limitation, Compernolle et al. (2017) considered EOR in an offshore oil rig in the 

North Sea, applying game theory to consider the interaction between upstream carbon emitters 

and downstream oil producers. They determined that considering the investment problem as 

the cooperation of two different parties increases investment thresholds compared to the 

centralized scenario, concluding that capital investment costs in the transport and storage of 

CO2 must be shared between point sources and oil companies to ensure the success of EOR. L. 

Zhu et al. (2020) considered CCS-EOR projects in China under three different cooperative 

mechanisms between upstream carbon capture and downstream EOR stakeholders: a fixed 

carbon purchase price, an oil-indexed carbon purchase price, and joint venture contracts. They 

concluded that a joint venture business model minimizes conflicts in profit maximization 

targets of both stakeholders. 

The cooperative mechanism of a fixed carbon purchase price is consistent with L. Zhu 

et al. (2020), who states that CCS and EOR synergistic operations would likely occur through 

a fixed agreement CO2 price, an oil-indexed CO2 price, or through joint venture contracts. The 

literature determined the utilization of EOR as a method of storage of captured CO2 emissions 

to be an effective way of promoting CCS retrofits due to the additional generated revenue 
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stream. The literature has also determined that the investment scenario must be considered as 

the interaction and cooperation of two individual agents: the point source and the oil producer. 

Alternative utilizations of captured CO2 emissions have been considered within the 

literature. W. Zhang and Liu (2019) consider the utilization of captured CO2 for sold for 

industrial and food-grade related applications. The motivation of this study was that point 

sources would need to consider alternate storage and applications of CO2, as storage potential 

is limited and exposed to the risk of carbon seepage. However, Narita and Klepper (2016) 

determined that the risk of carbon seepage events during carbon storage does not influence 

CCS investment. J.-Q. Li et al. (2020) and Fan, Shen, et al. (2020) consider CO2 utilization for 

deep saline water recovery, concluding that enhanced water recovery would require 

exemptions from water resource fees to be financially viable. More general CO2 utilization 

subsidies have also been suggested by the literature, with Yang et al. (2019) arguing that a CO2 

utilization subsidy encourages the adoption of full-chain CCS. Fan, Xu, Yang, Zhang, et al. 

(2019) find that CCS combined with EOR is only financially feasible within China under 

capture subsidies. 

Studies that have considered EOR operations have modelled oil prices stochastically 

through a one-factor GBM model (Fleten et al., 2010; Abadie et al., 2014; Xian Zhang et al., 

2014; Knoope et al., 2015b; Compernolle et al., 2017; L. Zhu et al., 2020). This is despite the 

well-established empirical conclusion presented within the commodity pricing literature that 

multi-factor CPMs have a vastly superior fit to the term structure of crude oil (Gibson & 

Schwartz, 1990; Schwartz, 1997; Schwartz & Smith, 2000). This provides empirical evidence 

that CPM frameworks presented within the commodity pricing literature are rarely adopted 

within RO analysis case studies. Given that section 2.1.8 highlighted that the choice of CPM 

has a substantial influence on calculated project value, the estimation and application of multi-

factor oil CPMs within the RO analysis CCS literature may substantially influence the 

valuation of EOR projects. 

 Gaps in Existing Literature 

Surveying and summarizing the key research areas relevant to this dissertation has 

identified several gaps in the existing literature. These identified gaps provide both insights 

and recommendations into possible future research in these areas and support the motivation 
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and contributions of this research. These gaps and potential future areas of research are now 

presented. 

The commodity pricing literature is a well-established and highly active literature field 

that has defined and presented a multitude of modelling frameworks, parameter estimation 

methods, model performance metrics, and framework-specific characteristics. However, this 

review has highlighted that CPM frameworks presented in these studies are rarely used in other 

research areas. The most recent study identified in this review to have adopted multi-factor 

CPMs within a RO model was the dissertation of Schöne (2016). This suggests that CPM 

modelling frameworks are underutilized by market participants and the RO analysis literature 

compared to the extensive empirical evidence of both the superior fit of these models to 

commodity market dynamics and the substantial influence of these models on calculated 

project value and managerial decision-making. The RO literature has noted that multi-factor 

CPMs can be more realistic at the cost of greater difficulty in parameter estimation (de 

Magalhães Ozorio et al., 2012). This suggests that the increase in complexity of multi-factor 

CPMs has deterred the RO analysis literature from estimating and applying these models. 

There is a distinct lack of implemented frameworks available as open-source software 

allowing for the straightforward estimation, analysis and application of CPMs. There is also a 

lack of implemented RO analysis frameworks. This results in substantial entry barriers into 

capital project valuation through this approach and in these literature areas, as applying a 

presented framework or algorithm requires an end-user to build it from scratch. This may also 

be confusing and challenging as many frameworks have been presented within these literature 

fields.  

Studies within the commodity pricing literature that present commodity modelling 

frameworks primarily showcase the fit of estimated CPMs to the pricing of derivative contracts, 

rather than describing the process of estimating, analysing and applying these CPMs in 

practical applications. Frameworks presented within recent commodity pricing literature are 

also complex, requiring the application of algorithms such as the extended Kalman filter and 

the numeric estimation of many unknown parameters through quasi-MLE. Therefore, market 

participants and researchers in other fields are required to learn a substantial volume of 

quantitative skills and modelling techniques to adopt and implement frameworks presented 

within the commodity pricing literature. Therefore, the commodity pricing literature has 
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focused on developing comprehensive frameworks for the modelling of commodity prices but 

has not pursued increasing the accessibility of this literature field. 

Two implemented CPM frameworks were identified during this review. As 

supplementary material of a PhD dissertation, Ncube (2009) published a program in the paid 

statistical software MATLAB that replicates the Short-Term/Long-Term model of Schwartz 

and Smith (2000). The now archived R package ‘schwartz97’ provides an implementation of 

the Schwartz (1997) two-factor model, allowing for parameter estimation through MLE along 

with functions of closed-form futures and European option pricing formulas (Weibel, Erb, 

Luethi, Hinz, & Otziger, 2014). Whilst these programs allow for the estimation of CPMs, they 

are limited in many respects. Firstly, they only support stitched and aggregated commodity 

term structure data, which is no longer the standard approach of the commodity pricing 

literature. Secondly, the CPMs implemented in these programs have been nested within more 

flexible frameworks presented in more contemporary commodity pricing literature, including 

the N-factor framework. Finally, these programs do not provide performance metrics to analyse 

CPMs or support MCS of future price paths, limiting their practical application. 

Studies that have presented the application of multi-factor CPMs within RO models 

have primarily done so by replicating the theoretical copper mine example of Brennan and 

Schwartz (1985) (Cortazar, Gravet, et al., 2008; Tsekrekos et al., 2012; Cortazar et al., 2021). 

This further highlights the lack of application of multi-factor CPMs within the RO analysis 

literature in case studies valuing capital investment projects. The copper mine example 

considers the optimal operating policy of a finite quantity, initially operational natural resource 

project. Because the mine is considered initially operational, these studies do not evaluate the 

initial capital investment decision and the optimal timing of investment under commodity price 

uncertainty. Therefore, there is very little empirical evidence within the literature regarding the 

influence of multi-factor CPMs on valuing capital investment projects and the optimal 

investment policy using real-world case studies and financial parameters. 

The RO analysis CCS literature is an active literature field that has experienced a surge 

in academic activity since 2018. However, this surge in academic activity has focused on the 

financial viability of CCS retrofits under Chinese settings due to the abatement potential of 

CCS in this country. The most recent study in this literature field identified through a 

systematic search that has considered an EU setting was the study of Compernolle et al. (2017). 

However, the 2018 confirmation of the MSR resulted in substantial appreciation in EUA 
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market prices. The EU ETS has also commenced phase four, which has further increased this 

carbon market's long-term climate policy signal. This highlights the need for empirical research 

evaluating the financial viability of CCS retrofits under contemporary market conditions of 

EUAs.  

The RO analysis CCS literature has not typically calibrated stochastic carbon price 

parameters empirically, despite studies that have estimated carbon CPMs using EUA market 

data being prolific within the literature (Abadie & Chamorro, 2008; Abadie et al., 2014). 

Literature in this area has also suggested that as the EUA market develops, matures and 

increases in liquidity, more complex market characteristics may drive it. This was explicitly 

considered by Rammerstorfer and Eisl (2011) through the application of a two-factor carbon 

CPM, representing the more mature EUA market. Therefore, substantial value and 

contributions may be made to this literature area by estimating contemporary EUA CPMs and 

evaluating whether multi-factor CPMs can better explain the dynamics of this commodity. 

The RO analysis CCS literature has determined that flexibility in the operation of a 

CCS unit has high intrinsic value. Temporary suspension in a CCS unit has been primarily 

considered within RO models in this literature field as being instantaneous and costless to 

reduce modelling complexity. Therefore, these studies adopt the assumption that fixed costs in 

switching a CCS unit on/off or remaining suspended have only a minor influence on project 

value. While this results in a simpler RO model, empirical evidence of this assumption's 

influence compared to fixed costs of suspension has not yet been presented within the CCS or 

broader RO analysis literature. Contributions to these literature areas could therefore be made 

by relaxing and directly comparing the influence of this assumption on calculated project value. 

The utilization of captured CO2 emissions within EOR operations has been proposed to 

be a key and effective solution to reduce CCS technology's market and technological barriers. 

It has been the primary focus of the recent RO analysis CCS literature. Studies within the RO 

analysis CCS literature that have valued EOR projects have modelled oil market prices 

stochastically through a one-factor GBM model. These studies have also highlighted the 

sensitivity of the stochastic model used to forecast oil prices on calculated project value and 

decision making under oil price uncertainty. Crude oil market prices are the most common 

commodity market presented and used in case studies within the commodity pricing literature. 

There is a substantial volume of empirical evidence within this literature field that the multi-

factor CPMs have a vastly superior in- and out-of-sample fit to this market. Therefore, 
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substantial contributions could be made to the RO analysis CCS literature by valuing EOR 

projects through multi-factor CPMs. This would also contribute to the RO analysis and 

commodity pricing literature, as it would present the influence of multi-factor CPMs on capital 

investment value using a real-world case study and financial parameters. 

The identified gaps in the literature drive the motivation and aims of this research and 

highlight the contributions of this dissertation. A summary of reviewed literature is now 

presented, with the main contributions of this research in the context of these identified gaps 

discussed. 

 Summary 

This chapter has presented a review of the literature fields relevant to this dissertation. 

These topics were research: 

- Presenting frameworks for the modelling of commodity market prices and derivatives, 

- Applying multi-factor models presented within the CPM literature in RO models, 

- Evaluating environmental investments under climate policy uncertainty through RO 

analysis, and, 

- Presenting RO analysis case studies into the option to invest in CCS and EOR 

technology under carbon price uncertainty. 

Important findings and trends in these literature fields were presented, followed by a discussion 

of identified gaps in these research areas. A summary of these findings and gaps follows, 

highlighting the justification and contributions of this research. 

The commodity pricing literature has unanimously agreed that multi-factor term 

structure models adequately capture the key market dynamics that drive commodity prices, 

often empirically highlighting the superiority of this approach to forecast market prices over 

one-factor stochastic processes. The N-factor framework of Cortazar and Naranjo (2006) was 

determined to be one of the most flexible term structure modelling frameworks presented 

within the commodity pricing literature, with appealing closed-form solutions to futures prices 

that allows for parameter estimation through Kalman filtering and MLE. However, seasonal 

trends in the term structure of some commodity classes (such as agricultural commodities) have 

also been shown within the literature to benefit from deterministic and stochastic 

trigonometric-based seasonal factors. This review thus determined that a framework 
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incorporating factors for the drift and seasonal dynamics of a commodity term structure will 

be both flexible and rigorous in modelling the term structure of different commodities. 

Recent trends in the commodity pricing literature have primarily focused upon 

modelling frameworks that relax Gaussian dynamics in state variables or incorporate analysts 

forecasts in spot prices to estimate risk-premiums more accurately. The objectives of recent 

commodity pricing literature have thus been in increasing the fit of CPMs to commodity 

financial options and to generate accurate true distributions of spot prices, respectively. It was 

also determined within this review, however, that model fit to options contracts for volatility 

CPMs have been shown to converge to those of Gaussian CPMs (such as the N-factor 

framework) as option maturity increases. The valuation of ROs, which are characterised by 

long maturities, will thus be unlikely to benefit from substantially more complex frameworks 

that model stochastic volatility in state variables. RO analysis also adopts the assumption of 

risk-neutrality, which does not require estimates into the true distribution of spot prices. Multi-

factor term structure modelling to develop gaussian risk neutral SDEs has thus been identified 

as the optimal framework for valuing capital investment projects through RO analysis. 

RO analysis has been determined to be the primary valuation approach presented within 

literature that evaluates the financial feasibility of CCS technology. These case studies have 

unanimously concluded that the immediate investment of CCS technology is a sub-optimal 

investment decision due to the high market and technological barriers of entry. Because of this, 

recent studies in this literature field have primarily focused upon synergistic EOR projects 

increasing the profitability of CCS, modelling carbon and oil market prices through one-factor 

GBM stochastic models. Recent studies in this literature have also almost entirely focused upon 

CCS investments within China, despite the recent strong observable growth in market prices 

for EUAs. 

A systematic search of these studies revealed that despite literature presenting the high 

sensitivity of stochastic modelling to calculated project values, parameters of these models are 

rarely estimated using empirical market data. This highlights the need for further research into 

the empirical estimation of CPMs for EUA’s under contemporary observations of the EU ETS. 

Multi-factor CPMs have also yet to be considered within these case studies, despite substantial 

evidence in the commodity pricing literature of the increased fit of these models to 

commodities such as crude oil. 
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It was further determined in this review that the literature has identified operational 

flexibility as a key characteristic of RO models that value CCS technology to reduce the 

irreversibility of investment. However, these studies were found to typically consider the 

suspension option as instantaneous and costless to simplify RO modelling. Two identified 

studies within this literature that did consider costs of suspension (Fuss et al., 2008; Szolgayova 

et al., 2008) adopted the lowest volatility parameter for carbon prices observed within the 

literature, resulting in the potential undervaluation of the suspension option. A rigorous RO 

model considering the fixed and operational costs of suspension and abandonment using 

empirically estimated stochastic models will thus contribute to the literature through more 

realistic calculations of project value and the value of operational flexibility. 

This research addresses a number of gaps identified from the review of literature. 

Theoretical extensions into the modelling of commodity market dynamics are presented in 

Chapter 3, relaxing the assumption of a singular parameter for the error of observations through 

the newly developed maturity measurement error approach. A detailed procedural framework 

for estimating and analysing CPMs in then presented in Chapter 4, providing a straightforward 

method for developing multi-factor CPMs for almost any commodity with historical term 

structure market data. Multi-factor CPMs are then applied in Chapter 5 to value capital 

investment opportunities through RO analysis, highlighting the benefits and key considerations 

of this approach over one-factor CPMs. 

To address the identified lack of available implementations of frameworks presented in 

the literature, this research has developed and published three open-source R packages: 

FKF.SP, NFCP and LSMRealOptions. These packages provide a computationally efficient and 

comprehensive framework for the estimation, analysis and application of multi-factor CPMs 

to value capital investment opportunities. In particular, the FKF.SP R package optimizes the 

computational efficiency of Kalman filtering state space and CPMs, ensuring the estimation of 

multi-factor CPMs is as efficient as possible. The NFCP package provides a comprehensive 

framework for the estimation, analysis, derivative pricing, probabilistic forecasting and MCS 

of multi-factor CPMs. Finally, the LSMRealOptions package allows for the application of 

multi-factor CPMs to value capital investment opportunities using RO analysis. Combined with 

the procedural frameworks and discussion presented in this dissertation, these open-source R 

packages increase the accessibility of these literature fields and their application in a multitude 

of research areas. 
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The deployment of financial feasibility case studies of CCS retrofits and EOR 

operations in Chapter 5 also contributes to the literature in several novel ways. The 

development of a two-stage RO model with operational flexibility provides a more 

comprehensive evaluation of the value of the option to suspend and abandon a CCS unit and 

its influence on the optimal investment policy of the emission abatement option. The solution 

to these case studies under contemporary observations of the EU ETS provides insight into the 

financial viability of CCS technology given the strong recent price growth developments in the 

EUA market. The application of multi-factor CPMs to value both CCS retrofits and EOR 

operations then provides an empirical analysis into the influence and key considerations 

regarding the application of developed multi-factor CPMs to value capital investment 

opportunities and manage commodity asset uncertainty. 

The development and application of multi-factor CPMs requires a flexible and 

comprehensive framework for commodity market modelling. The following chapter presents 

the theoretical commodity modelling framework utilized in this dissertation, including 

theoretical and empirical extensions into the modelling of commodity market dynamics. 
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 N-Factor Commodity Pricing Models 

This chapter introduces the theoretical background regarding developing, estimating, 

and subsequently applying N-factor commodity pricing models. Commodity pricing models 

developed under the presented framework are affine Gaussian systems of stochastic differential 

equations with an arbitrary number of stochastic drift and deterministic seasonality 

components. This chapter outlines the procedures regarding the analytic solutions to the value 

of futures and European futures options for underlying assets modelled through the N-factor 

framework. The numeric solution to American-style options for underlying assets modelled 

through the N-factor framework is subsequently presented, utilizing the LSM simulation 

method that dominates existing option pricing literature. Estimating the unknown parameters 

of N-factor models through Kalman filtering is then described, with a novel extension unique 

to this dissertation to the procedure established within the literature presented. This extension 

relaxes the assumption of independent but unique measurement errors within observed futures 

contracts. Implementation considerations of Kalman filtering and state-space methods to 

estimate N-factor commodity pricing models are then described. This includes the application 

of the sequential processing Kalman filter algorithm to estimate this class of commodity pricing 

model. This algorithm is empirically shown to grow linearly, rather than exponentially, in 

computation time with respect to the number of contracts observed.  

Single-factor models dominated the literature progressing through two- and three-factor 

models until a unifying framework for general N-factor Gaussian CPMs was presented in the 

landmark paper by Cortazar and Naranjo (2006). This N-factor Gaussian CPM framework 

generalized popular two- and three-factor models found in prior literature or their affine-

transformation equivalents. The difference between these models is the stochastic modelling 
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of convenience yields and risk-premium class CPMs. Examples of models generalized under 

this framework include: Gibson & Schwartz (1990), Schwartz (1997), Schwartz & Smith 

(2000) and Cortazar & Schwartz (2003). 

Cortazar and Naranjo (2006) develop their CPM framework for the commodity term 

structure by utilizing the 𝐴0(𝑁) canonical representation of Dai and Singleton (2000), who 

successfully used it to model interest rates. Furthermore, Rennemo (2019) included a 

trigonometric based deterministic seasonal component in the N-factor framework 𝛿(𝑡) based 

upon Sørensen (2002). The N-factor framework for the natural logarithm of the commodity 

spot price process 𝑆(𝑡)  is described as presented as the sum of 𝐾  trigonometric seasonal 

components 𝛿𝑘(𝑡) and the correlated sum of 𝑁 state variables, 𝑥𝑖(𝑡): 

ln[𝑆(𝑡)] = ∑𝛿𝑘(𝑡)

𝐾

𝑘=1

+∑𝑥𝑖(𝑡)

𝑁

𝑖=1

. 

The deterministic seasonal component at time 𝑡 is given by: 

𝛿(𝑡) = ∑[𝛿𝑘,1 cos(2. 𝑘. 𝜋. 𝑡) + 𝛿𝑘,2 sin(2. 𝑘. 𝜋. 𝑡)]

𝐾

𝑘=1

. 

Note that the number of seasonal components 𝐾 determines how many inflections function 

𝛿(𝑡) may have in any given year, with the magnitude and location of these inflection points 

dependent upon the estimated seasonal patterns of the spot price given by the constant values 

of 𝛿𝑘. 

Under this N-factor framework, state variables are assumed to follow the stochastic 

processes: 

𝑑𝑥𝑖(𝑡) = {
𝜇𝑑𝑡 + 𝜎1𝑑𝑤1𝑡 𝑖 = 1

−𝜅𝑖𝑥𝑖(𝑡)𝑑𝑡 + 𝜎𝑖𝑑𝑤𝑖𝑡 𝑖 > 1
, 

where 𝑑𝑤𝑖 is an increment of a Brownian motion process, following 𝐸(𝑤𝑖)𝐸(𝑤𝑗) = 𝜌𝑖,𝑗. 

The first factor of this framework follows a Brownian motion process corresponding to 

the non-stationary component of the spot price. As is standard in the literature, it is assumed to 

follow a random walk to induce a unit root in the spot price process. The cost-of-carry is 

modelled through the remaining 𝑁 − 1  factors as OU processes with mean-reverting 

behaviour. Whilst the N-factor framework could be cast with N correlated OU processes, the 
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literature has argued for a random walk stochastic variable as it better reflects the observed 

behaviour of commodity prices (S. Chen & Insley, 2012). 

The N-factor framework must adopt a risk-neutral assumption to enable the valuation 

of commodity-related derivative products and investments, which shall be denoted by ∗. The 

framework assumes constant risk-premiums, which are subtracted from the drift term of each 

state variable, to develop a risk-adjusted process. The risk premium N-factor framework thus 

assumes that state variables of the spot price follow the processes: 

𝑑𝑥𝑖
∗(𝑡) = {

𝜇∗𝑑𝑡 + 𝜎1𝑑𝑤1𝑡 𝑖 = 1

−(𝜆𝑖 + 𝜅𝑖𝑥𝑖(𝑡))𝑑𝑡 + 𝜎𝑖𝑑𝑤𝑖𝑡 𝑖 > 1
. 

Again 𝑑𝑤𝑖  is an increment of a Brownian motion process, following 𝐸(𝑤𝑖)𝐸(𝑤𝑗) = 𝜌𝑖,𝑗 . 

Under the risk-neutral assumption, the cost-of-carry is modelled as 𝑁 − 1 OU processes that 

revert toward an equilibrium of −
𝜆𝑖

𝜅𝑖
 at a mean reversion rate of 𝜅𝑖 with a corresponding half-

life of 
ln(2)

𝜅𝑖
. The risk-neutral variant of the N-factor framework will be considered for the 

remainder of this dissertation. The constant parameters of the N-factor model are defined in 

Table 3-1. 

Parameter Definition 

𝜇 Long-term growth rate 

𝜅𝑖 Reversion rate of state variable 𝑖 

𝜎𝑖 Instantaneous volatility of state variable 𝑖 

𝜌𝑖,𝑗 

 
Instantaneous correlation between state variables 𝑖 and 𝑗. 

𝜆𝑖 Risk premium of state variable 𝑖 

𝜇∗ = 𝜇 − 𝜆1 Long-term risk-neutral growth rate 

𝛿𝑘,1 The first factor of seasonal component 𝑘 

𝛿𝑘,2 The second factor of seasonal component 𝑘 

Table 3-1. N-factor model parameters. 

It can be shown that the 𝑁-factor framework is a linear function of state variables that 

follow a multivariate normal distribution (Cortazar & Naranjo, 2006). The state variables under 

the risk-neutral assumption are jointly distributed with mean vector and covariance matrix: 
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𝐸∗[𝑥𝑖(𝑡)] = {

𝑥𝑖(0) + 𝜇
∗𝑡 𝑖 = 1

𝑥𝑖(0)𝑒
−𝜅𝑖𝑡 −

(1 − 𝑒−(𝜅𝑖𝑡))𝜆𝑖
𝜅𝑖

𝑖 > 1
, 

𝐶𝑜𝑣∗ (𝑥𝑖(𝑡), 𝑥𝑗(𝑡)) = {

𝜎1
2𝑡 𝑖, 𝑗 = 1

𝜎𝑖𝜎𝑗𝜌𝑖,𝑗 .
(1 − 𝑒−(𝜅𝑖+𝜅𝑗)𝑡)

𝜅𝑖 + 𝜅𝑗
𝑖, 𝑗 ≠ 1

. 

 Futures Contracts 

The primary benefit of the N-factor framework is the existence of closed-form solutions 

to the value of futures and European options on futures contracts. The N-factor framework is a 

risk-premium class of CPM in which futures prices are given by discounted expected future 

spot prices under the risk-neutral measure (Cox, Ingersoll Jr, & Ross, 1981). The price of a 

futures contract at time 𝑡 and maturing at time 𝑇 is thus dependent upon expected future values 

of the multivariate normally distributed state variables 𝑥(𝑡). The conditional distribution for 

spot prices 𝑆(𝑇) is lognormal and thus it follows that: 

ln(𝐹(𝑥(𝑡), 𝑡, 𝑇)) = ln(𝐸𝑡
∗(𝑆𝑇)) 

= 𝐸𝑡
∗[ln(𝑆𝑇)] +

1

2
𝑉𝑎𝑟𝑡

∗[ln(𝑆𝑇)] 

=∑𝐸∗[𝑥𝑖(𝑇 − 𝑡)]

𝑁

𝑖=1

+
1

2
∑ 𝐶𝑜𝑣∗ (𝑥𝑖(𝑇 − 𝑡), 𝑥𝑗(𝑇 − 𝑡))

𝑖.𝑗=1

. 

Futures prices are then given by: 

𝐹(𝑥(𝑡), 𝑡, 𝑇) = exp(𝑥1(0) +∑𝑒−𝜅𝑖(𝑇−𝑡)𝑥𝑖(0)

𝑁

𝑖=2

+ 𝐴(𝑇 − 𝑡)), 

where: 

𝐴(𝑇 − 𝑡) = (𝜇∗ +
1

2
𝜎1
2)(𝑇 − 𝑡) −∑(1 − 𝑒−𝜅𝑡(𝑇−𝑡))

𝑁

𝑖=2

𝜆𝑖
𝜅𝑖
+
1

2
∑ 𝜎𝑖𝜎𝑗𝜌𝑖𝑗

1 − 𝑒−(𝜅𝑖+𝜅𝑗)(𝑇−𝑡)

𝜅𝑖 + 𝜅𝑗

𝑁

𝑖,𝑗≠1

. 

Note that the logarithm of the futures price is a linear function of state variables, which allows 

for parameter estimation of N-factor CPMs through Kalman filtering and MLE. As the current 

time 𝑡 and time to maturity 𝑇 of the futures contract increase, the initial values of OU factors 
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decay exponentially, indicating that these values have a transient influence on futures prices. 

The first expression of function 𝐴() represents long-term, risk-neutral growth in spot prices, 

whilst the other terms represent the cost-of-carry and risk premiums associated with holding a 

futures contract over a physical commodity. 

Following Cortazar and Naranjo (2006), the theoretical volatility term structure of 

futures returns 𝜎𝐹
2 of a CPM under the N-factor model is given by: 

𝜎𝐹
2(𝑇 − 𝑡) = 𝜎1

2(𝑇 − 𝑡) + ∑ 𝜎𝑖𝜎𝑗𝜌𝑖,𝑗𝑒
−(𝜅𝑖+𝜅𝑗)(𝑇−𝑡)

𝑁

𝑖,𝑗≠1

. 

As the time to maturity increases, the volatility of futures returns converges to a constant given 

by the volatility of the first state variable. The equation above implies a negative relationship 

between time to maturity and futures return volatility, consistent with Samuelson’s (1965) 

hypothesis. Comparing theoretical futures return volatility with empirical volatilities directly 

from observed futures prices can be used to measure a CPM's robustness under the N-factor 

framework, as it provides another metric of a characteristic captured by a CPM. It can also be 

utilized to measure possible structural breaks in the volatility of futures returns over an 

observation period (Cortazar & Naranjo, 2006). Cortazar and Naranjo (2006) state that 

increasing the number of factors in a CPM allows more flexibility in the simultaneous 

adjustment of first and second moments, which may increase fit in both futures contract pricing 

and time-series volatility estimation. 

 European Futures Options 

The distributional properties of state variables under the N-factor framework allows the 

application of the risk-neutral approach to derive Black-Scholes-type analytic expressions for 

the value of European options on futures contracts, where state variables under the N-factor 

framework are multivariate normally distributed. Pricing of European futures options under 

such a multi-factor risk-premium CPM was first presented by Schwartz and Smith (2000). In 

this section, the derivation to extend this work to the more general N-factor framework is 

presented. 

Consider a European option that expires at time 𝑇0 on a futures contract maturing at 

time 𝑇1 with strike price 𝐾 and an annual risk-free rate 𝑟. The European option price is given 

by calculating its expected future value using the risk-neutral process and discounting at the 
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risk-free rate. Under such conditions, the value of a European call option on this futures 

contract will be given by: 

𝑒−𝑟𝑇0𝐸∗[max{(𝐹(𝑥(𝑇0), 𝑇0, 𝑇1) − 𝐾), 0}]. 

Under the usual assumption that the conditional distribution of the spot price 𝑆(𝑡) is lognormal, 

it follows that: 

𝐹(𝑥(𝑇0), 𝑇0, 𝑇1) = 𝐸𝑇0
∗ [𝑆(𝑇1)]. 

Expected futures prices at time 𝑇0 for a contract expiring at 𝑇1 under the risk-neutral process 

are then given by: 

𝐸∗[𝐹(𝑥(𝑇0), 𝑇0, 𝑇1)] = 𝐸∗ [𝐸𝑇0
∗ [𝑆(𝑇1)]] 

𝐸∗[𝐹(𝑥(𝑇0), 𝑇0, 𝑇1)] = 𝐸
∗[𝑆(𝑇1)] 

where: 

𝐸∗[𝑆(𝑇1) ] = 𝐹(𝑥(0), 0, 𝑇1). 

Thus, 

𝐸∗[𝐹(𝑥(𝑇0), 𝑇0, 𝑇1)] =  𝐹(𝑥(0), 0, 𝑇1). 

Under the risk-neutral process and through the law of iterated expectations, the expected 

futures price at option maturity is equivalent to the unconditional current expected spot prices 

under the risk-neutral process, which are given by current futures prices. Option pricing 

formulae on a commodity futures contract under the N-factor framework are analogous to the 

Black-Scholes formulae for valuing European options on stocks that do not pay dividends. 

Thus, given non-dividend paying stock, the Black-Scholes present call option on such a 

commodity futures contract is given by: 

𝑒−𝑟𝑇0(𝐹(𝑥(0), 0, 𝑇1).𝑁(𝑑1) − 𝐾𝑁(𝑑2)). 

Similarly, the corresponding Black-Scholes present value of a put option on a futures contract 

is known to be: 

𝑒−𝑟𝑇0(𝐾𝑁(−𝑑2) − 𝐹(𝑥(0), 0, 𝑇1).𝑁(−𝑑1)), 
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where: 

𝑑1 =
ln (

𝐹(𝑥(0), 0, 𝑇1)
𝐾

) +
1
2𝑣

2

𝑣
, 𝑑2 = 𝑑1 − 𝑣. 

The volatility, 𝑣, is the average of the instantaneous variance of the futures return innovations 

over the life of the option and is given by: 

𝑣2 ≡ 𝑉𝑎𝑟∗[ln(𝐹(𝑥(𝑇0), 𝑇0, 𝑇1)] 

𝑣2 = ∑ 𝑒(−𝜅𝑖+𝜅𝑗)(𝑇1−𝑇0)𝐶𝑜𝑣∗ (𝑥𝑖(𝑇0), 𝑥𝑗(𝑇0))

𝑖,𝑗=1

 

= 𝜎1
2𝑇0 + ∑ 𝑒(−𝜅𝑖+𝜅𝑗)(𝑇1−𝑇0)𝜎𝑖𝜎𝑗𝜌𝑖,𝑗.

(1 − 𝑒−(𝜅𝑖+𝜅𝑗)𝑇0)

𝜅𝑖 + 𝜅𝑗

𝑁

𝑖,𝑗≠1

. 

As time-to-expiration of the option contract increases, the annualized option volatility 

𝑣 approaches 𝜎1√𝑇0. It has been shown that the uncertainty in the option price results from 

future spot prices rather than the cost of carry (Schwartz & Smith, 2000). Option price volatility 

can also be seen to be a decreasing function of the time-to-maturity of the underlying futures 

contract 𝑇1, however the influence of 𝑇1 on option volatility is not as pronounced as that of the 

time to expiration of the option 𝑇0. Option volatility represents the average of future futures 

volatilities and is greater than the instantaneous volatility of an underlying futures contract 

(Schwartz & Smith, 2000). 

 American Futures Options 

An American-style option gives its holder the right to exercise at multiple but finite 

points in time before the option expiry. American-style options thus have an added premium 

in the form of early exercise, making the value of American-style options always greater than, 

or equal to, their European-style option counterparts. Despite the existence of analytic solutions 

to the price of European options on futures contracts, commodity markets almost solely offer 

and trade American options on futures contracts (Cortazar et al., 2016). The closed-form 

solution is a result of using an affine gaussian structure of risk-premium class CPMs, such as 

the N-factor framework (Schwartz & Smith, 2000; Cortazar & Naranjo, 2006; Cortazar et al., 

2016). The value of options with early exercise opportunities typically only features analytic 

solutions under very specific conditions and must therefore be calculated numerically. This 



 

76 

 

section presents a numeric solution to the price of American options on futures contracts 

through the LSM simulation method. 

Valuing American-style options on underlying assets modelled under the N-factor 

framework requires an efficient, flexible, and convenient solution method that can be easily 

extended to consider multiple state variables. Whilst there are several standard techniques to 

numerically value options with early exercise opportunities, the option pricing literature has 

increasingly adopted the LSM simulation method due to its flexibility and ease of 

implementation (Schwartz, 2013). The multi-factor stochastic structure of the N-factor 

framework makes LSM simulation an appealing solution method, as it does not suffer the 

infamous curse of dimensionality (Schwartz, 2013) that limits some other solution techniques 

to only a handful of state variables (Longstaff & Schwartz, 2001). 

The LSM simulation solution of the valuation of American-style options modelled 

through the N-factor framework is now presented. Beginning with a description of the MCS of 

the N-factor framework state variables, the LSM simulation technique is outlined. Given that 

American call options are well-known to be equal to their European counterparts when 

underlying assets do not pay dividends, this method solves for the value of American put 

futures options. 

3.3.1 State variable Monte Carlo simulation 

MCS is a well-known and popular method of numerically forecasting and estimating 

future values and states of variables following the dynamics of a stochastic model. The appeal 

of this technique is that it provides a numerical methodology for evaluating decision making 

under uncertainty by permitting the propagation and analysis of the unfolding stochastic 

system. At the heart of all Monte Carlo techniques is the generation of a set of equally likely 

randomly sampled paths of state variables over a forecasting interval [0, 𝜏] partitioned into 𝐾 

equally spaced discrete time points with constant step size Δ𝑡: 

0 < 𝑡1 ≤ 𝑡2 ≤ ⋯ ≤ 𝑡𝐾−1 ≤ 𝑡𝐾 = 𝜏. 

MCS of state variables defined through an SDE is simulated by discretising these 

differential equations and formulating them as a Markov chain. This is typically done by 

applying the Euler-Maruyama method, a popular method to obtain the numerical solution of 

an SDE. Using the Euler-Maruyama method, the solution to the MCS of 𝜂  paths of the 
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discretised process of state variables under the N-factor framework is given by the following 

recursive algorithm: 

𝑥𝑖(𝑡 + 1) = {
𝑥1(𝑡) + 𝜇

∗Δ𝑡 + 𝑍1(𝑡)𝜎1√Δ𝑡, 𝑖 = 1

𝑥𝑖(𝑡) − (𝜆𝑖 + 𝜅𝑖𝑥𝑖(𝑡))Δ𝑡 + 𝑍𝑖(𝑡)𝜎𝑖√Δ𝑡, 𝑖 > 1
 ,   ∀𝑡 = 0, t1, 𝑡2, ⋯ , 𝑡𝐾−1 

where 𝑍(𝑡) is a vector of length 𝑁 (i.e., the number of factors within the specified N-factor 

model) corresponding to the collapse of randomly sampled singular paths of state variables: 

𝑍(𝑡) = [𝑍1(𝑡), 𝑍2(𝑡),⋯ , 𝑍𝑁(𝑡)]
′. 

𝑍(𝑡) is often referred to as the shocks in the stochastic system, which provides the distribution 

of equally probable future paths of state variables. For the simulation of an N-factor model, 

𝑍(𝑡) is multivariate normally distributed with mean and covariance: 

𝐸[𝑍(𝑡)] = [0,⋯ ,0]′, 

𝑐𝑜𝑣 (𝑍𝑖(𝑡), 𝑍𝑗(𝑡)) = {
1, 𝑖 = 𝑗
𝜌𝑖,𝑗, 𝑖 ≠ 𝑗 . 

MCS is usually conducted using the antithetic variates method, a well-known and 

straightforward variance reduction technique. The antithetic variates method involves sampling 

the shocks of one price path 𝑍(𝑡) and using the complementary sampled shocks in a subsequent 

price path i.e., 𝑍∗(𝑡) = −𝑍(𝑡)  where ∗  denotes the antithetic pair. Antithetic variate pairs 

reduce the total number of random variates that must be sampled and introduce negative 

covariance in simulated paths, thus increasing computational efficiency and reducing total 

variance in the system of simulated state variables. 

Studies that use MCS typically deploy a substantial number of simulated price paths 

(Longstaff & Schwartz, 2001) to investigate decision-making under uncertainty of the entire 

system. The higher the number of simulated price paths, the more accurate and reliable the 

predictions and analyses of the state variables' future distribution. Simulation studies usually 

generate at least 100,000 simulated paths of state variables to see a level of convergence in the 

results. 

3.3.2 Valuing American-style Options Through LSM Simulation 

The present value of an American-style option is equal to the discounted payoff 

resulting from optimal exercise over the option's life. By applying MCS-based methods, the 

present value is given by the mean of the present value of payoffs at optimal exercise timing 
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for simulated paths. Solving for the value of options with early exercise opportunities requires 

finding the optimal exercise rule, determined at a given point in time by comparing the payoffs 

associated with the immediate exercise of the option against the discounted continuation value 

(the value of delaying exercise to a future date). Estimating the continuation value of an 

American-style option is the crucial step in the option pricing process. 

A mathematical problem with the objective of calculating the timing of an action that 

optimizes a payoff function under uncertainty is classified as an optimal stopping problem. 

Optimal stopping problems, such as the optimal exercise of American-style options, are 

typically evaluated through backwards induction. This is a recursive procedure that moves 

backwards across discrete time steps from the end of the option exercise opportunity, 𝜏 . 

Backwards induction is adopted as optimal stopping in future exercise periods will alter 

subsequent payoffs and the corresponding continuation value. By discretising the continuous-

time domain, the value of the American-style option is the value of the equivalent Bermudan-

style option. The resultant estimated option value approaches the American-style option as the 

number of discrete exercise points 𝐾 becomes sufficiently large. 

LSM simulation is a solution method that can be used to solve optimal stopping 

problems. LSM simulation is a MCS-based solution method that applies backwards induction. 

At each discrete time point 𝑡 , the LSM simulation solution method evaluates the optimal 

decision between the immediate exercise of simulated paths of state variables against the 

discounted expected continuation value of holding the right to exercise the option for future 

exercise periods. Let 𝑌𝑡 denote the value of the optimal future payoff on an American-style 

option. Under the LSM simulation solution method, immediate exercise value for a given 

simulated price path is equal to the sum of future payoffs resulting from option exercise; LSM 

simulation is thus a forward-looking algorithm. Let 𝜋𝑡 denote the immediate payoff of exercise 

of an American-style option at time 𝑡 for all simulated price paths and 𝐶𝑡 denote the discounted 

expected continuation value. At the terminal node 𝜏 (i.e., option maturity), the value of 𝑌𝜏 is 

denoted by the value of immediate payoff (i.e., there is no value in waiting): 

𝑌𝜏 = max{𝜋𝜏, 0}. 

The LSM simulation algorithm then works recursively from this terminal node through 

backwards induction across discrete exercise points 𝑡 = 𝜏 − Δ𝑡, 𝜏 − 2Δ𝑡,⋯ ,0. The value of 𝑌𝑡 

is then: 
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𝑌𝑡 = max{𝜋𝑡, 𝐶𝑡}, 

 

Where: 

𝐶𝑡 = 𝑒−𝑟𝛥𝑡𝛦[𝑌𝑡+𝛥𝑡|𝑋(𝑡)]. 

𝑟 is the annualized risk-free rate, and 𝑋(𝑡) is the simulated state variables at time 𝑡. 

LSM simulation estimates the conditional discounted expectation function 𝐶𝑡 at a given 

exercise point using the cross-sectional information of simulated state variables through the 

fitted values of a least-squares regression on a set of basis functions of state variables: 

�̂�𝑡 =∑𝑋(𝑡)𝐿𝑗(𝑡)

𝑛

𝑗=0

, 

where 𝑛 is the total number of basis functions considered within the LSM algorithm and 𝐿𝑗(𝑡) 

is the basis function of order 𝑗 . The conditional discounted expectation 𝐶𝑡  was shown by 

Longstaff and Schwartz (2001) to be able to be represented as a linear function of the elements 

of basis functions of orthogonal polynomials, where the first 𝑛 basis functions may then be 

used to approximate 𝐶𝑡 (i.e., �̂�𝑡). Longstaff and Schwartz (2001) further recommend that only 

in-the-money price paths are considered within the least-squares regression to calculate the 

solution to optimal stopping problems. 

The application of using basis functions of orthogonal polynomials within the LSM 

solution method to approximate the conditional discounted continuation value has been 

determined to be simple, efficient and theoretically convergent (Clément, Lamberton, & 

Protter, 2002; Glasserman & Yu, 2004; Stentoft, 2004). In particular, Clément et al. (2002) 

proved that the value function of the approximation made through a set of basis orthogonal 

polynomial functions approaches the value function of the initial optimal stopping problem as 

the number of functions approaches infinity. Interestingly, they were able to show that only a 

few basis functions were required to numerically approximate these values adequately. 

Orthogonal polynomials considered within the option pricing literature for the approximation 

of 𝐶𝑡 include the power series along with the Laguerre, Hermite, Legendre, Chebyshev, and 

Jacobi polynomials (Longstaff & Schwartz, 2001). The explicit expressions for these 

orthogonal polynomials are provided within the well-known mathematical handbook of 

Abramowitz and Stegun (1965). Specifically, Longstaff and Schwartz (2001) utilized the 



 

80 

 

Laguerre orthogonal polynomials to approximate the discounted conditional continuation 

value: 

𝐿𝑛(𝑥) = ∑(−1)𝑚 (
𝑛

𝑛 −𝑚
)
1

𝑚!
 

𝑛

𝑚=0

𝑥𝑚 , 

with cross-products between state variables also utilized as basis functions when multiple state 

variables were considered. The second expression of this equation refers to the combinatorial 

function of 𝑛  and 𝑛 −𝑚, respectively. In the work that follows, this dissertation provides 

additional empirical evidence that the choice of the orthogonal polynomial is insensitive to 

calculated option values, having almost no influence on calculated option values or standard 

errors. 

Given that the LSM simulation solution method can estimate the conditional expected 

continuation value �̂�𝑡, the optimal exercise rule for an American-style option can be evaluated. 

Let 𝜒(𝑡) denote the vector of optimal exercise rules for all simulated paths of state variables 

where 𝜒(𝜏) = 𝜏. The optimal exercise rule at time 𝑡 is then given by: 

𝜒(𝑡) = {
𝑡 𝜋𝑡 ≥ �̂�𝑡

𝜒(𝑡 + Δ𝑡) 𝜋𝑡 < �̂�𝑡
 , ∀𝑡 = 𝜏, 𝜏 − Δ𝑡, 𝜏 − 2Δ𝑡,⋯ ,0. 

After the optimal stopping times of simulated price paths 𝜒  has been evaluated through 

backwards induction, the American-style option value, denoted here as 𝐴, is then calculated by 

the mean of the discounted payoffs of optimal exercise of the option: 

𝐴 =
∑ 𝑒−𝑟𝜒𝑖𝑌𝜒𝑖
𝜂
𝑖=1

𝜂
, 

where 𝜂  is the number of simulated paths, 𝜒  is a vector of the optimal exercise times of 

simulated paths of state variables where the option is exercised, and 𝑌𝜒 is a vector of payoff 

values at times 𝜒. Note that simulated paths where exercise is never optimal will hold values 

of 𝑌 that are equal to zero. Simulated paths where exercise is never optimal at any time before 

option maturity are thus taken as zero within the estimation of the value of the American-style 

option. 

The LSM simulation solution method is further utilized within Chapter 5 to value 

capital investment projects through RO analysis, optimizing the value of capital and operational 

flexibilities of investment into low-carbon technologies under carbon and oil price uncertainty. 
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3.3.3 American Put Futures Options Solution 

In general, an American futures option contract gives the holder the right, but not the 

obligation, at any time point before option expiry, to buy (sell) an underlying futures contract. 

Options on futures contracts are equivalent in characteristics to options on equities that do not 

pay dividends. It is well known within the option pricing literature that the value of an 

American call option (𝐴𝑐) on an underlying asset that does not pay dividends does not hold 

additional value over European-style options (Barone‐Adesi & Whaley, 1987). Whilst the 

exercise of a put option facilitates trading an asset for cash, a call option instead involves the 

trading of cash for an asset. By exercising an American call option on an asset with no 

dividends, the option holder forgoes interest that could have been gained by holding the strike 

price (Barone‐Adesi & Whaley, 1987). Section 3.2 demonstrates the method through which 

the value of an American-style call option can be calculated. The solution to the value of an 

American put futures option through LSM simulation (𝐴𝑝) will now be presented. 

The payoff of an American-style put option is given by the immediate purchase of an 

underlying futures contract at current market value and the corresponding asset sale at the 

defined strike price. Let 𝐾 denote the strike price of the put option. The immediate payoff 

function for an American put futures option, 𝜋𝑡, is then given by: 

𝜋𝑡 = max{𝐾 − 𝐹(𝑋(𝑡), 𝑡, 𝑇), 0}. 

The value of the asset 𝐴𝑝 Modelled through the N-factor framework may be solved via the 

LSM simulation technique. Given that state variables of the N-factor framework are simulated 

through MCS, the expected futures prices 𝐹(𝑋(𝑡), 𝑡, 𝑇) of simulated paths may be readily 

generated. The defined payoff function may then be applied within the LSM simulation 

algorithm described within section 3.3.2 to value American put futures options contracts. 

The valuation of commodity derivatives modelled under the N-factor framework 

requires the specification of an N-factor CPM empirically estimated using commodity market 

data. The estimation of N-factor CPMs can be conducted through Kalman filtering and MLE. 

 Kalman Filtering 

The Kalman filter is a recursive optimal estimation algorithm used to estimate states of 

a dynamic system from indirect and uncertain measurements (Kalman, 1960). The traditional 

Kalman filter uses a temporal series of observable variables (𝑌𝑡) to estimate the values of a 
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non-observable state vector (𝑋𝑡), jointly optimizing time series and cross-sectional data. The 

primary application of Kalman filtering is the estimation of constant, unknown parameters of 

the system and state variables through the maximization of the likelihood function of error 

innovations. The recursive structure of the Kalman filter further enables the continuous 

updating of state vector estimates as new information becomes available (Harvey, 1990). 

Several textbooks introduce and discuss state-space methods, the Kalman filter and parameter 

estimation through MLE (Harvey, 1990; Durbin & Koopman, 2001). 

The purpose of this section is to present the application and optimization of Kalman 

filtering to estimate state variables and constant, unknown parameters of CPMs using term 

structure futures contract data. The filtering of CPMs under the N-factor framework is 

presented, including the primary ways that white noise, that is, measurement error, in futures 

contract observations are considered within the literature. A new method of evaluating 

measurement error, labelled here as the maturity measurement error approach, is presented. 

The maturity measurement error approach specifies the measurement error of observations 

based upon the current time to maturity of the observation, which can increase model fit. The 

instantiation and computational burden of parameter estimation of CPMs under the N-factor 

framework is then presented. Increasing the computational efficiency of Kalman filtering 

through the sequential processing method of Durbin and Koopman (2001) is then proposed. 

The newly developed FKF.SP R package, an implementation of the Kalman filter sequential 

processing algorithm developed as part of this dissertation, is introduced, with increases in 

computational efficiency over other established Kalman filter R packages and, more generally, 

the traditional Kalman filter algorithm presented. 

3.4.1 Kalman Filter Specification of N-factor Models 

The linear Gaussian structure of the N-factor framework allows for the application of 

the Kalman filter to term structure panel data, using the past and present pricing information to 

estimate state variables and thus CPM parameters (Cortázar et al., 2007). The traditional 

Kalman filter algorithm requires dynamic models to be cast in discrete state-space form, a class 

of models in which state variables are generated by a first-order Markov process (Harvey, 

1990). Discretising the continuous system of SDEs under the N-factor framework is performed 

through the Euler-Maruyama method, first presented in section 3.3.1. 

The Kalman filter recursively estimates optimal one-step-ahead predictions of the 

unobservable state vector over a discrete observation period 𝑡 = [0, 𝜏] with constant step size 
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Δ𝑡. The entire term structure panel data are not observable at each discrete observation point, 

as some contracts are not traded every day and contracts expire or are made available over a 

particular observation period. Given that the observable time series 𝑌 has dimensions 𝜏 × 𝑃, 

where 𝑃  is the total number of futures contracts observed over the observation period, 

dimensions of the observable time series 𝑌𝑡 thus vary over time, with 𝑝𝑡 quoted futures prices 

at each discrete time point. 

The Kalman filter is characterized by the measurement and transition equations: 

𝑋𝑡 = 𝑐 + 𝐺. 𝑋𝑡−1 + 𝑄𝜂𝑡 , 

�̂�𝑡 = 𝑑𝑡 + 𝑍𝑡 . 𝑋𝑡|𝑡−1 + 𝐻𝑡𝜖𝑡, 

∀𝑡 = 1,⋯ , 𝜏 

where 𝜂𝑡  and 𝜖𝑡  correspond to the noise of the transition and measurement equations, 

respectively. The noises 𝜂𝑡  and 𝜖𝑡  are assumed serially and mutually uncorrelated, i.e., 

𝐸[𝜂𝑡𝜖𝑡−𝑖
′ ] = 0 ∀𝑡, 𝑖. Applications of the traditional Kalman filter to commodity term structure 

data have primarily assumed that these noises are independently and identically distributed 

(I.I.D.) where 𝜂𝑡~𝑁(0, 𝐼(𝑁)) and 𝜖𝑡~𝑁(0, 𝐼(𝑝𝑡)), respectively. The measurement equation 

relates a vector of observable variables 𝑌𝑡 (i.e., the commodity term structure) with a vector of 

unobservable state variables 𝑋𝑡 , assuming the existence of a linear relationship between 

observed and state variables with deterministic (𝑑𝑡) inputs and the existence of noise (𝜖𝑡). The 

measurement equation thus estimates futures contract prices as a function of state variables and 

contract maturity. The transition equation describes the one-step-ahead predictions of the 

stochastic process followed by the state variables, which is driven by both deterministic (𝑐) and 

stochastic ( 𝑄𝜂𝑡 ) inputs. The inputs of the measurement and transition equations that 

characterize the Kalman filter algorithm for the N-factor framework will now be described. 

𝑋𝑡 is a 𝑁 × 1 vector corresponding to the state variables of the N-factor model: 

𝑋𝑡 = [𝑥1(𝑡), 𝑥2(𝑡),⋯ , 𝑥𝑁(𝑡)]
′. 

𝑌𝑡  is a 𝑝𝑡 × 1  vector corresponding to the measurable commodity term structure at each 

discrete observation point: 

𝑌𝑡 = [ln(𝐹𝑡,𝑇1) , ln(𝐹𝑡,𝑇2) , ln (𝐹𝑡,𝑇𝑝𝑡)]
′

, 
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where 𝐹𝑡,𝑇𝑖 is the quoted futures price of observation 𝑖 (𝑖 ≤ 𝑝𝑡) with a corresponding time-to-

maturity of 𝑇𝑖. 

𝑐 is a 𝑁 × 1 vector corresponding to the intercept of the transition equation: 

𝑐 = [𝜇Δ𝑡, 0,⋯ ,0]′ 

and 𝑑𝑡 is a 𝑝𝑡 × 1 vector corresponding to the intercept of the measurement equation: 

𝑑𝑡 = [𝛿(𝑇1), 𝛿(𝑇2),⋯ , 𝛿(𝑇𝑝𝑡)]
′
+ [𝐴(𝑇1), 𝐴(𝑇2),⋯ , 𝐴(𝑇𝑝𝑡)]

′
, 

where 𝛿(𝑇) and 𝐴(𝑇) correspond to the standard risk-premium and seasonal formulae under 

the N-factor framework. 

𝐺 is a 𝑁 × 𝑁 diagonal matrix corresponding to the slope of the transition equation, with 

diagonal elements equal to: 

𝐺[𝑖, 𝑖] = {
1 𝑖 = 1

𝑒−𝜅𝑖Δ𝑡 𝑖 > 1
. 

𝑍𝑡 is a 𝑝𝑡 ×𝑁 matrix corresponding to the slope of the measurement equation. Each element 

[𝑖, 𝑗] is equal to: 

𝑍𝑡[𝑖, 𝑗] = {
1 𝑗 = 1

𝑒−𝜅𝑗𝑇𝑖 𝑗 > 1
. 

𝑄 is a 𝑁 ×𝑁 matrix that corresponds to the covariance of state variables. Each element [𝑖, 𝑗] 

is equal to: 

𝑄[𝑖, 𝑗] = 𝐶𝑜𝑣∗ (𝑥𝑖(Δ𝑡), 𝑥𝑗(Δ𝑡)) 

and thus: 

𝑄[𝑖, 𝑗] = {

𝜎1
2Δ𝑡 𝑖. 𝑗 = 1

𝜎𝑖𝜎𝑗𝜌𝑖,𝑗
(1 − 𝑒−(𝜅𝑖+𝜅𝑗)Δ𝑡)

𝜅𝑖 + 𝜅𝑗
𝑖. 𝑗 ≠ 1

. 

Finally, 𝐻𝑡 is a 𝑝𝑡 × 𝑝𝑡 matrix corresponding to the measurement error of observations. Matrix 

𝐻𝑡 is typically diagonal in commodity pricing literature, with diagonal elements made up of 

measurement error parameters 휀. The commodity pricing literature has differed, however, in 

how parameters in vector 휀 are specified. The formulation of matrix 𝐻𝑡 for N-factor CPMs will 
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now be discussed, and a new method for specifying the measurement error of observations, 

referred to as the maturity measurement error method, is further presented. 

3.4.1.a Measurement Error 

The classification of measurement error 휀𝑖 within specified CPMs allows for a degree 

of error between estimated and actual futures prices of observations. Measurement error thus 

represents effects such as asynchronous price quotes, non-simultaneity of observations, errors 

in the data, or a CPM's inability to perfectly explain the term structure (Schwartz, 1997; 

Schwartz & Smith, 2000; Cortázar et al., 2007). Measurement errors in the commodity pricing 

literature are typically assumed time-series and cross-sectionally independent such that the 

serial and cross-correlation of log prices are attributed to variation in state variables (Schwartz, 

1997) (for examples see: Schwartz (1997, 1998); Schwartz and Smith (2000); Cortazar and 

Schwartz (2003); Cortazar et al. (2004); Cortazar and Naranjo (2006); Cortázar et al. (2007); 

Paschke and Prokopczuk (2010); Mirantes et al. (2012, 2013); Cortazar et al. (2016), among 

others). Measurement error parameters 휀𝑖  are estimated through MLE along with other 

unknown parameters of the N-factor CPM. Let 휀 be a vector of length 𝑀 corresponding to the 

total number of individually specified measurement errors. The number of specified 

measurement error parameters 𝑀 thus increases the complexity of estimating the parameters 

of CPMs but may also increase the overall fit of the CPM to the observable commodity term 

structure. 

Measurement Error in Existing Literature 

Measurement error parameters 휀𝑖 are specified within existing literature through two 

distinct approaches. The first approach assumes that each observed futures contract in 

observation matrix 𝑌  features its own measurement error parameter. This approach thus 

assumes that there are as many unknown measurement error parameters as there are observed 

futures contracts. If 𝑃 is the total number of observed futures contracts within the observable 

time series 𝑌, then 𝑀 = 𝑃. Diagonal elements of measurement error matrix 𝐻𝑡 through this 

approach are given by: 

𝐻𝑡[𝑖, 𝑖] = 휀𝑖, 𝑖 = 1,⋯ ,𝑀, 𝑡 = 1,⋯ 𝜏. 

Specifying the measurement error matrix through this approach assumes that the measurement 

errors of observations are independent and unique. There are therefore 𝑃 measurement error 

parameters that must be estimated through MLE. 
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Early commodity pricing studies by Schwartz (1997) and Schwartz and Smith (2000) 

utilized stitched, aggregate commodity futures data to estimate CPMs. These models were 

estimated using five observations for publicly traded futures contracts at each discrete 

observation point and 10 for privately acquired Enron futures data. The relatively small number 

of observations used in these studies allowed for the assumption that measurement errors were 

independent and unique, thus estimating up to 10 measurement error parameters. Estimating 

unique measurement errors of observations allowed these studies to analyse and interpret the 

fit of estimated CPMs to different areas of the futures price curve and thus the ability of these 

models to forecast short-, medium- and long-term futures prices. Schwartz and Smith (2000) 

further propose that by assuming independent and unique measurement errors, different error 

covariance structures can be applied to obtain better fits for particular contracts maturities, 

rather than selecting measurement error parameters that maximize the likelihood and thus 

provide the greatest overall fit to the data. 

The second approach to the specification of measurement errors adopted within the 

commodity pricing literature is the assumption that there is only a singular measurement error 

parameter for all observations in matrix 𝑌, and thus 𝑀 = 1. Using this approach therefore 

assumes that measurement errors of observations are independent and identical. This method 

was first proposed by Babbs and Nowman (1999) for interest rate term structure models, which 

has been cited several times in the commodity pricing literature as justification of this 

assumption (Cortazar & Naranjo, 2006; Shao et al., 2015). The benefit of a constant 

measurement error is reduced computational burden in the Kalman filter and fewer total 

parameters to estimate through MLE (Babbs & Nowman, 1999). Under the assumption that 

measurement errors are independent and identical, matrix 𝐻𝑡 is diagonal and given by: 

𝐻𝑡 = 휀𝐼(𝑝𝑡), ∀𝑡 = 1,⋯ , 𝜏. 

The assumption of independent and identical measurement errors is the primary 

approach used in the contemporary commodity pricing literature (for examples, see Cortázar 

et al. (2007); Abadie and Chamorro (2008); Cortazar, Gravet, et al. (2008); Cortazar, Milla, et 

al. (2008); Mirantes et al. (2012, 2013); Cortazar et al. (2016); Cortazar et al. (2017)). These 

studies estimate complex CPMs with multiple stochastically evolving state variables and many 

unknown model parameters. These CPMs are also typically estimated using a large portion of 

the observable commodity term structure. For example, a replication of the panel A dataset of 

Cortazar and Naranjo (2006) features a total of 154 observed futures contracts over the 
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observation period, which would result in a computationally infeasible number of unknown 

parameters if the unique measurement error assumption was adopted. 

Whilst an assumption of identical measurement errors reduces the complexity of CPM 

parameter estimation, it assumes that white noise in observed futures contracts is constant 

across the entire term structure. Geyer and Pichler (1999) discussed measurement errors in 

interest rate term structure models. They argued that considering maturity specific 

measurement error considers that trading activity and, therefore, the bid-ask spread will differ 

over the term structure. The different behaviour of futures contracts over the observable futures 

price curve has been well observed within existing commodity pricing literature. Schwartz 

(1997) and Schwartz and Smith (2000) found substantial differences in estimated unique 

measurement error parameters. Samuelson’s (1965) hypothesis argues that the volatility of 

futures contract returns depends on its time to maturity. If measurement error partly represents 

the inability for a CPM with limited factors to fully explain the stochastic behaviour of futures 

prices, it could then be argued that the measurement error of futures contracts will also vary 

over the time to maturity of observed futures contracts. 

The Maturity Measurement Error Approach 

The maturity measurement error approach is a new and more general method for the 

specification of measurement errors of CPMs. The motivation of this method is to ease the 

assumption of identical measurement errors whilst still allowing for a computationally feasible 

number of unknown parameters of a CPM. This approach allows for an arbitrary number of 𝑀 

measurement error parameters to be specified, where 1 ≤ 𝑀 ≤ 𝑃 . In this approach, the 

measurement errors of observations are grouped by their associated time to maturity. The two 

existing approaches adopted within the commodity pricing literature are considered special 

cases of the maturity measurement error approach when 𝑀 = 1 and 𝑀 = 𝑃, respectively. 

At any particular discrete observation, the observed quoted futures prices 𝑌𝑡 have an 

associated time to maturity 𝑇𝑡 = [𝑇1,⋯ , 𝑇𝑝𝑡]
′
. To group these observations 𝑌𝑡 into 𝑀 groups 

based upon their time to maturity, a vector 𝑇𝑇𝑀  of length 𝑀 − 1  of maturity bounds is 

specified: 

𝑇𝑇𝑀 = [𝑇𝑇𝑀1, 𝑇𝑇𝑀2, ⋯ , 𝑇𝑇𝑀𝑀−1]
′. 

Using the maturity measurement error approach, the diagonal elements [𝑖, 𝑖] of matrix 𝐻𝑡 are 

then given by: 
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𝐻𝑡[𝑖, 𝑖] =

{
 
 

 
 
휀1, 𝑇𝑖 < 𝑇𝑇𝑀1
휀2, 𝑇𝑇𝑀1 < 𝑇𝑖 < 𝑇𝑇𝑀2

⋮ ⋮
휀𝑀−1, 𝑇𝑇𝑀𝑀−2 < 𝑇𝑖 < 𝑇𝑇𝑀𝑀−1

휀𝑀, 𝑇𝑖 > 𝑇𝑇𝑀𝑀−1

, 𝑖 = 1,⋯ , 𝑝𝑡, ∀𝑡 = 1,⋯ , 𝜏. 

The measurement errors of observations using this approach are now dependent on their time 

to maturity. The value of a measurement error assigned to a particular futures contract may 

thus change over the observation period as it approaches its maturity. The maturity 

measurement error approach requires that the maximum time to maturity is greater than the 

maximum time to maturity observed in the observation matrix, i.e., 𝑇𝑇𝑀𝑀 ≥ 𝑇𝑡, ∀𝑡 = 1,⋯ , 𝜏. 

To examine the maturity measurement error approach in greater detail, consider the 

publicly traded dataset of Schwartz and Smith (2000). This dataset consists of five stitched 

futures contracts (i.e., 𝑃 = 5), denoted F1, F5, F9, F13, and F17 corresponding to the months 

until maturity (i.e., 𝑇𝑡 = [1,5,9,13,17]′ ∀𝑡). The number of measurement error parameters that 

can be considered within this dataset is therefore between one and five (i.e., 1 ≤ 𝑀 ≤ 5). 

Consider the case when 𝑀 = 3, i.e., which corresponds to three measurement error parameters 

grouped by two maturity bounds. Let these maturity bounds be 𝑇𝑇𝑀 = [2,15]′.Therefore, the 

measurement matrix 𝐻𝑡 in this scenario is given by: 

𝐻𝑡[𝑖, 𝑖] = {

휀1, 𝑇𝑖 < 2
휀2, 2 < 𝑇𝑖 < 15
휀3, 𝑇𝑖 > 15

, 

and thus: 

𝐻𝑡 =

[
 
 
 
 
휀1 0 0 0 0
0 휀2 0 0 0
0 0 휀2 0 0
0 0 0 휀2 0
0 0 0 0 휀3]

 
 
 
 

 . 

Under this specification, the short-term contract F1 is estimated using 휀1, the medium-term 

contracts F5, F9 and F13 are estimated with 휀2 and the long-term contract F17 is estimated 

with 휀3 . Different specifications of the maturity bounds will result in different contracts 

considered using different measurement errors. The maturity measurement error approach thus 

provides flexibility in the consideration of measurement errors in observed term structure data. 

Increasing the number of measurement error parameters may increase the overall fit of an 

estimated CPM to the observable term structure data at the expense of a greater number of 
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parameters estimated through MLE. The influence of the maturity measurement error approach 

on the fit of estimated CPMs to a commodity’s term structure is empirically investigated in 

Chapter 4. 

3.4.1.b Diffuse Kalman Filtering 

The instantiation of the Kalman filter algorithm requires an initial mean �̂�1  and 

covariance 𝑃1 of the state vector. A difficulty in empirical implementations of Kalman filtering 

with CPMs is that the initially defined state vector and spot prices are not directly observable. 

A customary practice of Kalman filtering when nothing is known about the initial state is to 

use a diffuse initial state, in which the initial covariance is set with arbitrarily large elements 

along the main diagonal to reflect the uncertainty of the initial state (De Jong, 1991; Durbin & 

Koopman, 2001; Tusell, 2011). In commodity markets, the futures contract closest to maturity 

is often used as a proxy for the spot price (Lautier, 2005; Cortazar et al., 2016). One proposed 

initial condition assumption of the diffuse state vector under the N-factor framework is thus: 

𝑋1 = [ln(𝑌1,1) , 0,⋯ ,0]
′
, 

where 𝑌1,1 corresponds to the closest-to-maturity futures price of the first set of observations.  

An alternate assumption of the initial state variables is to consider them unknown 

parameters estimated during the MLE process. Under the N-factor framework, the initial 

condition of the first state variable persists across future observations, whilst the influence of 

the initial conditions of further factors are transient and decay exponentially (as can be seen 

from matrices 𝐺  and 𝑍𝑡 , respectively). The transient effect of the state vector on future 

observations means that the initial conditions of state variables cannot be reliably estimated 

through MLE, as the likelihood function is insensitive to initial state variables. 

The diffuse assumption for filtering under the N-factor framework was empirically 

determined in this dissertation to be a reasonable assumption, with the filtered values of CPMs 

and associated log-likelihood scores insensitive to the magnitude of the variance matrix of the 

initial state. Initial state variables were also insensitive to the estimated state variables and were 

estimated with extremely low precision during MLE. The diffuse initial assumption is utilized 

for the remainder of this dissertation. 

3.4.1.c N-Factor Model Parameter Estimation 

Following the specification of a CPM under the N-factor framework, the values of the 

transition and measurement equations of the Kalman filter are dependent upon the parameter 
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vector of the system of state variables, which may need to be estimated through MLE. The 

number of unknown parameters to estimate under the N-factor framework depends on the 

number of state variables 𝑁, the number of seasonal factors 𝐾, and the number of measurement 

errors 𝑀. For a specified CPM under the N-factor framework, the parameter vector 𝜃(𝑁,𝐾,𝑀) 

is: 

𝜃(𝑁,𝐾,𝑀) = [𝜇, 𝜇∗, Κ, Λ, Σ, Ω, Δ, ε], 

where: Κ = {𝜅2, 𝜅3, ⋯ , 𝜅𝑁} , Λ = {𝜆2, 𝜆3, ⋯ , 𝜆𝑁} , Σ = {𝜎1, 𝜎2, ⋯ , 𝜎𝑁} ,  

Ω = {ρ1,2, 𝜌1,3, 𝜌2,3⋯ , 𝜌𝑁−1,𝑁} , Δ = {𝛿1,1, 𝛿1,2, 𝛿2,1, 𝛿2,2, ⋯ , 𝛿𝐾,1, 𝛿𝐾,2}  and 

 ε = {휀1, 휀2, ⋯ , 휀𝑀}. 

The number of unknown parameters 𝜓 in the specified CPM is then: 

ψ = 2 + 2(𝑁 − 1) + 𝑁 +
𝑁(𝑁 − 1)

2
+ 2𝐾 +𝑀 

𝜓 =
𝑁2 + 5𝑁

2
+ 2𝐾 +𝑀. 

The number of unknown constant parameters of a specified CPM under the N-factor framework 

increases quadratically as a function of 𝑁 and linearly as a function of 𝐾 and 𝑀.  

Following the specification of the transition and measurement equations and a 

particular point of the parameter vector 𝜃(𝑁,𝐾,𝑀), the Kalman filter recursively iterates 

across discrete observations to estimate state variables and return an associated log-likelihood 

score for the specified parameter vector. The solution of the optimal one-step-ahead prediction 

of the traditional Kalman filter algorithm is now presented. 

The initial state vector 𝑋1 is normally distributed and given by: 

𝑋1~𝑁(�̂�1, 𝑃1), 

where 𝑋1  and 𝑃1  are the mean vector and variance matrix of the initial state vector, 

respectively. The iterative Kalman filter works recursively to calculate the optimal estimates 

of state variables and the variance-covariance matrix:  

𝑃𝑡 = 𝐸(𝑋𝑡 − 𝑋𝑡|𝑡−1)(𝑋𝑡 − 𝑋𝑡|𝑡−1)
′
. 
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The optimal one-step-ahead prediction of the traditional Kalman filter is then: 

𝑋𝑡|𝑡−1 = 𝑐 + 𝐺𝑋𝑡−1, 

�̂�𝑡 = 𝑑𝑡 + 𝑍𝑡𝑋𝑡|𝑡−1, 

𝑃𝑡|𝑡−1 = 𝐺𝑃𝑡𝐺
′ + 𝑄, 

𝐹𝑡 = 𝑍𝑡𝑃𝑡|𝑡−1𝑍𝑡
′ + 𝐻𝑡, 

𝐾𝑡 = 𝑃𝑡|𝑡−1𝑍𝑡
′𝐹𝑡
−1, 

𝑃𝑡 = (𝐼 − 𝐾𝑡𝑍𝑡)𝑃𝑡|𝑡−1, 

𝑣𝑡 = 𝑌𝑡 − �̂�𝑡, 

𝑋𝑡 = 𝑋𝑡|𝑡−1 + 𝐾𝑡𝑣𝑡 . 

𝑣𝑡 is known as the innovation prediction error, 𝐹𝑡 is known as the prediction error variance 

matrix and 𝐾𝑡 is known as the Kalman gain, which represents the relative importance of the 

error with respect to the prior state estimate. After optimal one-step-ahead predictions have 

been calculated, the Kalman filter loops recursively across all discrete time steps. The 

associated log-likelihood function of innovations for the given values of the parameter vector 

is then given by: 

ln 𝐿 = −
1

2
∑(𝑝𝑡. ln(2𝜋) + ln|𝐹𝑡| + 𝑣𝑡

′𝐹𝑡
−1𝑣𝑡)

𝜏

𝑡=1

. 

A derivation of the log-likelihood function is provided in the work of Durbin and Koopman 

(2001). The log-likelihood function measures the goodness of fit to the observed panel data 𝑌 

for the given values of the parameter vector, allowing for parameter estimation as well as N-

factor model comparison and selection. 

Parameter estimation of input vectors to the Kalman filter algorithm through MLE is a 

numerically unstable process. MLE of N-factor CPMs is characterised by a discontinuous log-

likelihood surface, featuring multiple local optima and regions where the log-likelihood score 

is non-real. It can be seen that the log-likelihood function is dependent upon the prediction 

error variance matrix (𝐹𝑡) and the innovation prediction error vector (𝑣𝑡). Maximizing the log-

likelihood function of the Kalman filter is thus a process of maximizing the term −
1

2
ln |𝐹𝑡|, 

which will increase as the determinant of the prediction error variance matrix |𝐹𝑡| approaches 
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zero. As this value approaches zero, however, the matrix 𝐹𝑡 will approach a singular matrix, 

where the −
1

2
ln |𝐹𝑡| term will become undefined, and the inverse of this matrix 𝐹𝑡

−1 does not 

exist. This results in a discontinuous surface of the log-likelihood function, as the optimization 

procedure seeks to minimize the determinant of the prediction error variance matrix without 

having it become singular. Numeric optimization routines applied to estimate parameters 

through Kalman filtering and MLE must therefore be able to consider non-real log-likelihood 

scores as a viable output of the objective function. 

A benefit of estimating CPMs through Kalman filtering and MLE is the convenient 

calculation of standard errors in parameter estimates. These may be calculated through the 

hessian matrix commonly returned by gradient-based numeric optimization algorithms. A 

hessian matrix is defined as the matrix of partial second-order derivatives of the posterior with 

respect to the parameters. Standard errors are then obtained through the square root of the 

inverse of the diagonal of the negative Hessian. Calculating standard errors through the Hessian 

matrix requires that the negative of the Hessian matrix is positive definite and invertible. 

Several standard methods and criteria are available for the direct comparison of N-

factor CPMs estimated through MLE, provided these models have been estimated using an 

identical dataset of observations. In the early work of Schwartz and Smith (2000), a log-ratio 

approach was adopted to compare the short-term/long-term model over one-factor CPMs, as it 

was noted that a two-factor CPM nests the one-factor GBM and GOU processes as special 

cases. This also holds under the N-factor framework, with CPMs with a lower number of 

factors able to be taken as special cases of CPMs with a larger number of factors. This requires 

the subsequent factors to have zero uncertainty. The log-ratio approach allows for the 

evaluation on whether increasing the number of factors within an N-factor CPM returns a 

statistically significant increase in log-likelihood and therefore models ability to explain the 

observed data (Schwartz & Smith, 2000). 

An alternate model selection criterion to the log-ratio approach is the Akaike 

information criterion (AIC) and Bayesian information criterion (BIC). The AIC and BIC 

consider the trade-off between the goodness of fit of a model and its number of unknown 

parameters. The AIC and BIC are given by: 

𝐴𝐼𝐶 = 𝑛𝑝−1[2𝜓 − 2 ln 𝐿(𝑦|𝜃)], 

𝐵𝐼𝐶 = 𝑛𝑝−1[𝜓 ln(𝑛𝑝) − 2 ln(𝐿(𝑦|𝜃)], 
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where 𝜓 is the number of unknown parameters of an N-factor CPM. The model that minimizes 

the AIC or BIC is then taken as the model that has maximized the goodness of fit to the 

observable term structure data, whilst explicitly accounting for and penalizing the number of 

unknown parameters in estimated N-factor CPMs. The AIC and BIC criteria are simpler to 

evaluate than the log-ratio approach, as the output values may be directly compared for model 

selection rather than testing for statistical significance. The BIC also features a higher penalty 

term than the AIC. Therefore, the BIC is the recommended model selection criterion for 

comparing N-factor CPMs. The BIC will be applied in Chapter 4 to identify the optimal 

estimated CPM for different commodities. 

3.4.2 Kalman Filter Optimization 

Kalman filtering N-factor CPMs and numerically optimizing the log-likelihood 

function of innovations is computationally expensive. Optimization of the computational 

efficiency of the Kalman filter algorithm is therefore a key consideration when estimating N-

factor CPMs to ensure that the commodity term structure is modelled within a reasonable and 

practical timeframe. The purpose of this section is to present the sequential processing method 

of Durbin and Koopman (2001), which has been proposed as a method of optimizing the 

computational efficiency of Kalman filtering. 

CPMs are estimated using a large panel dataset of observed quoted futures prices. Term 

structure data features many quoted futures prices over an extended observation period. These 

characteristics of N-factor CPMs result in large dimensionality in the associated matrices of 

the Kalman filter. For example, Cortazar and Naranjo (2006) estimate oil CPMs using the entire 

available daily quoted oil futures prices, with Panel A data used in this study consisting of a 

total of 154 futures contracts observed at a daily frequency over nine years, resulting in 70,584 

total quoted futures prices.  

CPMs under the N-factor framework may also be characterized by multiple state 

variables and a substantial number of unknown parameters. A larger parameter vector (i.e., a 

larger value of 𝜓) requires a greater number of evaluations of different sets of parameter values 

𝜃 to adequately model the hypersurface of the likelihood function and converge upon a set of 

parameters that maximize the log-likelihood of observations. It may also be desirable to 

estimate multiple CPMs with a varying number of drift factors, seasonal factors and 

measurement error parameters to empirically analyse the relative fit and optimal structure of 

N-factor CPMs for a commodity. Cortazar and Naranjo (2006) estimated oil CPMs with up to 
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four factors and 19 unknown parameters. Cortazar et al. (2016) estimated oil CPMs with up to 

five factors, corresponding to 26 unknown parameters estimated using approximately five 

years of daily observations of 12 generic oil futures contracts. The most complex oil CPM 

estimated in section 4.3.1 is a five-factor CPM with five measurement errors, corresponding to 

30 unknown parameters. Estimating the parameters of these CPMs requires hundreds of 

thousands of iterations of the Kalman filter, making the computational efficiency of this 

algorithm a key consideration when developing a framework for estimating CPMs. 

Methods of optimizing Kalman filtering have been proposed within existing literature 

to optimize the algorithm’s speed by minimizing its computational expense. The two primary 

methods proposed for optimizing this algorithm within the literature are the steady-state 

Kalman filter and sequential processing. 

When the state space model considered within the Kalman filter has time-invariant and 

asymptotically stable matrices, the Kalman recursion for 𝑃𝑡+1 rapidly converges to a constant 

matrix �̅�, known as the steady-state solution of the variance of state variables (Durbin & 

Koopman, 2001). This steady-state solution can be exploited to develop considerable decreases 

in the computational expense of the Kalman filter. When a Kalman filter recursion has 

converged to a steady-state solution, matrices 𝐹𝑡, 𝐾𝑡 and 𝑃𝑡+1 become time-invariant, making 

the recursive updating of these matrices no longer required. Tai and Fu (2009) used the steady-

state solution of the Kalman filter to propose a two-stage estimation procedure of the Short-

Term/Long-Term model of Schwartz and Smith (2000), decreasing the total number of 

unknown parameters required to be estimated through MLE and increasing estimation 

efficiency over the traditional Kalman filter algorithm. 

Whilst a steady-state solution to the Kalman filter algorithm features appealing benefits, 

the filtering of the N-factor framework features a steady-state solution only when the intercept, 

slope and error of the measurement equation are made time-invariant. This requires fixed 

values of the number of observations per discrete time period (𝑝𝑡) and the time-to-maturity of 

these observations (𝑇). Kalman filtering of CPMs thus only possesses a steady-state solution 

when stitched, aggregated futures data with no missing observations is utilized when estimating 

CPMs (such as those presented within the works of Schwartz (1997); Schwartz and Smith 

(2000)), which is no longer the standard approach of contemporary commodity pricing studies. 

Furthermore, the computation gain of the steady-state solution may only be exploited when 

Kalman filter implementations explicitly check at each iteration if the Kalman filter has 
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converged to the steady-state solution, thus avoiding needlessly calculating the values of 𝐹𝑡, 𝑃𝑡 

and 𝐾𝑡. Unfortunately, typical implemented Kalman filter algorithms do not explicitly check 

for or exploit the computational savings netted by the steady-state solution. Because optimizing 

the computation time of the Kalman filter through the steady-state solution requires stitched, 

aggregated data, it is not the most appropriate method for filtering N-factor CPMs. 

Sequential processing, also known as the univariate approach, is an alternate method of 

the Kalman filter algorithm that performs a univariate treatment of a multivariate panel series 

of observations. Sequential processing can offer significant computational efficiency for 

filtering time-series data over traditional Kalman filtering (Durbin & Koopman, 2001). The 

application of sequential processing requires that the components of the observation vector 𝑌𝑡 

are uncorrelated (i.e., matrix 𝐻𝑡  is diagonal). Independence in the measurement error of 

observations is the typical assumption made in commodity pricing literature, making sequential 

processing an attractive choice for Kalman filtering in this research area. 

During traditional Kalman filtering, the entire observational vector 𝑌𝑡  is taken for 

analysis at each discrete observation point, developing one-step-ahead predictions and log-

likelihood scores through a series of matrix operations. The sequential processing approach 

instead proposes that elements of 𝑌𝑡 are taken for analysis individually, thus converting the 

observations from a multivariate to a univariate series. Kalman filtering is then performed using 

a series of scalar operations, which can be more computationally efficient. Sequential 

processing can also easily deal with irregularly missing entries, as they are simply dropped 

from the observation vector. Sequential processing was first proposed by Anderson and Moore 

(1979), and a complete solution to the Kalman filter sequential processing algorithm was 

subsequently presented by Durbin and Koopman (2001). A solution to the Kalman filter 

algorithm through sequential processing is now presented. 

The sequential processing iteration treats the vector series of observations: 𝑌1,⋯ , 𝑌𝜏 

instead as the scalar series: 𝑦1,1, 𝑦1,2,⋯ , 𝑦1,𝑝1 , 𝑦2,1, 𝑦2,2, ⋯ , 𝑦𝜏,𝑝𝜏. The optimal estimates of the 

filter under the sequential processing method are then: 

𝑋𝑡,1 = 𝐸(𝑋𝑡,1|𝑌𝑡−1), 𝑃𝑡,1 = 𝑉𝑎𝑟(𝑋𝑡,1|𝑌𝑡−1), 

and: 

𝑋𝑡,𝑖 = 𝐸(𝑋𝑡,𝑖|𝑌𝑡−1, 𝑦𝑡,1, 𝑦𝑡,2, ⋯ , 𝑦𝑡,𝑖−1), 
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𝑃𝑡,𝑖 = 𝑉𝑎𝑟(𝑋𝑡,𝑖|𝑌𝑡−1, 𝑦𝑡,1, 𝑦𝑡,2, ⋯ , 𝑦𝑡,𝑖−1). 

 

Transition between discrete times steps 𝑡 to 𝑡 + 1 is identical to the standard Kalman filter: 

𝑋𝑡,1 = 𝑐 + 𝐺. 𝑋𝑡−1,𝑝𝑡−1 . 

The one-step-ahead solution is then: 

�̂�𝑡,𝑖 = 𝑑𝑡,𝑖 + 𝑍𝑡,𝑖𝑋𝑡,𝑖, 

𝑃𝑡,𝑖 = 𝐺𝑃𝑡𝐺
′ + 𝑄, 

𝐹𝑡,𝑖 = 𝑍𝑡,𝑖𝑃𝑡,𝑖𝑍𝑡,𝑖
′ + 𝐻𝑡,𝑖, 

𝐾𝑡,𝑖 =
𝑃𝑡,𝑖𝑍𝑡,𝑖

′

𝐹𝑡,𝑖
, 

𝑃𝑡,𝑖+1 = 𝑃𝑡,𝑖 − 𝐾𝑡,𝑖𝐹𝑡,𝑖𝐾𝑡,𝑖
′ , 

𝑣𝑡,𝑖 = 𝑦𝑡,𝑖 − �̂�𝑡,𝑖, 

𝑋𝑡,𝑖+1 = 𝑋𝑡,𝑖 + 𝐾𝑡,𝑖𝑣𝑡,𝑖, 

∀𝑖 = 1,2,⋯𝑃𝑡 , 𝑡 = 1,2,⋯ 𝜏. 

The log-likelihood function of innovations for the univariate treatment of observations is given 

by: 

ln 𝐿 = −
1

2
∑(𝑝𝑡 ln(2𝜋) +∑(ln𝐹𝑡,𝑖 +

𝑣𝑡,𝑖
2

𝐹𝑡,𝑖
)

𝑝𝑡

𝑖=1

)

𝜏

𝑡=1

. 

Under the sequential processing formulation, 𝐻𝑡,𝑖 , 𝑣𝑡,𝑖  and 𝐹𝑡,𝑖  are scalars whilst the 

Kalman gain 𝐾𝑡,𝑖 is a column vector. Gains in computational efficiency through the sequential 

processing approach, empirically demonstrated later in section 3.4.3.a, are primarily attributed 

to the scalar specification of 𝐹𝑡,𝑖. The 𝑝𝑡 × 𝑝𝑡 prediction error variance matrix 𝐹𝑡,𝑖 instead being 

a scalar value avoids two matrix multiplications as well as the calculation of the determinant 

and inverse of the matrix at each time point. The sequential processing approach instead 

computes the inverse of a scalar value 𝑝𝑡 times, which may be more computationally efficient, 

particularly when there are many observations at a given time point (i.e., 𝑝𝑡 is large). 𝐹𝑡,𝑖 being 
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a scalar value also relaxes the requirement that the prediction error variance matrix 𝐹𝑡 be non-

singular. 

There are several distinctions in the filtered values of matrices under the multivariate 

Kalman filter and sequential processing. Whilst the first elements of the innovation vector 𝑣𝑡 

are equal under both processes, further elements under the multivariate Kalman filter are not 

equivalent to the univariate calculated series 𝑣𝑡,𝑖. This is also true of the diagonal elements of 

matrix 𝐹𝑡 and the variances 𝐹𝑡,𝑖, for 𝑖 = 1,⋯ , 𝑝; only the first diagonal element of 𝐹𝑡 is equal 

to 𝐹𝑡,1 (Durbin & Koopman, 2001). 

The natural assumption of independence in the measurement error of observations that 

is typical of the commodity pricing literature makes the application of sequential processing to 

the Kalman filtering of commodity term structure data an appealing choice, as sequential 

processing may result in the benefit of increased computational efficiencies in the filtering and 

hence estimation of CPMs under the N-factor framework.  

3.4.3 Kalman Filter Implementation 

The purpose of this section is to introduce the Kalman filter algorithm program 

implementation used to filter N-factor CPMs in this dissertation. The FKF.SP package and its 

applicability to the Kalman filtering and parameter estimation of N-factor CPMs is presented. 

The relative speed of package FKF.SP is compared with two existing Kalman filter 

implementations across a variety of example datasets, including simulated commodity term 

structure data. Kalman filtering of N-factor CPMs in this dissertation is performed through the 

R statistical programming language. There are several existing implementations of the Kalman 

filter algorithm available in open-source packages within the R programming language, of 

which Tusell (2011) provides an early comparative study and review. 

There are several features required of a Kalman filter implementation in order to be 

applied to estimate N-factor CPMs. The implementation must be able to consider time-varying 

matrices in the transition and measurement equations, support missing observations in the 

observation panel data and return both estimated state variables and the log-likelihood score of 

parameter sets. The Kalman filter implementation must also be computationally efficient to 

ensure timely estimation of parameters, as N-factor CPMs are characterized by multiple 

stochastically evolving state variables, many unknown parameters and a rich observation panel 

dataset featuring a large observation period and multiple quoted futures prices at each 
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observation point. The Kalman filter algorithm must also allow for deterministic components 

within the transition and measurement equations, which is not available within some Kalman 

filter algorithms available within R (Tusell, 2011). 

Tusell (2011) presented a comparative analysis of five R Kalman filtering packages, 

comparing each package's relative features and computational speed. Of the packages reviewed 

by Tusell (2011), the available packages with sufficient features for the Kalman filtering of N-

factor CPMs are the dlm (dynamic linear models), FKF (Fast Kalman Filter) and KFAS 

(Kalman Filtering and Smoothing) packages. Tusell (2011) determined that Kalman filter 

implementations written in code that was compiled were the most computationally efficient.  

KFAS is one of the most popular R packages for the Kalman filtering of state-space 

models, providing a sequential processing Kalman filter algorithm written in Fortran code, 

which is compiled (Helske, 2017). The Kalman filter implementation of KFAS has been used 

within several different packages and was further utilized in the work of Rennemo (2019) to 

estimate N-factor CPMs.  

Although KFAS utilizes sequential processing, Tusell (2011) determined through 

testing a variety of example datasets that the FKF package of Luethi, Erb, and Otziger (2009) 

was a faster Kalman filter implementation. FKF features an implementation of the traditional 

Kalman filter algorithm written in C code, which is compiled and relies on the Basic Linear 

Algebra Subprograms and Linear Algebra Package routines for optimized vector and matrix 

operations. FKF being a faster Kalman filter implementation despite not using sequential 

processing suggests that C is an appropriate programming language for the Kalman filter 

algorithm and that the computational efficiency of the FKF package could likely be improved 

by rewriting this implementation to utilize sequential processing. The KFAS package has been 

completely rewritten since Tusell’s empirical study on the computational efficiency of these 

Kalman filter implementations (Helske, 2017), which warrants a contemporary analysis of the 

relative computational efficiencies of these packages. 

The FKF.SP (Fast Kalman Filter through Sequential Processing) package is a new R 

package written for the purpose of this dissertation that provides an implementation of the 

Kalman filter sequential processing algorithm written in C code, which is then compiled. 

FKF.SP is designed to optimize the computational efficiency of the Kalman filter algorithm. 

FKF.SP was written based upon the FKF package, adjusting the traditional Kalman filter 

implementation to perform sequential processing. FKF.SP also increases the detail of error 
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reporting in the function compared to FKF and fixes a bug in the reporting of log-likelihood 

scores when missing values are considered within the observation matrix. FKF and FKF.SP 

are very similar in their usage and differ in only one argument within the function call, with 

the measurement error argument of the FKF.SP function requiring the diagonal elements of the 

measurement error matrix 𝐻𝑡 , as other elements of this matrix are assumed zero under the 

sequential processing algorithm. Both the FKF and FKF.SP packages allow for constant and 

time-varying inputs in each of the input matrices of the Kalman filter. A comparative analysis 

into the relative computational efficiency of the FFK.SP package against the FKF and KFAS 

packages will now be presented. 

3.4.3.a Computation Time Comparisons 

A comparative analysis of the processing time of FKF.SP to existing Kalman filter 

implementations is conducted in this section to empirically investigate the fastest available 

Kalman filter implementation within the R programming language. The comparative study 

begins with the application of the KFAS, FKF and FKF.SP packages to well-known example 

datasets. Following this, simulated and real commodity term structure data is applied to filter 

N-factor CPMs using the FKF and FKF.SP packages to compare the relative computational 

efficiency of sequential processing against traditional Kalman filtering when applied to filter 

CPMs. 

In the comparative analysis of Tusell (2011), computational efficiency was defined by 

estimating the total processing time of these implementations to estimate unknown parameters 

of state space models through MLE. MLE was performed using either the MLE functions 

available within these packages or through the optim function available within base R. Several 

limitations of this comparative study, however, have been identified. Numeric optimization of 

log-likelihood scores through the optim function uses random sampling to call the objective 

function with different, random parameter vectors and converge upon a global solution. 

Therefore, the total number of function calls used in the optim function to estimate state space 

models depends upon the seed of R’s random number generator. Tusell (2011) did not use the 

same seed for parameter estimation of state-space models with different Kalman filter 

implementations, thus introducing variance in each package's total number of function calls. 
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This meant that the metric used in this study did not provide a fair comparison, as different R 

packages were compared using a different total number of function calls. 

To address the limitation identified within the work of Tusell (2011), this comparative 

study instead uses the total processing time required to call the Kalman filter function a set 

number of times using the estimated parameters of state space models. Variance in the 

processing time of function calls is minimized by calling these functions 10,000 times, ensuring 

a fair comparison of the relative computational efficiency of each package. The computational 

efficiency of Kalman filtering implementation against example and commodity term structure 

data will now be presented. 

Example Data 

The computational efficiency of the KFAS, FKF and FKF.SP packages are evaluated 

in this section by applying several popular example datasets and state-space models. The 

datasets used within this comparative analysis are described below. 

Nile: A short, univariate time series of annual measurements of the flow of the river 

Nile at Aswan from 1871-1970, a well-known example described by Durbin and Koopman 

(2001). It is used as an example within the documentation of the KFAS, FKF and FKF.SP 

packages as well as the comparative study of Tusell (2011) and is available within the base R 

datasets package (R Core Team, 2018). A local-level state-space model is defined with just two 

parameters: the variances of the transition and measurement equations. These parameters are 

first estimated through MLE and subsequently applied within the function calls of each 

package. 

Tree Ring: A univariate time series containing 7,891 observations of normalized tree-

ring widths in dimensionless units from 6000BC to 1979. The tree ring dataset was recorded 

by Donald A. Grabill in 1980 from the Gt Basin Bristlecone Pine in Methuselah Walk, 

California and is available within base R through the datasets package (R Core Team, 2018). 

This dataset has been used as an example within the documentation of the FKF and FKF.SP 

packages. A local-level state-space model is defined with just two parameters: the variances of 

the transition and measurement equations. These parameters are first estimated through MLE 

and subsequently applied within the function calls of each package. 

ARMA(2,1): A univariate time series of 10,000 simulated observations sampled from 

a pre-defined ARMA(2,1) process. Observations are sampled through the arima.sim function 

of the base R stats package (R Core Team, 2018). The true values of the ARM(2,1) process 
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used in this example are identical to those presented within the documentation of the FKF and 

FKF.SP packages (Luethi et al., 2009; Aspinall et al., 2021b). The true values of the 

ARMA(2,1) process are then used to filter the state-space formulation of the process using each 

package. 

Exchange Rates Data: A multivariate time series consisting of daily observations of 

the exchange rate of up to 12 currencies for the periods 1988-01-04 to 1997-08-15 against the 

US dollar. The original data used in this study is available online as supplementary material of 

the original publication of Tusell (2011). A state-space model is defined considering between 

one and five currencies simultaneously. Observations are assumed independent for convenient 

application of sequential processing, making the parameters of the state-space model the 

diagonal elements of the variances of the transition and measurement equations. These 

parameters are first estimated through MLE and subsequently applied within the function calls 

of each package. 

Table 3-2 below presents the total processing time, in seconds, for 10,000 Kalman filter 

function calls. The comparative analysis study of the KFAS, FKF and FKF.SP packages to 

example datasets was performed using an Intel® Core™ i5-6500 CPU @ 3.20GHz using R 

version 4.0.2. 

 Observations 
FKF.SP 

(0.1.2) 

FKF 

(0.1.7) 

KFAS 

(1.4.5) 

Nile 100 1.17 1.81 5.32 

Tree Ring 7,980 58.02 100.50 104.03 

ARMA(2,1) 10,000 104.79 181.71 117.35 

One Currency 2,195 18.15 27.73 49.74 

Two Currencies 4,390 38.41 77.15 62.35 

Three Currencies 7,395 50.24 84.23 78.28 

Four Currencies 9,860 60.45 90.89 96.83 

Five Currencies 12,325 74.24 102.21 119.75 

Table 3-2. Relative processing times for Kalman filter packages. 

The FKF.SP package has outperformed the KFAS and FKF packages by a substantial 

margin across each of the example datasets applied within the comparative study (Table 3-2). 

From this comparative analysis, the FKF.SP package can be concluded to be the most 

computationally efficient Kalman filter implementation available within R, having 

outperformed the KFAS and FKF packages across each dataset. FKF.SP performed 

approximately 38% faster across the example datasets than FKF and 43% in comparison to 
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KFAS. Whilst KFAS utilizes sequential processing, gains in computational efficiency are 

mixed across example datasets and on average KFAS underperformed against FKF by 

approximately 30%. Whilst FKF and FKF.SP were developed with computational efficiency 

in mind, KFAS has extended functionality, including the consideration of non-Gaussian state-

space models. The sequential processing algorithm of KFAS is written in Fortran whilst FKF 

and FKF.SP are written in C, which may also explain the difference in computational 

efficiency.  

Whilst FKF.SP outperformed FKF by 34% when only one currency was observed, it 

was only 27% faster when five currencies were observed. Increasing the dimensionality of the 

panel observations thus appears to increase the relative efficiency of traditional Kalman 

filtering over sequential processing. This observation warrants further investigation into the 

limiting behaviour of the relative performance between traditional Kalman filtering and 

sequential processing. 

In conclusion, the FKF.SP package has decisively been the most computationally 

efficient Kalman filter algorithm through empirical applications to well-known example 

datasets. The performance of KFAS was determined to be low in comparison with the FKF and 

FKF.SP packages, supporting the findings by Tusell (2011). The traditional Kalman filter 

appears to increase computational efficiency relative to sequential processing as the dimensions 

of the observation panel data increase, warranting further investigation into the limiting 

behaviour of both algorithms as the panel data becomes large. KFAS is no longer considered 

due to the determination that it is not the most optimal Kalman filter implementation. 

Commodity Term Structure Data 

A comparison of the computational efficiency of packages FKF and FKF.SP to filter 

CPMs using commodity term structure data is conducted in this section. The purpose of this 

comparison is to directly compare the effect of sequential processing against traditional 

Kalman filtering under an increasing dimensionality of observations, thus characterizing the 

limiting behaviour of the computational efficiency of each iterative algorithm. The direct 

comparison of the computational efficiency of each Kalman filter algorithm against both 

simulated and real commodity term structure data will also provide further arguments for the 

application of sequential processing and, more specifically, the FKF.SP package to estimate 

CPMs under the N-factor framework. The simulation of commodity term structure data is 



 

103 

 

presented, followed by computational efficiency testing of both simulated and real commodity 

term structure data. 

Simulated Commodity Term Structure Data 

Given a specified N-factor CPM, commodity futures prices can be simulated through 

MCS to develop artificial datasets where the stochastic behaviour is known a priori. The 

simulation of commodity futures prices has been performed several times within existing 

commodity pricing literature (Andresen & Sollie, 2013; Aiube & Samanez, 2014; Sauvageau 

& Kumral, 2018). The simulation of commodity term structure data involves the application of 

the Kalman filter, where the variance of the transition and measurement equations (𝜂𝑡 and 𝜖𝑡 

respectively) are randomly drawn from a (multivariate) normal distribution at each discrete 

time point. This results in randomness in the innovations of the Kalman filter algorithm. 

Simulated commodity term structure data is developed by iterating through the Kalman filter 

recursion until a desired number of observations are attained. Simulation of commodity term 

structure data is available within the futures_price_simulate function of the NFCP package 

(Aspinall et al., 2021d). The meta code of the simulation procedure is presented below. 

Instantiate Kalman filter matrices:  

𝑋(0), 𝑑, 𝑍, 𝐻, 𝑐, 𝐺, 𝑄  

for 𝑖 = 1 to # simulated observations do 

Randomly sample 𝜂𝑖 and 𝜖𝑖, where 𝜂𝑖and 𝜖𝑖 are I.I.D. 𝑁(0,1) 

𝑋(𝑖) = 𝑐 + 𝐺𝑋(𝑖 − 1) + 𝑄𝜂𝑖  

𝑌(𝑖) = 𝑑𝑖 + 𝑍𝑖𝑋(𝑖) + 𝐻𝑖𝜖𝑖  

end for 

Commodity term structure data following the prolific parameters of the Short-

Term/Long-Term model of Schwartz and Smith (2000) for publicly traded oil futures are used 

in this comparative analysis. An identical measurement error parameter of 1% across all 

observations is also used. Table 3-3 below presents the stochastic risk-neutral spot price 

process parameters followed by the simulated commodity term structure data. 

𝜇 𝜇∗ 𝜆2 𝜅2 𝜎1 𝜎2 𝜌1,2 휀 

-1.25% 1.15% 15.70% 1.49 14.50% 28.60% 30.00% 1.00% 

Table 3-3. Schwartz and Smith (2000) Short-Term/Long-Term oil model parameters. 

10,000 daily observations of this two-factor CPM were simulated for 40 futures 

contracts. The time to maturity of the simulated futures contracts were assumed constant with 
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increasing monthly maturities from 1 month to 40 months. Following the labelling of Schwartz 

and Smith (2000), futures contracts F1, F2, …, F40 were thus simulated. The true values of the 

simulated commodity term structure data were then applied within 10,000 function calls of 

FKF and FKF.SP respectively. This was finally iterated over an increasing number of futures 

contracts considered within the observation panel data until all 40 futures contracts are 

observed within the Kalman filter algorithm. Figure 3-1 presents the average computation time 

of Kalman filtering of the simulated commodity term structure tests for the FKF.SP and FKF 

packages. 

 

Figure 3-1. Relative Kalman filter processing times for simulated term structure data using 

the FKF and FKF.SP packages. 

The FKF.SP package has consistently outperformed the FKF package for all 

dimensions of the simulated term structure observed (Figure 3-1). Figure 3-1 also supports the 

claim that the relative computational efficiency of FKF and traditional Kalman filtering does 

initially approach that of the FKF.SP and sequential processing algorithm as the dimensions of 

the observation matrix increases. The two packages had approximately the same performance 

when 12 futures contracts were considered, with FKF.SP being, on average, only 0.54% faster 

than FKF. When more than 12 futures contracts were considered, the relative computational 
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efficiency of each package began to deviate as the FKF package rapidly increased in the 

processing time required to filter observations. 

Average processing time of package FKF.SP grows approximately linearly with the 

dimensions of the observation matrix (Figure 3-1), with a least-squares regression of the 

average processing time returning an associated 𝑅2  score of 99.99%. This provides strong 

evidence that the limiting behaviour 𝑂(𝑁) of sequential processing is linear with respect to the 

dimensions of the observation matrix. This finding is intuitive, as increasing the dimensions of 

the observed panel data simply increases the number of individual observations that are filtered 

during the measurement and update steps. 

In contrast, the average processing time of FKF grows exponentially with respect to the 

dimensions of the observation matrix (Figure 3-1). A least-squares regression of the natural 

logarithm of the average processing time returned an 𝑅2 score of 99.77%. This provides strong 

evidence that the limiting behaviour 𝑂(𝑁) of traditional Kalman filtering is exponential. This 

is likely characterized by the increases in the dimensions of matrices considered within the 

measurement equation and the substantial increase in computational expense of calculating the 

determinant and inverse of a 𝑃 × 𝑃  matrix, where 𝑃  is the dimensions of the observation 

matrix. Whilst the payoff between inverting a 𝑃 × 𝑃 matrix and updating 𝑃 observations at 

once compared to updating singular observations 𝑃 times can be very similar for small to 

medium values of 𝑃, sequential processing has been empirically determined to be a faster 

Kalman filter algorithm. 

Replicated Commodity Term Structure Data 

In this section, the FKF and FKF.SP packages are applied to filter N-factor CPMs using 

replicated commodity term structure data of the commodity pricing study of Cortazar and 

Naranjo (2006). Contrary to prior computation time comparisons conducted, filtering CPMs 

using this replicated term structure data requires the consideration of missing observations and 

time-varying measurement equation matrices. Comparing the computational efficiency of FKF 

and FKF.SP to this data will therefore provide empirical evidence of the benefits of applying 

sequential processing and the FKF.SP package to estimate CPMs under the N-factor 

framework. A comparative study of the processing time of these packages is conducted as a 

final empirical measure of the computational efficiency of traditional Kalman filtering and 

sequential processing algorithms.  
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The Panel A dataset of Cortazar and Naranjo (2006) considers daily observations of all 

available oil futures contracts between January 2nd, 1992, and December 31st, 2001. A 

replication of this dataset has 2,507 observations, 154 contracts observed in total, and 72,919 

total quoted futures prices, with an average of 29.08 quoted futures at each observation. The 

maximum maturity of observed futures prices in this dataset is seven years. 

To evaluate the computational efficiency of FKF and FKF.SP, the Kalman filter 

function of each package is called 10,000 times using up to four-factor CPMs, which were a 

replication of those presented by Cortazar and Naranjo (2006) and are available in Appendix 

C. Table 3-4 below presents the total processing time, in seconds, of 10,000 iterations of the 

Kalman filter for each package applied to both datasets. 

 1F 2F 3F 4F 

FKF.SP (0.1.2) 339.44 356.03 369.13 362.39 

FKF (0.1.7) 2,267.93 2,189.16 2,180.03 2,323.06 

Table 3-4. Total Kalman filter processing times for the replicated Panel A oil futures data of 

Cortazar and Naranjo (2006). 

The substantial increase in computational efficiency from applying sequential 

processing to Kalman filter CPMs is clearly shown in Table 3-4. The FKF.SP package is, on 

average, approximately 6.5 times faster than the FKF package when applied to a replication of 

the Panel A observation period of Cortazar and Naranjo (2006). The presence of missing values 

in the observation panel data requires each package to dynamically adjust the size and values 

of the observation matrix at each time point. For the FKF package, the dimensions of each of 

the associated observation matrices at each discrete time point must be adjusted, which 

involves iteratively assigning values within these matrices at each observation point. The 

FKF.SP package, on the other hand, is only required to pass over missing observations during 

the iteration at little computational expense. This is likely a major contributing factor to the 

increase in computational efficiency of the sequential processing algorithm. 

Table 3-4 provides little empirical evidence that the increase in the number of state 

variables will increase the processing time of the Kalman filter algorithm by any substantial 

margin. Whilst a general trend may be visible for the FKF.SP package, there seems to be no 

relationship between the number of state variables and processing time for FKF. This, 

therefore, suggests that the key factor regarding the processing time of the Kalman filter 

algorithm are the dimensions of the observation matrix and the total number of individual 

observations. Whilst increasing the number of state variables does not appear to substantially 
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increase the Kalman filtering processing time, as shown in 3.4.1.c it results in a quadratic 

increase in the total number of unknown parameters to estimate through MLE and thus has a 

large impact on the total number of iterations of the Kalman filter algorithm in order to 

converge upon global estimates of MLEs and thus estimate parameters of N-factor CPMs. 

This dissertation empirically observed that the estimation of multi-factor CPMs under 

the N-factor framework requires far more than 10,000 function calls of the Kalman filter to 

converge upon global solutions of the log-likelihood function. Extrapolating the results 

presented in Table 3-4, 200,000 Kalman filter function calls of this dataset would take roughly 

13 hours using the FKF package but only 2 hours using FKF.SP. This highlights the benefits 

of adopting sequential processing when estimating the parameters of CPMs through MLE, as 

it has resulted in substantial decreases in computation time. Sequential processing and, in 

particular, the FKF.SP package have therefore been decisively empirically concluded to be the 

most appropriate methods for the Kalman filtering of CPMs. 

 Summary 

This chapter introduced and presented a theoretical background of the N-factor 

framework used in this dissertation, based on Cortazar and Naranjo (2006). Analytic and 

numeric solutions to the pricing of commodity financial derivative products modelled under 

this N-factor framework were presented, including a solution to the MCS of state variables and 

the value of American-style options through LSM simulation. The estimation of parameters 

under the N-factor framework through Kalman filtering and MLE were then described. 

The N-factor framework presented in this chapter models the term structure of a 

commodity through an arbitrary number of stochastic factors, with the first factor modelled 

through a random walk (to induce a unit root in the spot price process) and the subsequent 𝑁 −

1 factors following an OU process with mean reversion. Novel extensions to this modelling 

framework as well as methods of optimizing the computational efficiency of model parameter 

estimation under this framework were also presented. 

In an extension to Cortazar and Naranjo’s (2006) N-factor framework, the CPM 

framework presented in this chapter allows for deterministic seasonality to be considered 

through an additional 𝐾 factors of a trigonometric-based component. In a novel extension to 

commodity term structure modelling, this chapter also introduced the maturity measurement 

error approach, which relaxes the standard assumption in the literature of a singular unknown 
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measurement error parameter. This approach allows for 𝑀  arbitrary measurement errors 

considered when Kalman filtering these models, where 𝑀 is restricted by the total number of 

contracts observed within the dataset. 

As higher frequency and more rich term structure data continues to become available 

and has become increasingly adopted within the commodity pricing literature, the traditional 

Kalman filter has become computationally burdensome, impacting the practicality of 

estimating CPMs through this data. To address this computational expense, this chapter has 

proposed the application of the sequential processing Kalman filter algorithm when estimating 

the parameters of CPMs, presenting the new FKF.SP package developed for this purpose.  

Empirical testing in this chapter was conducted to evaluate the relative computational 

expense of Kalman filtering under both the traditional Kalman filter algorithm and sequential 

processing. Sequential processing was empirically determined to result in linear, rather than 

exponential, increases in processing time with respect to the number of contracts observed 

compared to traditional Kalman filtering. Sequential processing was approximately 6.5 times 

faster in the filtering of oil futures data compared to traditional Kalman filtering, highlighting 

the applicability of the FKF.SP package and the sequential processing approach to the 

increasing richness of commodity term structure data. 

The methods described in this chapter are adopted in Chapter 4 to estimate and analyse 

a substantial volume of replication and contemporary case studies, empirically evaluating the 

maturity measurement error approach, and in Chapter 5 to value capital investment projects 

through RO analysis.
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 The Estimation of Commodity Pricing 

Models 

This chapter presents a framework for estimating and analysing CPMs, applying this 

framework to replication and contemporary case studies of energy, metals, and agricultural 

class commodities. The purpose of this chapter is to increase the accessibility of the commodity 

pricing literature by detailing a general procedure for developing and selecting appropriate 

CPMs based upon identified performance metrics, as existing literature has determined the 

number of latent factors and modelling characteristics required to model a commodity’s term 

structure can vary for different commodity classes. 

This chapter also promotes the application of the N-factor CPM framework introduced 

in Chapter 3 through the development of an open-source R package NFCP, which is a 

comprehensive implementation of this framework recently accepted by CRAN. It was 

determined in Chapter 2 that CPM frameworks presented within the commodity pricing 

literature are rarely used in other research areas due to both their complexity and an absence of 

available implementations of these frameworks. The modelling and analysis presented in this 

chapter contributes to the commodity pricing literature by increasing its accessibility to 

practitioners and academics in other research areas, who may then apply CPM frameworks 

presented in this literature area to value commodity contingent claims such as capital 

investment projects. 

This chapter begins by introducing the CPM parameter estimation and analysis 

framework applied herein, describing the features and development of the new NFCP R 

package. The efficacy and efficiency of the NFCP R package is empirically demonstrated 
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through the exact replication of Schwartz and Smith (2000) and Cortazar and Naranjo (2006). 

The generality of the framework is then demonstrated via an analysis of the flexibility in the 

specification of the measurement errors of CPMs. This flexibility, a unique feature of the N-

factor framework presented in Chapter 3, enables the relaxing of the constant measurement 

error assumption adopted within the replication study of Cortazar and Naranjo (2006).  

Having established the efficacy and generalisability of the framework, multiple case 

studies are then deployed using contemporary market data, presenting an analysis of estimated 

CPMs for light sweet crude oil, copper, American corn and EUA carbon market prices. 

Performance and stability metrics (being CPM fit to characteristics of in- and out-of-sample 

data, respectively) for each case study are rigorously analysed to evaluate the performance and 

optimal stochastic model of estimated CPMs for each commodity. The chapter concludes with 

a comparative analysis of CPMs estimated using historical EUA market data observed over the 

lifetime of the EU ETS, examining this unique commodity’s market behaviour and optimal 

modelling structure as it has developed and matured. The NFCP R package utilized within this 

chapter is now discussed. 

 The NFCP R Package 

The motivation for the development of the R package that is defined and utilized in this 

chapter comes from noting in the literature review that there is a distinct lack of frameworks 

available for the development of CPMs. The NFCP R package developed in this section fills 

this existing gap within the literature with a comprehensive, generalisable, N-factor modelling 

framework for the estimation, analysis and application of CPMs. This package was 

implemented in the R statistical programming language as R is open-source, widely available 

and is a popular choice for data analytics research. CRAN is the official robust repository of 

the R language. It is robust in the academic sense of a published list of requirements of an R 

package before it will be accepted and made available, such as comprehensive documentation 

of each function and worked examples of its functionality. Publishing the NFCP R package on 

CRAN therefore provides a significant contribution to the commodity pricing literature as it 

greatly increases its accessibility, promoting the application of CPMs in other areas. 

The characteristics of an Ideal framework for the estimation and application of N-factor 

CPMs is one that is easily accessible, computationally efficient, can scale to accommodate 

different characteristics of commodity term structure data and can be used to conduct a 
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comprehensive analysis of estimated CPMs. Estimating multiple CPMs with a variable number 

of drift factors, seasonal factors or measurement errors allows for a comparative analysis of the 

performance of these models on commodity term structure market data. This comparative 

analysis is then conducted by evaluating several performance and stability metrics to estimated 

CPMs for model selection and analysis purposes, which should be natively output by the CPM 

framework. 

The new NFCP R package allows for parameter estimation, probabilistic forecasting, 

MCS and derivative contract pricing of CPMs under the N-factor framework. Documentation 

of functions and several worked examples of the application of the package to the well-known 

dataset of Schwartz and Smith (2000) are available within the NFCP package (Aspinall et al., 

2021d). The NFCP package estimates N-factor CPM parameters through Kalman filtering and 

MLE, the primary approach adopted within the commodity pricing literature. To optimize the 

efficiency of Kalman filtering and parameter estimation of term structure data, the NFCP 

package utilizes the sequential processing Kalman filter algorithm of the FKF.SP package, first 

presented in section 3.4.3. 

The estimation of an unknown vector of parameters through MLE requires the adoption 

of a numeric optimization procedure. This numeric optimization algorithm must be an existing 

implementation, which is used for the selection of the parameter vector that maximizes the log-

likelihood function returned by the Kalman filter. There exist a wide array of such numeric 

optimization algorithms for the solution to global optimums of non-linear, constrained 

optimization problems, of which Venter (2010) provides a review. Parameter estimation of N-

factor CPMs through MLE also requires a bounded search of the parameter vector is adopted. 

In particular, the reversion-rate (Κ), instantaneous volatility (Σ) and the measurement error of 

observation (ε) parameters may not take negative values, i.e., Κ, Σ, 휀 ∈ [0,∞). Correlation 

coefficients of state variables (Ω) may also only take values between negative and positive one, 

i.e., Ω ∈ [−1,1]. The NFCP R package hard codes these restrictions. 

The parameter estimation of N-factor CPMs through MLE requires selecting a bounded 

numeric optimization procedure that should converge upon the global optimum log-likelihood 

scores under a number of state variables, unknown parameters, and term structure observations. 

Interestingly, the calculation of the most complex CPM in this chapter was a five-factor crude 

oil CPM, which required the estimation of 30 unknown parameters (and is presented in section 
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4.3.1). This highlights the numeric difficulty associated with estimating CPMs under the N-

factor framework. 

Several different numeric optimization routines and gradient approximation methods to 

estimate N-factor CPMs through MLE were empirically tested during the development of the 

package. Genetic algorithms (GAs) through the GENetic Optimization Using Derivatives 

(genoud) R package of Mebane Jr and Sekhon (2011) were determined to adequately converge 

upon global optimums of the log-likelihood function under the worst-case complexity of 

considered CPMs and is the numeric optimization procedure adopted in this package. GAs are 

a popular stochastic search technique that iteratively increases the value of a specified objective 

function by drawing inspiration from biological evolution and natural selection methods. The 

genoud R package is a well-established GA implementation used in a variety of subsequent 

studies, and within other R packages, to numerically solve difficult optimization problems 

across various fields and practices, including N-factor CPMs (Rennemo, 2019). 

There are a substantial number of arguments of GAs that control the behaviour of the 

optimization function, the total processing time of the algorithm and the convergence of the 

objective function to the global optimum. The population size considered within each 

generation of the GA was empirically determined to significantly influence the convergence of 

estimated N-factor CPMs to the global optimum, with an increase to the population size 

improving the estimation power of the GA algorithm at the cost of computation time. A 

population size of 5,000 with 100 maximum generations was empirically determined to result 

in adequate convergence of CPMs estimated within this chapter using the NFCP package. 

Finally, the gradient of the parameter vector must be numerically approximated during the 

numeric optimization procedure to converge upon global optima. Richardson’s extrapolation, 

a classic and well-known numeric sequence acceleration gradient approximation method, was 

also empirically determined to improve the ability of the GA to converge upon the global 

optimum during MLE. 

The efficacy of the new NFCP R package is now discussed in the context of CPMs 

published in the literature through the replication of Schwartz and Smith (2000) and Cortazar 

and Naranjo (2006). 
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 Replicating Existing Commodity Pricing Models 

Replicating existing CPMs that have been published within the commodity pricing 

literature is a key step in the development process of a framework for the estimation and 

analysis of CPMs. Any new CPM framework must reliably replicate successful CPM analyses 

that have been published in the literature. Thus, the NFCP package adopted within this chapter 

must successfully replicate the published solutions as one aspect in verifying the correctness 

of the implementation of the framework. This provides objectivity and confidence for any 

future application of the package to contemporary term structure data. Replicating existing 

studies also allows for identifying metrics that appropriately and comprehensively analyse the 

performance and stability of estimated CPMs, developing a framework and procedure for 

selecting the optimal CPM of different commodities. 

The well-known and well-cited studies of Schwartz and Smith (2000) and Cortazar and 

Naranjo (2006) were chosen as the replication studies to establish the confidence and efficacy 

of the NFCP R package. Replicating these studies verifies the NFCP R package by ensuring 

correctness in the implementation of: 

- Data collection and processing, 

- Expected futures prices under the N-factor framework, 

- Kalman filtering of N-factor CPMs, 

- Convergence of the MLE procedure to global optima under multiple state variables and 

many unknown parameters, 

- Probabilistic forecasting of expected spot and futures prices of CPMs, and, 

- Various CPM performance and stability metrics. 

Whilst Schwartz and Smith (2000) aggregated futures contracts by stitching them 

according to their approximate time-to-maturity, Cortazar and Naranjo (2006) utilized the 

entire observable term structure when estimating their crude oil CPMs. Given the acceptance 

of these studies as benchmarks (Tai & Fu, 2009; Andresen & Sollie, 2013; Goodwin, 2013), 

replicating these studies thus verifies implementations using both forms of term structure data 

considered within the commodity pricing literature. 

As an extension to the commodity pricing literature, section 3.4.1.a introduced the 

maturity measurement error approach, which relaxes the assumption of a constant 

measurement error parameter within a CPM. It was further posited that applying this approach 
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may increase the total fit and flexibility of a CPM over the traditional measurement error 

specification adopted within the literature. This section empirically evaluates this hypothesis 

by extending the replicated CPMs of Cortazar and Naranjo (2006) by estimating these models 

using the maturity measurement error approach. These CPMs are classified as restricted and 

unrestricted CPMs, being models with singular and multiple measurement error parameters, 

respectively. Direct comparisons of the estimated parameters and performance metrics of these 

CPMs are then presented and discussed for the case of Cortazar and Naranjo (2006). 

4.2.1 Replication Case Study: Schwartz and Smith (2000) 

The work of Schwartz and Smith (2000) is considered seminal within the commodity 

pricing literature and has currently been cited over 1,300 times. This study has also been 

replicated several times within the literature (Tai & Fu, 2009; Andresen & Sollie, 2013; 

Goodwin, 2013), establishing this study as a suitable benchmark for a commodity modelling 

framework. Replicating this work therefore provides efficacy of the NFCP package developed 

in this dissertation. 

Specifically, Schwartz and Smith (2000) estimated and presented a two-factor CPM 

using weekly observations of publicly quoted West Texas Intermediate (WTI) crude oil futures 

prices from January 2nd, 1990, to February 14th, 1995 (see Table 1-1). These quoted futures 

prices were stitched according to their approximate time to maturity, observing five quoted 

futures prices at each discrete weekly time point with maturities of approximately 

{1,5,9,13,17} months within the Kalman filter algorithm. To replicate this dataset, WTI crude 

oil prices from this observation period were stitched, adhering to the procedure described by 

Schwartz (1997) and Schwartz and Smith (2000). This replicated dataset was determined to be 

identical to the replicated stitched data available within the supplementary material of Goodwin 

(2013), successfully verifying and replicating the data collection and aggregation process 

within this framework. 

The key and majority of the results presented within the work of Schwartz and Smith 

(2000) were successfully replicated within this study. The estimated two-factor Short-

Term/Long-Term CPM presented by Schwartz and Smith (2000) was successfully recreated 

by utilizing the replicated aggregated term structure data and is reported in Table 4-1. 

Additional output reported by Schwartz and Smith (2000), of Figures 1, 2 and 4 as well as 

Table 3, are replicated in Appendix B. This provides substantial evidence that key features of 
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the CPM framework have been successfully and correctly implemented, including the Kalman 

filtering of state variables and the probabilistic forecasting of estimated CPMs. 

 
Schwartz and Smith 

(2000) 
Replication 

𝜅2 1.490 (0.030) 1.502 (0.046) 

𝜎1 0.145 (0.005) 0.162 (0.008) 

𝜎2 0.286 (0.010) 0.321 (0.018) 

𝜌2,1 0.300 (0.044) 0.430 (0.069) 

𝜇 -0.013 (0.073) -0.020 (0.072) 

𝜇∗ 0.012 (0.001) 0.009 (0.002) 

𝜆2 0.157 (0.144) 0.123 (0.142) 

휀1 0.042 (0.002) 0.043 (0.003) 

휀2 0.006 (0.001) 0.006 (0.002) 

휀3 0.003 (0.000) 0.003 (0.000) 

휀4 0.000 (0.000) 0.000 (0.000) 

휀5 0.004 (0.000) 0.004 (0.000) 

log 𝐿 5,140 4,028 

Table 4-1. Schwartz and Smith (2000) Short-Term/Long-Term model replication. The standard 

error of the parameters, which were estimated through MLE, are presented in brackets. 

This replication of the two-factor CPM presented by Schwartz and Smith (2000) has 

returned highly similar estimated parameters and standard errors. The estimated measurement 

errors of observations, which are estimated with extremely high precision, are almost identical, 

providing empirical evidence that the CPM estimation framework of the NFCP package has 

been successfully verified. Discrepancies within the reported and replicated estimated 

parameters are within the approximate bounds observed within replications of this dataset 

performed by Tai and Fu (2009) and the supplementary material of Goodwin (2013). 

However, the log-likelihood scores of the two-factor CPM reported in Table 4 of 

Schwartz and Smith (2000) and the replication study above (Table 4-1) were substantially 

different. Schwartz and Smith (2000) also reported in their Table 4 a log-likelihood score of 

3,860 for an estimated one-factor GBM model, with a replication of this model returning 2,716. 

Therefore, replicating the one- and two-factor CPMs of this study returned log-likelihood 

scores that were 1,144 and 1,112 lower than the originally reported results, respectively. These 

differences in reported log-likelihood scores are similar and may be due to a bias or scaling 

effect. This is supported by the successful replication of the parameters of the two-factor CPM 

(Table 4-1), indicating that the reported log-likelihood scores have demonstrably no impact on 

parameter estimation, interpretation and comparison of estimated CPMs. 
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This section has successfully replicated the study of Schwartz and Smith (2000). It has 

verified the correctness of the implementation, of the developed CPM modelling, and the 

analysis framework. However, the stitched, aggregated data structure adopted by Schwartz and 

Smith (2000) to estimate CPMs is no longer the standard approach of the commodity pricing 

literature due to the information loss associated with discarding a portion of the observable 

term structure, particularly long-term contracts. Verifying the implementation of this 

commodity modelling framework requires further replication of CPMs presented within the 

literature that were estimated using full term structure data and is presented in the next section. 

4.2.2 Replication and Extension Case Study: Cortazar and Naranjo (2006) 

The efficacy of the NFCP R package is further developed in this section through a 

replication of CPMs presented by Cortazar and Naranjo (2006). Whilst the results presented by 

Schwartz and Smith (2000) have been established within the commodity pricing literature as a 

benchmark study for verifying CPM implementations, crude oil CPMs presented by Cortazar 

and Naranjo (2006) feature far more unknown parameters and were estimated using the full 

observable term structure. Successfully replicating this study thus provides greater empirical 

evidence that the commodity modelling framework of the NFCP R package has been rigorously 

verified.  

Cortazar and Naranjo (2006) presented 12 crude oil CPMs with up to four factors 

estimated across three observation periods, unifying CPMs presented within earlier commodity 

pricing literature through an N-factor modelling framework. The key results presented within 

this study are first replicated, followed by an extension of this case study through an empirical 

analysis of the maturity measurement error approach. 

To empirically estimate N-factor oil CPMs, Cortazar and Naranjo (2006) considered all 

observable daily futures prices of light sweet crude oil from January 1992 to December 2004. 

This term structure data was subsequently divided into four panels (A, B, C, D), with panel D 

data used only for out-of-sample purposes. Whilst panel A consists of all in-sample 

observations across the observation period, panels B and C are subsets before and after January 

1997, respectively. This panel structure was utilized to evaluate estimated CPMs before and 

after the maximum maturity of traded futures contracts was extended from four years to seven 

years, which is treated as a structural break within this study. 
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Table 4-2 below summarises the observation period and total quoted futures prices of 

the term structure data. The replicated number of observations attained by replicating this term 

structure data are further provided in parentheses. 

 Observation Period Total Observations 

Panel A 1992-2001 
70,584 

(72,919) 

Panel B 1992-1996 
30,424 

(30,636) 

Panel C 1997-2001 
40,160 

(42,283) 

Panel D 2002-2004 
24,497 

(25,407) 

Table 4-2. Cortazar and Naranjo (2006) replication observations. The replicated total number 

of observations are presented within parentheses. 

Whilst the total number of observations between the original study and the replicated 

datasets are very similar, a greater total number of observations were acquired when replicating 

this dataset. This may be due to the replicated data source (Bloomberg Finance L.P., 2021) 

hosting a greater number of quoted futures prices than that which was used to obtain the term 

structure data within the original study. Additional comparisons between the original and 

replicated dataset are available in Appendix E. Due to the similarity between the original and 

replicated datasets, it is concluded that the replicated data is valid and appropriate for the 

subsequent replication of, and extension to, the results of Cortazar and Naranjo (2006). 

4.2.2.a Replication of Cortazar and Naranjo (2006) 

A complete replication study of the crude oil CPMs originally presented by Cortazar 

and Naranjo (2006) was conducted and is reported and discussed here. The reported replication 

estimated parameters of these crude oil CPMs that resulted from this replication study are 

reported in Appendix C. Replicated analysis of the crude oil CPMs are further reported within 

Appendix E, providing replications of Figures 2, 3, 4, 5, and 7 as well as Tables 1, 3, and 4 of 

Cortazar and Naranjo (2006). 

The estimated parameters of the crude oil CPMs presented by Cortazar and Naranjo 

(2006) have been successfully replicated. The measurement error parameter, which is estimated 

with the highest degree of precision within N-factor CPMs, was either perfectly or near-

perfectly replicated within each replicated CPM, providing overwhelming empirical evidence 

that these models have been successfully replicated. Similar to the findings of section 4.2.1, 
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however, the log-likelihood scores of replicated CPMs were lower than those reported by 

Cortazar and Naranjo (2006), with the CPMs estimated in each panel dataset offset by 

approximately the same magnitude. Following section 4.2.1, this is concluded not to influence 

the estimation of analysis of CPMs using this implemented framework. The success of this 

replication of Cortazar and Naranjo (2006) provides further support of the efficacy of the 

maximum likelihood estimation procedure of NFCP. 

The four-factor crude oil CPMs developed in the work of Cortazar and Naranjo (2006) 

numerically estimates 19 unknown parameters. Successfully replicating these CPMs highlights 

the ability of the implemented MLE procedure to converge on global maximums of the log-

likelihood score under a substantial number of unknown parameters and multiple state 

variables. Comparing the log-likelihood scores returned when applying the Kalman filter to the 

replicated CPMs of Appendix C against those returned when adopting the CPMs originally 

presented by Cortazar and Naranjo (2006) is used as a final performance measure of the MLE 

procedure used in this dissertation. Log-likelihood scores of replicated CPMs have been 

numerically optimized through the MLE procedure and should correspond to the global optimal 

log-likelihood value attainable for these CPMs. A log-likelihood score returned from Kalman 

filtering originally reported parameters higher than these replicated values would provide 

empirical evidence that the MLE has not found this global maximum. 

Table 4-3 below presents calculated log-likelihood scores returned when applying the 

Kalman filter to the replicated panel datasets using crude oil CPMs originally reported by 

Cortazar and Naranjo (2006). Calculated log-likelihood scores returned from estimating 

replicated CPMs are further provided in parentheses.  

 
Maximum Likelihood Estimate 

Panel A Panel B Panel C 

One-Factor 
99,502 

(99,609) 

56,600 

(56,604) 

50,058 

(50,116) 

Two-Factor 
196,864 

(196,884) 

97,874 

(97,922) 

113,439 

(113,586) 

Three-Factor 
263,938 

(264,671) 

114,732 

(125,785) 

150,954 

(151,174) 

Four-Factor 
297,176 

(298,256) 

141,901 

(142,556) 

165,472 

(165,848) 

Table 4-3. Cortazar and Naranjo (2006) reported vs. replication maximum likelihood 

estimates. The standard error of the parameters, which were estimated through MLE, are 

presented in brackets. 
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Clearly, the values of the log-likelihood scores between the original and replicated 

crude oil CPMs provide further empirical evidence of these model’' successful replication 

(Table 4-3). It can be further seen that the log-likelihood scores of the replicated CPMs, which 

were estimated through MLE, are each higher than the original CPM counterparts. Therefore, 

it is empirically concluded that the MLE procedure adopted within the NFCP R package is 

numerically capable of estimating multi-factor CPMs with multiple state variables and many 

unknown parameters. 

The reported standard errors of mean-reversion and volatility parameters of the 

Cortazar and Naranjo (2006) CPMs (Appendix C) are substantially lower than those of the 

Schwartz and Smith (2000) CPM (Table 4-1). For example, whilst the calculated standard error 

of the mean-reversion term of the Schwartz and Smith (2000) CPM was 0.046, the 

corresponding calculated standard error for the panel A two-factor CPM was only 0.002. Whilst 

Schwartz and Smith (2000) utilized weekly observations of stitched oil futures prices over an 

observation period of approximately five years, Cortazar and Naranjo (2006) used daily 

observations of the entire oil term structure over an observation period of approximately nine 

years. This demonstrates that increasing observation periodicity from weekly to daily 

observations provides better model estimator quality when calibrating volatility and mean-

reverting parameters. A larger number of observations and a longer observation period within 

a panel dataset is also associated with generally lower standard errors in estimated parameters 

(Schwartz & Smith, 2000). 

Cortazar and Naranjo (2006) present several performance and stability metrics that 

allow for evaluating CPM fit to different characteristics of the in- and out-of-sample term 

structure data. These metrics assess the robustness of estimated CPMs. The key metrics 

presented by Cortazar and Naranjo (2006) are the: 

- Bias and root mean squared error (RMSE) of CPMs to in- and out-of-sample 

observations, 

- Plotting of estimated against observed futures prices on different observation dates, and 

the, 

- Plotting of theoretical against empirical volatility term structure of futures returns. 

The first metric (i.e., Table 3 of Cortazar and Naranjo (2006)) provides an informative 

overview of CPM performance by evaluating the fit of the CPM to the observable term 

structure data, further detailing whether futures prices were over- or under-estimated on 
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average. Applying this metric to out-of-sample data (i.e., Table 4 of Cortazar and Naranjo 

(2006)) and comparing these values to the in-sample data further measures the stability of the 

CPM. An estimated CPM with a substantially lower out-of-sample fit indicates the model may 

be inappropriate for forecasting purposes, as the model no longer accurately models the 

contemporary behaviour of the commodity market prices. 

The second metric (i.e., Figures 4 and 5 of Cortazar and Naranjo (2006)) visualises 

CPM performance on different observation dates. This can be considered a more detailed 

performance metric than the first, as it allows for more information to be attained regarding 

model performance on different observation dates and under different market conditions. 

Evaluating CPM behaviour, bias and fit on different dates provides information into the 

robustness of the model, as it can provide insightful detail into market conditions when a CPM 

performs well and when it doesn’t. Finally, the third metric measures the performance of an 

estimated CPM to the second moment (i.e., variance) of commodity futures returns, which is 

also an empirical measure of Samuelson’s hypothesis. This is another observable characteristic 

of commodity market prices that is ideally captured within estimated CPMs. 

The performance and stability metrics of crude oil CPMs presented by Cortazar and 

Naranjo (2006) were replicated to a high degree of precision as shown in Appendix E. Thus, it 

is empirically concluded that the analysis of the performance and stability metrics presented 

by Cortazar and Naranjo (2006) have also been successfully replicated within the NFCP R 

package. The only observable discrepancy between reported and replicated results within the 

analysis of these CPMs was within the theoretical volatility term structure of the three-factor 

panel B CPM, which was presented within Figure 7 of Cortazar and Naranjo (2006). The 

replicated three-factor panel B CPM has a substantially larger log-likelihood score than the 

originally reported model in comparison to the other CPMs (Table 4-3), however, which may 

explain this discrepancy. 

Figures 2 and 3 of Cortazar and Naranjo (2006) were also replicated with a lower level 

of precision compared to the other tables and figures of this study. These figures describe the 

time-series evolution of the standard deviation of state variables 1 and 4 for the estimated panel 

A, four-factor CPM, respectively. It was determined in the original study that peaks in the 

standard deviation of state variable 1 were due to dates in the term structure dataset that did not 

feature observations in long-term futures contracts. A replication of this figure, in contrast, is 

much smoother than the figure initially reported due to the replicated dataset having quoted 
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long-term futures prices on these observation dates. This provides further insights into the 

discrepancies between the original and replicated dataset as the replicated dataset appears to 

have observations in long-term quoted futures prices not present within the original dataset. 

In summary, the study of Cortazar and Naranjo (2006) has been successfully replicated, 

providing substantial empirical evidence into the correctness of the implementation of the 

NFCP R package and the analysis conducted within this chapter. The high fit of the replicated 

models presented within the prior two sections to both original studies lends substantial 

empirical evidence supporting the application of the NFCP R package in future commodity 

pricing research, thus contributing to the commodity pricing literature by increasing its 

accessibility. 

4.2.2.b Extension to Cortazar and Naranjo (2006) 

The case study of Cortazar and Naranjo (2006) for crude oil is now extended by relaxing 

the assumption of constant measurement error adopted within the original study through the 

maturity measurement error approach. Relaxing this assumption through the approach 

presented in section 3.4.1.a is hypothesised to significantly increase estimated CPM log-

likelihood scores as well as model performance and flexibility at the cost of an increased 

number of unknown parameters that must be estimated. 

The purpose of the maturity measurement error approach is to provide flexibility in the 

number of measurement errors (𝑀) to consider within a CPM. Increasing the value of 𝑀 will 

increase the number of unique error terms that may be considered across the term structure but 

increase the complexity of the CPM. When evaluating a CPM with high flexibility in 

measurement error, the objective is to identify different areas of the futures price curve that 

exhibit different behaviour and estimated CPM fit, grouping these regions through different 

measurement error terms. 

Methodology 

This case study extends the 12 CPMs presented by Cortazar and Naranjo (2006) by 

estimating an additional five measurement error parameters (i.e., 𝑀 = 5). Given that there are 

five unique measurement error parameters, there are therefore 𝑀 − 1 = 4  corresponding 

maturity bounds under the maturity measurement error approach, which are defined in this case 

study at 𝑇𝑇𝑀 = [6, 12, 18, 24]  months. Under this defined maturity measurement error 

specification, the diagonal elements [𝑖, 𝑖] of matrix 𝐻𝑡 within the Kalman filter algorithm are 

given by: 
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𝐻𝑡[𝑖, 𝑖] =

{
 
 

 
 
휀1, 𝑇𝑖 < 6
휀2, 6 < 𝑇𝑖 < 12
휀3, 12 < 𝑇𝑖 < 18

휀4, 18 < 𝑇𝑖 < 24

휀5, 𝑇𝑖 > 24

 , 𝑖 = 1,2,⋯ , 𝑝𝑡, ∀𝑡 = 1,2,⋯ , 𝜏 

where 𝑇𝑖 corresponds to the time-to-maturity of an observed futures price in months. 

Under this specification of the measurement error using the maturity measurement error 

approach, these parameters thus correspond to the following. The first measurement error 

considers quoted futures prices with a time-to-maturity less than six months. The second 

measurement error considers quoted futures prices with a time-to-maturity between six and 

twelve months. The third measurement error considers quoted futures prices with a time-to-

maturity between 12 to 18 months. The fourth measurement error considers quoted futures 

prices with a time-to-maturity between 18 to 24 months. The fifth measurement error considers 

quoted futures prices with a time-to-maturity greater than 24 months. 

Results 

The estimated parameters of the unrestricted (i.e., multiple measurement errors) crude 

oil CPMs for each replicated panel dataset are reported in Appendix D. Table 4-4 below further 

lists the negative BIC scores of restricted and unrestricted CPMs for each replicated panel 

dataset. Negative BIC scores for estimated unrestricted CPMs are listed in parentheses. BIC 

scores, as first introduced in section 3.4.1.c, allow for direct model comparison as they penalise 

CPMs with a greater number of parameters. A CPM with a larger negative BIC score thus has 

a larger total fit to a particular term structure dataset. 

 Panel A Panel B Panel C 
Average 

Increase 

1F 
199,173 

(256,384) 

113,168 

(141,441) 

100,189 

(134,099) 
29.18 % 

2F 
393,679 

(470,873) 

195,762 

(234,602) 

227,088 

(271,382) 
19.65 % 

3F 
529,197 

(580,425) 

251,436 

(267,959) 

302,210 

(327,487) 
8.21 % 

4F 
596,300 

(621,131) 

284,917 

(289,883) 

331,493 

(354,100) 
4.24 % 

Table 4-4. Cortazar and Naranjo (2006) replication constant vs. relaxed measurement error 

relative increase in negative BIC scores. Relaxed measurement error negative BIC’s are given 

in parentheses. 
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Negative BIC scores for the unrestricted CPMs are larger than the restricted CPMs for 

all considered CPMs and panel datasets (Table 4-4). This provides empirical evidence that 

relaxing the assumption of constant measurement error has resulted in a significant increase in 

the total model fit to the observable term structure data, supporting the original hypothesis of 

this case study. There is further a visible negative relationship between the average relative 

increase in negative BIC scores between restricted and unrestricted CPMs and the number of 

stochastic factors 𝑁 of the CPM (Table 4-4). Increasing the number of stochastic factors 𝑁 of 

a CPM generally decreases the magnitude of the estimated measurement error, making the 

absolute difference between restricted and unrestricted estimated measurement error 

parameters smaller. This likely explains this negative relationship. Negative BIC scores of the 

four-factor unrestricted CPMS are also, however, still an average of 4.24% larger than their 

restricted counterparts (Table 4-4). This is a substantial increase in total model fit to a dataset 

considering the stochastic structure of the CPM has not fundamentally changed, only how the 

model is explaining a proportion of variance in futures prices over the futures price curve. 

Table 4-5 below presents a comparison between the estimated parameters for a four-

factor panel A CPM initially reported by Cortazar and Naranjo (2006) against the estimated 

restricted and unrestricted CPMs estimated within this replication study. Standard errors of 

parameter estimates are given in parentheses. The original N-factor model of Cortazar and 

Naranjo (2006) specifies 𝜇 and 𝜆1 as unknown parameters, which are individually estimated 

with low levels of precision. The NFCP R package instead estimates the risk-neutral growth 

rate 𝜇∗ = 𝜇 − 𝜆1 as an unknown parameter, which is estimated with a higher level of precision 

and is the parameter that is of interest in CPMs. The standard error of parameter 𝜇⋆ for the 

original results of Cortazar and Naranjo (2006) are therefore unavailable. 
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Cortazar and 

Naranjo (2006) 
Replication Relaxed ME Model 

𝜅2 0.415 (0.002) 0.433 (0.002) 0.245 (0.004) 

𝜅3 1.201 (0.005) 1.260 (0.005) 1.044 (0.010) 

𝜅4 5.471 (0.039) 6.411 (0.050) 1.712 (0.016) 

𝜎1 0.191 (0.003) 0.194 (0.003) 0.209 (0.004) 

𝜎2 0.207 (0.004) 0.172 (0.003) 0.260 (0.007) 

𝜎3 0.305 (0.007) 0.300 (0.008) 0.416 (0.015) 

𝜎4 0.260 (0.005) 0.191 (0.004) 0.440 (0.016) 

𝜌2,1 -0.336 (0.025) -0.387 (0.024) -0.448 (0.026) 

𝜌3,1 0.138 (0.029) 0.198 (0.030) 0.125 (0.034) 

𝜌3,2 -0.423 (0.025) -0.208 (0.031) -0.669 (0.019) 

𝜌4,1 -0.010 (0.027) -0.040 (0.027) -0.091 (0.034) 

𝜌4,2 0.420 (0.023) 0.301 (0.025) 0.685 (0.019) 

𝜌4,3 -0.338 (0.027) -0.324 (0.028) -0.848 (0.013) 

𝜇 0.004 (0.059) -0.003 (0.093) -0.014 (0.064) 

𝜇∗ 0.013        (-)      -0.009 (0.001) -0.013 (0.001) 

𝜆2 0.002 (0.054) 0.027 (0.059) 0.011 (0.075) 

𝜆3 0.117 (0.089) 0.113 (0.116) 0.127 (0.122) 

𝜆4 -0.073 (0.079) -0.052 (0.066) -0.024 (0.132) 

휀1 0.003 (0.000) 0.003 (0.000) 0.011 (0.000) 

휀2 0.003 (0.000) 0.003 (0.000) 0.002 (0.000) 

휀3 0.003 (0.000) 0.003 (0.000) 0.002 (0.000) 

휀4 0.003 (0.000) 0.003 (0.000) 0.001 (0.000) 

휀5 0.003 (0.000) 0.003 (0.000) 0.003 (0.000) 

log 𝐿 357,087 298,256 310,694 

Table 4-5. Cortazar and Naranjo (2006) four-factor Panel A model replication with relaxed 

measurement error assumption inclusive. Standard errors are given in parentheses. 

It can be seen through Table 4-5 that relaxing the assumption of constant measurement 

error in observations has increased error in futures contracts with a maturity of less than six 

months but decreased error in all other contracts. A higher model fit to longer-term futures 

prices has corresponded to lower estimated mean-reversion rates of state variables and higher 

volatility and correlation coefficients between the unrestricted and restricted models (Table 4-

5). Relaxing the assumption of constant measurement error for all observations has thus 

improved model fit to the longer-term behaviour of commodity market prices, substantially 

influenced the estimated parameters of the stochastic factors of the model, and significantly 

increased the log-likelihood of the CPM (and thus ability for the CPM to explain) the observed 

term structure data. A CPM with an improved fit to the longer-term behaviour of commodity 
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market prices may be more appropriate for the pricing of longer-term commodity asset prices, 

such as capital investment projects. 

Commodity markets typically feature a greater number of available short-term contracts 

in comparison to long-term contracts. This characteristic of commodity futures markets may 

partially explain the substantial difference in observed model fit and estimated parameters 

between the restricted and unrestricted CPMs. Given that the measurement error of restricted 

CPMs is identical for all observations, restricted CPMs may be skewed towards fitting short-

term futures observations over long-term futures observations, as doing so results in a closer 

fit to a larger number of total observations. By relaxing this assumption, the identical fit 

between the dynamics exhibited by short-term futures contracts, characterised by higher 

volatility under Samuelson’s hypothesis, and long-term futures contracts, is no longer forced. 

This may then explain the CPMs ability to explain the dynamics of the remainder of the term 

structure with a higher level of fit, which is shown through the net reduction in the measurement 

error of longer-term futures contracts in unrestricted CPMs (Table 4-5). 

Substantial differences in estimated parameters of restricted and unrestricted CPMs are 

observable for each replicated and extended CPM reported in appendices F and G, respectively. 

For example, the estimated volatility of the panel A one-factor CPMs were reported to be 

12.8% and 17.2% for the restricted and unrestricted models, respectively. By relaxing the 

assumption of identical measurement error in observations, the GBM model has instead 

determined that an additional 4.4% of the variation in crude oil prices were not white noise in 

the observations, but rather changes in the long-term asset prices. This 4.4% difference in 

volatility would significantly influence the forecasts and pricing of derivatives when applying 

these estimated CPMs. The empirical findings presented in this section thus present substantial 

evidence that relaxing the assumption of identical measurement error in observations, the 

primary assumption adopted within contemporary commodity pricing literature, substantially 

influences estimated parameters, model fit, and the associated forecasts associated with these 

CPMs. 

Table 4-6 below describes the RMSE of observations for the estimated restricted and 

unrestricted panel A CPMs for each maturity period and in total. RMSE scores for the 

unrestricted CPMs are given in parentheses. 
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 휀1 휀2 휀3 휀4 휀5 Total 

1F 
9.293% 

(10.103%) 

3.706% 

(4.098%) 

1.966% 

(0.921%) 

3.586% 

(2.784%) 

7.666% 

(7.547%) 

6.063% 

(6.231%) 

2F 
2.017% 

(4.558%) 

1.082% 

(1.014%) 

1.125% 

(0.165%) 

0.778% 

(0.160%) 

1.834% 

(1.760%) 

1.482% 

(2.284%) 

3F 
0.849% 

(1.635%) 

0.360% 

(0.177%) 

0.291% 

(0.137%) 

0.324% 

(0.239%) 

0.554% 

(0.549%) 

0.528% 

(0.800%) 

4F 
0.385% 

(1.036%) 

0.253% 

(0.207%) 

0.255% 

(0.155%) 

0.211% 

(0.115%) 

0.376% 

(0.268%) 

0.310% 

(0.504%) 

Table 4-6. Restricted and unrestricted CPM RMSE scores by contract maturity. 

The total RMSE of observations for unrestricted CPMs is higher than the RMSE of 

observations for restricted CPMs. This is consistent with the objective of estimating a CPM 

with a single measurement error parameter, which is to provide the greatest overall fit to all 

quoted futures price observations. Unrestricted CPMs, on the other hand, have a higher fit to 

the dynamic behaviour of the commodity, corresponding to significantly higher log-

likelihoods. The RMSE score of restricted CPMs are thus the lower bound of total RMSE 

scores attainable by CPMs with that corresponding number of factors.  

However, breaking down model RMSE by the maturity bounds of futures contract 

observations reveals that these CPMs have a higher error in the pricing of short-term contracts 

with a maturity of less than six months but a lower error in the pricing of all other contracts. 

This was a metric of model performance that was only determined by breaking these contracts 

down by maturity, which provided insights into model performance in the short, medium, and 

long term. 

It can be seen from Table 4-6 that the total RMSE of the restricted four-factor CPM is 

almost identical to its estimated measurement error term (Table 4-5). It can also be seen that 

RMSEs broken down by contract maturity of the unrestricted four-factor CPM (Table 4-6) are 

nearly identical to their respective estimated measurement error terms (Table 4-5). Whilst total 

RMSE score provides a performance metric corresponding to the total model fit to all 

observations, Table 4-6 highlights that this metric doesn’t provide insight into model 

performance across the term structure of the commodity. This is thus a distinct advantage that 

the unrestricted CPMs have over restricted CPMs, as the magnitude of the estimated 

measurement error terms provides direct insights into CPM performance to short-, medium-, 

and long-term futures contracts. It thus empirically concluded that applying the maturity 

measurement error approach increases the overall interpretability of estimated CPMs, as the 
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magnitude of the estimated measurement error of different CPMs can be used to compare 

model performance for different maturity groupings directly. 

This observation also provides insights into how the maturity measurement error 

bounds may be initially specified. By initially estimating a restricted CPM, the CPM 

performance in the form of RMSE may then be broken down by various groupings of contract 

maturity. This will then provide insights into the performance of the estimated CPM to short-, 

medium-, and long-term futures prices. After evaluating appropriate maturity bounds by 

separating clear distinctions in model performance across the futures curve of the commodity, 

an unrestricted CPM may then be re-estimated through the maturity measurement error 

approach. This would then result in a significant increase in the model’s ability to explain the 

dynamic behaviour of the commodity market, shown through significant increases in the log-

likelihood of the estimated CPM. 

The findings of Table 4-6 are further supported by Figure 4-1 below, which displays 

the estimated and observed futures price curve of oil on May 9th, 2001, and December 18th, 

2001, respectively. On May 9th, 2001, crude oil prices were in a state of strong backwardation, 

whilst the futures price curve was in a state of weak contango on December 18th, 2001. The 

estimated futures price curves of restricted and unrestricted two- and four-factor models are 

further displayed on these observable dates, respectively. These estimated price curves are 

obtained through expected futures prices using the filtered state variables estimated on these 

dates through the Kalman filter. Figure 4-1 highlights the non-trivial adjustments in the fit to 

the observable term structure between the restricted and unrestricted models, respectively, 

particularly between the short- and long-term futures contracts. 
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Figure 4-1. Estimated and observed futures prices for two- and four-factor restricted and unrestricted Cortazar and Naranjo (2006) replication 

crude oil CPMs, respectively. The dates of these observations are 2001-05-01 (left) and 2001-12-18 (right).
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While estimated unrestricted CPMs in this case study have a lower accuracy in pricing 

short-term futures contracts, the estimation of unrestricted CPMs can be tuned to enforce lower 

measurement error in different areas of the futures price curve, as first described in Schwartz 

and Smith (2000). An example of this would be restricting the parameter estimation procedure 

for the measurement error of short-term contracts to be lower than those of long-term contracts, 

thus estimating a CPM for the pricing of short-term commodity prices. 

Much in the same way that the number of stochastic factors to consider within the N-

factor CPM depends on the level of complexity the modeller is willing to accept, the number 

and treatment of the measurement error is also a consideration. The application of multiple 

measurement error terms can allow for greater flexibility in the fit of different regions of the 

futures price curve and increase the CP’'s total ability to explain the observable term structure 

dataset at the cost of greater computational expense. 

In summary, the maturity measurement error approach has been determined to 

substantially influence the estimated parameters and corresponding fit of CPMs to the market 

dynamics of a commodity’s term structure. It has been determined that this approach 

contributes to existing commodity pricing literature by extending the commodity modelling 

framework, as adopting the maturity measurement error approach provides:  

- Significant increases of CPM fit into the stochastic dynamics of a commodity, 

- Increases in the interpretation of estimated CPM parameters, and, 

- Greater flexibility in the modelling of commodity market dynamics, at the cost of, 

- Greater estimation difficulty. 

The focus now shifts to applying the N-factor framework to other CPMs using 

contemporary data, with the motivation to evaluate the optimal stochastic models of different 

commodity classes. 

 Estimating Contemporary Commodity Pricing Models 

The purpose of this section is to develop a procedure for estimating, analysing and 

subsequently selecting the optimal CPM that captures empirical commodity futures market 

information. This general commodity modelling procedure is derived by applying the 

developed NFCP R package to contemporary commodity case studies. Considering case 

studies across different commodity classes provides a broad framework, presenting the unique 
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characteristics and modelling dynamics required to capture the behaviour of a range of 

commodities. The broad range of commodity classes considered in this section highlights the 

flexibility of the N-factor framework presented in Chapter 3. This modelling procedure also 

presents several metrics to analyse the performance and stability of different CPMs. The 

performance and stability of a CPM are defined as its fit to in- and out-of-sample data, 

respectively. Finally, estimating contemporary CPMs in this section allows for an evaluation 

of their applications in capital investments. 

Contemporary CPMs evaluated in this section are estimated using a subset of 

observations from the entire available term structure dataset that meet defined liquidity criteria. 

This ensures that the observations used to estimate CPMs are liquid and informative. They are 

also estimated using the maturity measurement error approach of section 3.4.1.a. The 

commodities evaluated in this section are: 

- Light sweet crude oil (energy), 

- High-grade copper (metal), 

- United States corn (agricultural), and, 

- European Union Allowances (energy). 

These commodities were selected as case studies in this section due to their high levels of 

liquidity and to provide a spread of different classes of commodities considered.  

Many current commodity markets feature a substantial number of futures contracts 

available for trading. Observing such a rich dataset, however, can be a computationally 

expensive process. For example, there are presently up to 128 continuous monthly contracts 

available for crude oil, a much richer dataset with much longer maturities than what was 

available for application within earlier commodity pricing studies such as those of Schwartz 

(1997), Schwartz and Smith (2000) and Cortazar and Naranjo (2006). However, some of the 

futures contracts available for a commodity are sparsely traded and illiquid and therefore 

contain less commodity pricing information than actively traded contracts (Trolle & Schwartz, 

2009). Liquidity considerations have led to some portions of the literature discarding longer 

maturity contracts (Paschke & Prokopczuk, 2012) or developing particular contract selection 

procedures based upon observations on the liquidity of a commodity (Trolle & Schwartz, 

2009). To increase the computational efficiency of estimating contemporary CPMs, and to 

increase the average liquidity of observations within a commodity term structure dataset, a 

contract observation procedure based upon that of Trolle and Schwartz (2009) is applied in this 
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section and is described in more detail within each case study. A brief overview of each 

commodity and why they were selected is now discussed. 

Crude oil is the world’s most actively traded commodity, being the world’s dominant 

contemporary energy source. Classified as a primary energy commodity, crude oil is the main 

commodity evaluated within the commodity pricing literature due to its rich term structure 

dataset, complex behaviour, and substantial, global interest in accurately forecasting and 

modelling crude oil market prices. Crude oil has empirically been determined to exhibit 

complex behaviour, such as strong mean-reversion, and experienced exogenous shocks in 

market prices that have influenced and shaped the global macro economy (Schwartz & Smith, 

2000; Cortazar & Naranjo, 2006). The cost of crude oil is primarily influenced by global 

demand, the strength of the US dollar, exogenous shocks through political and natural disasters, 

and global supply, which is regulated by the Organisation of Petroleum Exporting Countries 

(OPEC). 

Copper is a primary metal commodity and the world’s third most widely used metal, 

following iron and aluminium. Traditional copper consumption is not subject to seasonal 

fluctuations and is relatively easy to transport, with little concern for potential environmental 

damage compared to other commodities, such as crude oil. Copper further has a high density 

in value per weight and is not subject to regional supply bottlenecks. Copper features a liquid 

futures market, unlike other metal commodities (such as iron ore and steel). 

Corn is an agricultural commodity and the most widely grown crop within the United 

States, with the US further being the largest producer of corn globally. The substantial volume 

of corn grown within the US means an active and liquid futures market exists for this 

agricultural product, with over 350,000 contracts traded per day from market participants. Corn 

is used in various applications, including livestock feed grain, ethanol, high fructose corn syrup 

and general-purpose consumption. The supply of corn, like most other agricultural 

commodities, is driven by the amount of acreage harvested and the yield per acre of the product. 

The supply of agricultural commodities is thus highly influenced by local climatic conditions 

and natural weather events. The associated costs of transport and warehouse storage of corn 

result in convenience yields when holding a derivative product of corn over the physical 

commodity. 

An EUA is classified as an energy commodity that is unique to the commodity space. 

Although EUAs are a consumption good, they are intangible with little to no associated storage 
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costs. Participants of the EU ETS submit annual GHG emission reports and must then surrender 

the equivalent number of allowances before April 30th of the following year. The tradeable unit 

under the EU ETS is the EUA, giving the holder the right to emit one tonne of CO2e of an 

anthropogenic GHG.  

There exists very little literature modelling EUA market dynamics through term 

structure estimation. However, the recent substantial growth in EUA market prices to all-time 

highs makes the empirical analysis of these prices more crucial than ever. Therefore, a 

comparative study into EUA market dynamics over its lifetime is conducted to evaluate how 

this market has evolved and developed. In particular, term structure data over observation 

periods of phases 2, 3, and 4 are empirically evaluated. The EUA CPMs estimated in this 

section are a replication and extension of the CPMs presented in the works of Abadie and 

Chamorro (2008) and Aspinall et al. (2021a), respectively.  

The case studies of each commodity are presented in the following subsections. These 

case studies begin with a description of the term structure data used, followed by a detailed 

analysis and discussion into the CPMs estimated. Unique modelling characteristics for each 

commodity are also discussed in these case studies. 

4.3.1 Light Sweet Crude Oil 

The New York Mercantile Exchange (NYMEX), being the world’s most liquid forum 

for crude oil trading, is primarily used as a principal international pricing benchmark for the 

commodity. The NYMEX lists WTI futures contracts (under the ticker code CL) that call for 

the delivery of 1,000 barrels (bbl) of light, sweet crude oil, where each barrel is equivalent to 

42 gallons. Futures contracts are traded in USD/bbl. The last trading day of these contracts is 

three or four business days before the 25th calendar day of the month prior to the contract 

month, depending on whether the 25th itself is a business day. The NYMEX currently lists 

(since approximately April 2019) monthly contracts for the current year and the next ten 

calendar years, as well as two additional monthly contracts for the subsequent calendar year 

following this. Thus, there are up to 128 continuous monthly contracts currently available. 

The following contract selection procedure, similar to the approach of Trolle and 

Schwartz (2009), for the term structure dataset, was used to estimate oil CPMs. Quoted futures 

prices with a maturity less than 14 days are discarded at each discrete daily observation point. 

The first six contracts remaining are then retained. The first two contracts with expiration in 
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either March, June, September, or December are subsequently retained. Following these 

identified contracts, the remaining contracts with expiration in December are retained, and any 

contracts with a time-to-maturity greater than eight years are discarded. The result is a generic 

set of futures contracts at each time point, denoted M1-6, Q3-4 and Y2-8. The average number 

of contracts observed at each time point is 14.45 when estimating oil CPMs within this section. 

Historic quoted market prices of the short- (three months) and long-term (eight years) generic 

futures contracts for CL crude oil is shown in Figure 4-2 below. 

 

Figure 4-2. Short- and long-term historical futures prices of contemporary oil price dataset. 

Oil prices can be seen to be characterized by strong levels of mean-reversion (Figure 4-

2), with short-term oil prices regularly fluctuating throughout the observation period. The 

spread between short- and long-term futures prices also alternates over the observation period, 

with the market for crude oil alternating between states of strong backwardation and contango, 

providing further evidence of mean-reversion in crude oil prices. Volatility in short-term oil 

prices is high, fluctuating between $20/bbl and $70/bbl over the observation period. The market 

price for short-term crude oil futures contracts experienced a substantial drop in approximately 

March 2020 due to anticipated reductions in global oil demand. From an evaluation of historical 
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crude oil market prices, an optimal CPM for this commodity can thus be expected to capture 

mean-reversion market prices as it transitions between states of strong backwardation and 

contango and can develop a relationship between short- and long-term futures prices.  

An initial analysis into the historical market term structure data for crude oil led to the 

application of five measurement error parameters to provide the greatest overall fit to the 

dataset whilst allowing for degrees of variation in observations along the futures price curve. 

The four maturity bounds for this dataset, in months, are defined as 𝑇𝑇𝑀 = [3,6,12,60]. 

Table 4-7 below presents CPMs of up to five factors estimated using contemporary 

crude oil market price data. The optimal crude oil CPM has five stochastic factors and five 

measurement errors according to the BIC scores. The high number of stochastic factors 

estimated for crude oil market prices implies that the market price behaviour of crude oil is 

complex. The low magnitude of the measurement errors for the five-factor CPM also means 

that this model has a high fit to the in-sample term structure data. 

The estimated measurement error o” CPM’ for short-, medium- and long-term futures 

prices decreases substantially when considering multi-factor CPMs (Table 4-7). By 

interpreting estimated measurement error, at least three factors are required to adequately 

model futures prices with a maturity between 3 and 12 months (i.e., the second and third 

measurement error parameters). Increasing from a three- to a four-factor model increases the 

fit to short- and long-term futures prices and increasing from a four- to a five-factor model 

provides a superior fit to long-term futures prices again. The result is that the five-factor CPM 

has a superior model fit to all observable futures prices over the other estimated CPMs. 

Interpreting model fit in this manner is only possible when the maturity measurement error 

approach is adopted. 
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 Five-Factor Four-Factor Three-Factor Two-Factor One-Factor 

𝜅2 0.157 (0.006) 0.526 (0.006) 0.419 (0.003) 0.502 (0.002)  

𝜅3 0.325 (0.007) 0.608 (0.008) 0.996 (0.011)   

𝜅4 0.540 (0.009) 2.415 (0.033)    

𝜅5 3.072 (0.029)     

𝜎1 0.197 (0.006) 0.178 (0.004) 0.234 (0.014) 0.173 (0.004) 0.317 (0.007) 

𝜎2 0.638 (0.036) 1.024 (0.072) 0.293 (0.008) 0.438 (0.005)  

𝜎3 1.145 (0.060) 0.986 (0.072) 0.781 (0.014)   

𝜎4 0.613 (0.043) 0.145 (0.005)    

𝜎5 0.123 (0.004)     

𝜌2,1 -0.414 (0.043) 0.053 (0.048) 0.202 (0.063) 0.423 (0.037)  

𝜌3,1 0.387 (0.042) 0.038 (0.050) 0.689 (0.044)   

𝜌3,2 -0.969 (0.004) -0.952 (0.007) 0.008 (0.084)   

𝜌4,1 -0.118 (0.045) -0.049 (0.042)    

𝜌4,2 0.756 (0.023) 0.248 (0.045)    

𝜌4,3 -0.858 (0.019) -0.348 (0.043)    

𝜌5,1 -0.039 (0.043)     

𝜌5,2 -0.055 (0.042)     

𝜌5,3 0.101 (0.040)     

𝜌5,4 -0.165 (0.040)     

𝜇 -0.035 (0.089) -0.065 (0.081) -0.056 (0.106) -0.068 (0.079) 0.015 (0.143) 

𝜇∗ -0.026 (0.001) -0.012 (0.001) -0.024 (0.003) -0.007 (0.001) -0.042 (0.002) 

𝜆2 -0.210 (0.275) -0.414 (0.463) 0.032 (0.133) 0.175 (0.199)  

𝜆3 0.225 (0.493) 0.642 (0.447) 0.466 (0.355)   

𝜆4 0.155 (0.267) -0.199 (0.066)    

𝜆5 -0.188 (0.056)     

휀1 0.005 (0.000) 0.005 (0.000) 0.008 (0.000) 0.016 (0.000) 0.033 (0.000) 

휀2 0.001 (0.000) 0.001 (0.000) 0.001 (0.000) 0.004 (0.000) 0.009 (0.000) 

휀3 0.002 (0.000) 0.002 (0.000) 0.001 (0.000) 0.011 (0.000) 0.031 (0.000) 

휀4 0.002 (0.000) 0.004 (0.000) 0.010 (0.000) 0.020 (0.000) 0.119 (0.001) 

휀5 0.002 (0.000) 0.005 (0.000) 0.006 (0.000) 0.007 (0.000) 0.163 (0.002) 

log 𝐿 86,387 78,959 70,564 58,534 27,399 

- BIC 172,477 157,690 140,959 116,949 54,719 

Table 4-7. Contemporary oil estimated CPMs. Standard errors are given in parentheses. The 

estimation period was between 02/01/2015 – 31/12/2019. 

The standard error of estimated CPMs presented within Table 4-7 may be used to 

interpret the statistical significance of estimated parameters. Mean-reversion parameters (𝜅) of 

estimated CPMs are highly significant, consistent with observations regarding mean-reversion 

in crude oil historical market prices over the observation period (Figure 4-2). Most estimated 

risk-premiums (𝜆) of CPMs are not statistically significant, which is consistent with existing 
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literature (Schwartz, 1997; Schwartz & Smith, 2000; Cortazar & Naranjo, 2006; Cortazar et 

al., 2016). The risk-premium of factors four and five in the four- and five-factor CPMs, 

respectively, however, are statistically significant. This provides empirical evidence of risk-

premiums in the term structure for crude oil prices. The long-term risk-adjusted growth rate in 

crude oil prices is statistically significant and negative. 

Several stylized facts regarding the behaviour of N-factor CPMs were drawn when 

estimating contemporary oil CPMs. Firstly, increasing the number of factors under the N-factor 

framework results in an additional factor with a higher mean-reversion parameter over existing 

factors, which is also estimated with a higher standard error (Table 4-7). This may be due to 

the CPM decreasing the half-life of the additional MR factor to fit shorter-term futures 

contracts, with the other factors being used to increase the fit to longer-term futures contracts. 

This can be observed when moving from a four- to a five-factor model, with the first four 

factors of the five-factor CPM being lower than those of the four-factor model. Secondly, 

increasing the number of factors of a CPM increases the magnitude of specific correlation 

coefficients between factors. The five-factor model has the highest correlation between factors, 

with a correlation coefficient between factor two and three of approximately 97%. These may 

be factors driven by similar dynamics of commodity market behaviour, but explain different 

regions of the futures price curve, thus allowing for more flexibility in the CPM to adjust the 

models first- and second- moments over time. 

The parsimonious number of latent unobservable factors to include in the N-factor 

model is dependent on the existence and scale of mean-reverting properties in the commodity 

price process under an equivalent martingale measure (Rennemo, 2019). In general, it has been 

observed within the estimation of CPMs throughout this dissertation that modelling the term 

structure of a commodity beyond the number of factors required to adequately model the term 

structure of a commodity results in a poorly specified, numerically unstable model. A poorly 

specified, overfit model can be diagnosed through high standard errors in estimated parameters, 

a failure in the additional factor to reduce the magnitude of estimated measurement error in 

observations, estimated parameters that are beyond their reasonable bounds (such as extremely 

high risk-premiums or mean-reversion parameters) and extreme values of correlation between 

state variables (i.e., ± 99%). The optimal CPM for a commodity can thus be empirically 

determined by steadily increasing the number of factors in the CPM, subsequently interpreting 

the estimated parameters according to these broad diagnoses of poorly specified models. 
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Table 4-8 presents the bias (mean error) and RMSE of estimated oil CPMs, with out-

of-sample bias and RMSE scores further given in parentheses. The high and low bias 

corresponds to the mean of positive and negative observation error, respectively. These metrics 

thus provide greater detail into the magnitude of positive and negative error, respectively. 

 One-Factor Two-Factor Three-Factor Four-Factor Five-Factor 

High Bias 

(%) 

7.090 

(13.559) 

0.927 

(1.409) 

0.374 

(1.197) 

0.207 

(0.621) 

0.142 

(0.203) 

Low Bias 

(%) 

-5.881 

(-13.310) 

-0.723 

(-2.036) 

-0.388 

(-0.896) 

-0.199 

(-0.711) 

-0.140 

(-0.154) 

Bias (%) 
0.686 

(0.138) 

0.126 

(-0.360) 

-0.006 

(0.209) 

-0.003 

(-0.021) 

0.001 

(0.030) 

RMSE (%) 
9.969 

(17.019) 

1.273 

(2.770) 

0.604 

(1.847) 

0.304 

(1.027) 

0.230 

(0.629) 

Table 4-8. Contemporary oil dataset error scores. Out-of-sample error is given in parentheses. 

The in-sample period was between 02/01/2015 – 31/12/2019 and the out-of-sample period was 

between 02/01/2020 – 16/06/2021. 

Whilst three factors can be interpreted to be sufficient to eliminate bias in the model to 

in-sample observations, the magnitude of the high and low bias continues to decrease as the 

number of factors is increased beyond three factors. The in- and out-of-sample RMSE 

substantially decreases when multi-factor CPMs are used to model quoted futures prices, 

supporting the application of these CPMs to model oil prices. Whilst increasing the number of 

factors decreases both in- and out-of-sample error, the relative decrease in this error decreases 

as the number of factors increases. This demonstrates a depreciating rise in the comparable fit 

of CPMs as the number of factors increases, whilst model complexity and parameter estimation 

substantially increase. 

The out-of-sample error for estimated CPMs, whilst higher than in-sample, is suitably 

low, even whilst considering the exogenous shock in short-term futures contracts that was 

experienced over this observation period (Figure 4-2). It can therefore be concluded that 

estimated multi-factor oil CPMs have both high performance and are stable. Given that the 

CPMs have been empirically shown to be stable over out-of-sample futures price observations, 

the validity of applying these CPMs for forecasting and derivative valuation processes has been 

verified. 

Figure 4-3 presents the observed and estimated futures price curve on October 16th, 

2015, and July 17th, 2021, respectively. These dates were selected to show estimated CPM fit 

to the futures price curve when oil prices were in a state of contango and backwardation, 
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respectively. July 17th, 2021 is also the most contemporary out-of-sample observation utilized 

for oil market prices. On October 16th, 2015, oil futures prices had a maximum maturity of nine 

years, whilst on July 17th, 2021, this was extended to a maximum maturity of 11 years. These 

figures further present a stark contrast to Figure 4-1, highlighting the increased richness in oil 

futures contracts since the original publications of Schwartz and Smith (2000) and Cortazar 

and Naranjo (2006), respectively. 

The inability for a one-factor GBM model to describe the futures curve, and more 

general market price behaviour, is seen in Figure 4-3. The one-factor GBM assumes constant 

growth in future prices, which is clearly not the case for oil market prices. The five-factor CPM 

can also be seen to possess a superior fit to long-term futures contracts over other estimated 

CPMs, as other multi-factor CPMs either under- or over-estimated futures prices on the 

displayed dates. This has significant ramifications for the probabilistic forecasting of arbitrarily 

long-term futures prices, as there are clear differences in the long-term forecasts of these CPMs. 

Figure 4-4 below presents the estimated and observed volatility term structure of oil 

futures returns over the entire in- and out-of-sample observation period. The analytic formulae 

for the theoretical volatility term structure of an N-factor CPM are available in section 3.1. The 

observed volatility term structure is then obtained through stitching observations according to 

their approximate time-to-maturity and is then given by: 

𝜎𝐹
2(𝑇) =

∑ (𝛿𝑡(𝑇) − 𝛿̅(𝑇))
2

𝜏
𝑡=1

𝜏Δ𝑡
 

where 𝑇  is the time-to-maturity, 𝜏  is the total number of discrete observations in the 

observation period and Δ𝑡 the discrete-time step of observations. 𝛿𝑡(𝑇) corresponds to futures 

returns and is given by: 

𝛿𝑡(𝑇) = log(𝐹(𝑡, 𝑇)) − log(𝐹(𝑡 − Δ𝑡, 𝑇)) 

Consistent with the findings of Cortazar and Naranjo (2006), the three-factor crude oil 

CPM has been empirically determined to have a high fit to the observed term structure of 

futures prices, however, at least four factors are required within the CPM to fit the volatility 

term structure of oil futures returns, with the three-factor CPM substantially over-estimating 

returns volatility. Increasing the number of factors under the N-factor framework allows the 

model greater flexibility in adjusting the second moment of futures returns, thus explaining the 

model’s ability to capture this dynamic in oil futures markets. 
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Figure 4-3. Estimated and observed oil futures prices on 16/10/2015 (left) and 17/06/2021 (right).
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The Samuelson hypothesis is observable within oil futures markets, as the volatility 

term structure of futures returns decreases steadily from approximately 40% to 20% as the 

time-to-maturity of futures prices increases (Figure 4-4). There is no substantial difference in 

the volatility of oil futures returns for contracts with a maturity greater than approximately five 

years. This result is to be expected due to the high significance in mean-reversion parameters 

estimated of the oil CPMs, meaning that significant mean reversion in CPMs has been 

established under the equivalent martingale measure. 

 

Figure 4-4. Volatility term structure of oil futures returns over the in-sample period of 

02/01/2015 - 31/12/2019. 

In summary, five factors are required to model the contemporary crude oil commodity 

market adequately. The five-factor CPM has been empirically demonstrated to have high 

performance to the observable futures price curve and the volatility term structure of oil futures 

returns. The five-factor CPM has also been determined to be stable, with high model 

performance when applied to an out-of-sample observation period with noticeable exogenous 

shocks in futures prices. CPMs presented within this section are subsequently used within 

section 5.2 to value a capital investment project contingent on future oil market prices through 

RO analysis.  
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4.3.2 High-Grade Copper 

The high-grade copper futures market (ticker code HG) is a series of futures contracts 

traded on the Commodity Exchange (COMEX). The COMEX copper futures market is fully 

integrated into the US market and is a predominant benchmark throughout the global copper 

value chain. Each futures contract calls for delivery of 25,000 lbs of grade one electrolyte 

copper and are traded in USD/lb. HG copper futures contract months currently available are: 

the current calendar month, the next twenty-three consecutive calendar months, and any March, 

May, July, September, and December months falling within the next 60-months. There are, 

therefore, 40 contracts listed on the COMEX copper market. The last trading day of these 

contracts is the third last business day of the maturing delivery month. 

Daily quoted copper futures prices within the observation period used to estimate 

copper CPMs were subject to the following procedure to increase the average liquidity of 

observations. Futures contracts with 14 or fewer days to expiration were discarded. The 

retained contracts were the first six monthly contracts, the first two contracts with expiration 

in either March, June, September, or December, and the next four contracts with expiration in 

December. This procedure leaves twelve generic futures contracts: M1-6, Q1-2, and Y1-4. The 

average number of contracts observed at each time point is 11.41 observations. Historic quoted 

market prices of the short- and long-term generic futures contracts for HG copper are shown in 

Figure 4-5 below.  
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Figure 4-5. Short- and long-term contemporary historical futures prices of copper. 

Historically, copper market prices are characterized by high levels of volatility and 

large, short-term jumps in copper prices (Figure 4-5). Copper market prices appear to possess 

lower levels of mean-reversion between short-term and long-term contracts than crude oil 

market prices, with the copper market primarily observed to be in a state of contango. Whilst 

copper prices may not be characterised by transitions between strong states of contango and 

backwardation, cyclical trends in the increase and decrease of copper prices over time can be 

broadly observed in copper prices pre-2020. 

It is clearly observed that copper market prices have increased substantially since 

approximately March 2020 (Figure 4-5). Copper is used extensively within highly cyclical 

industries in the construction of capital goods and industrial machinery manufacturing. Copper 

spot and futures pricing are thus considered good indicators of current and expected future 

worldwide capital construction. Increases in economic stimulus spending as a result of COVID-

19 and copper’s importance in the growing adoption of clean energy technology has thus 

resulted in an increased demand for the primary metal commodity. A decrease in the global 

production and supply of copper associated with COVID-19 further contributes to this recent 
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price increase. Quoted futures prices from January 2020 onwards are used for out-of-sample 

purposes only. The out-of-sample fit of N-factor CPMs estimated using market prices before 

the strong appreciation in copper market prices will thus provide insights into these CPMs 

abilities to explain copper market prices following a large exogenous shock that has influenced 

market prices. 

Estimated copper CPMs of up to four factors are presented in Table 4-9 below. An 

initial analysis of copper term structure data, including initial testing and estimation of CPMs, 

determined that three unknown measurement error parameters provided the greatest overall fit 

to the dataset whilst allowing for degrees of variation in observations along the futures price 

curve. The two maturity bounds for this dataset, in years, are defined as 𝑇𝑇𝑀 = [1,3]. 

According to the negative BIC scores, the optimal CPM to model copper futures market 

prices is a four-factor CPM with three measurement errors. The lower number of factors 

required to adequately model copper futures prices than crude oil, which required five factors, 

implies fewer complex, stochastic dynamics driving the futures price curve of copper prices 

than crude oil prices. According to the estimated measurement error of CPMs, each of the 

estimated CPMs can explain short-term futures prices with a high degree of model fit, however, 

a four-factor CPM is required to almost perfectly explain long-term copper futures prices.  
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 Four-Factor Three-Factor Two-Factor One-Factor 

𝜅2 0.063 (0.019) 0.810 (0.012) 0.833 (0.011)  

𝜅3 1.002 (0.037) 8.127 (0.111)   

𝜅4 1.527 (0.070)    

𝜎1 0.220 (0.014) 0.184 (0.004) 0.187 (0.004) 0.198 (0.004) 

𝜎2 0.127 (0.027) 0.043 (0.001) 0.034 (0.001)  

𝜎3 0.096 (0.017) 0.028 (0.001)   

𝜎4 0.078 (0.016)    

𝜌2,1 -0.479 (0.109) 0.510 (0.031) 0.426 (0.036)  

𝜌3,1 0.406 (0.066) -0.277 (0.044)   

𝜌3,2 -0.637 (0.025) -0.312 (0.043)   

𝜌4,1 -0.153 (0.013)    

𝜌4,2 0.425 (0.049)    

𝜌4,3 -0.880 (0.051)    

𝜇 0.065 (0.099) 0.000 (0.045) 0.002 (0.091) -0.001 (0.074) 

𝜇∗ 0.010 (0.007) -0.019 (0.001) -0.018 (0.001) -0.010 (0.001) 

𝜆2 -0.041 (0.057) -0.030 (0.016) -0.031 (0.016)  

𝜆3 -0.058 (0.043) 0.020 (0.012)   

𝜆4 0.039 (0.035)    

휀1 0.001 (0.000) 0.001 (0.000) 0.001 (0.000) 0.003 (0.000) 

휀2 0.002 (0.000) 0.003 (0.000) 0.004 (0.000) 0.009 (0.000) 

휀3 0.000 (0.000) 0.011 (0.000) 0.010 (0.000) 0.026 (0.000) 

log 𝐿 76,265 68,711 65,091 50,701 

- BIC 152,321 137,280 130,087 101,345 

Table 4-9. Contemporary copper estimated CPMs. Standard errors are given in parentheses. 

The estimation period was between 02/01/2015 – 31/12/2019. 

Significant mean-reversion parameters have been estimated within the multi-factor 

copper CPMs. Copper futures markets can thus be empirically concluded to exhibit mean-

reverting behaviour. Estimated volatility in MR factors (i.e., factors beyond the first) are also 

relatively low. For example, the instantaneous volatility of factor two in the two-factor CPM 

was only 3.4%. Low volatility in mean-reverting terms implies that the primary driver of 

uncertainty in copper prices is the random walk with drift element of the first factor. The second 

factor of the estimated four-factor CPM has a mean-reversion rate of 0.063 and a corresponding 

half-life of approximately 11 years, providing further evidence that copper prices are primarily 

driven through a random walk. 

Figure 4-6 below presents the observed and estimated futures price curve on December 

31st, 2018, and July 17th, 2021, respectively, with the latter being the most contemporary 

observation utilized in this observation period.
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Figure 4-6. Estimated and observed copper futures prices on 31/12/2018 (left) and 17/06/2021 (right).
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The low measurement error and high associated fit of estimated CPMs to short-term 

copper futures prices can be seen through Figure 4-6 to be primarily attributed to the state of 

contango that characterizes short-term copper futures prices. For example, estimated futures 

prices for the one- and four-factor CPM were almost identical on December 31st, 2018, until a 

time-to-maturity of approximately 18 months. However, it is also clear that a one-factor CPM 

insufficiently models medium- and long-term copper prices, with the term structure of copper 

being more complex than linear, long-term growth in futures prices. The four-factor CPMs 

ability to fit in- and out-of-sample long-term futures prices is also observable, with the two- 

and four-factor CPMs under- and subsequently over- estimating futures prices on these 

observation dates. 

 One-Factor Two-Factor Three-Factor Four-Factor 

High Bias (%) 
0.858 

(1.813) 

0.221 

(0.364) 

0.200 

(0.291) 

0.045 

(0.197) 

Low Bias (%) 
-0.311 

(-0.468) 

-0.195 

(-0.627) 

-0.181 

(-0.598) 

-0.056 

(-0.212) 

Bias (%) 
0.333 

(0.790) 

0.019 

(-0.130) 

0.002 

(-0.158) 

-0.005 

(-0.036) 

RMSE (%) 
1.201 

(1.967) 

0.461 

(0.801) 

0.474 

(0.743) 

0.082 

(0.278) 

Table 4-10. Contemporary copper dataset error scores. Out-of-sample error is given in 

parentheses. The in-sample period was between 02/01/2015 – 31/12/2019 and the out-of-

sample period was between 03/01/2020 – 16/06/2021. 

In- and out-of-sample estimated CPM fit to copper futures prices are substantially low 

(Table 4-10), particularly in comparison to those reported for estimated oil CPMs (Table 4-8). 

The out-of-sample RMSE is also not substantially larger than the in-sample RMSE, providing 

empirical evidence that the estimated parameters of these CPMs are stable, even whilst 

considering the exogenous shock that has appreciated copper prices within the out-of-sample 

observation period. 

A low RMSE for the estimated one-factor CPM provides further empirical evidence 

that a random walk process primarily drives copper prices. However, combining the analysis 

of model RMSE with an interpretation of the estimated measurement error of the one-factor 

CPM and the observed term structure fit on different dates provides insights into the one-, two- 

and three-factor model’s inability to explain long-term copper futures prices.  

The RMSE score may be lower for copper CPMs than oil CPMs because copper 

markets do not experience contango and backwardation to the same degree as oil markets. For 
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example, the spread in copper futures prices on December 31st, 2018, was between 262.80 and 

268.10 US cents, whilst the spread of oil futures prices on the same day was between $45.41 

and $53.20. A lower magnitude difference between copper futures prices attributes the model 

with a lower total RMSE score over a given observation period. This is true even when this 

model has inadequately captured the dynamics of this commodities futures curve and would 

provide unreasonable forecasts of long-term copper prices. This analysis highlights the need to 

deploy multiple performance metrics and combine the interpretation of estimated parameters, 

model error, and the observable term structure of a commodity to make informed analysis into 

N-factor CPMs. 

 

Figure 4-7. Volatility term structure of copper futures returns over the in-sample period of 

02/01/2015 - 31/12/2019. 

The volatility term structure of copper futures returns is consistent with Samuelson’s 

hypothesis, with volatility insensitive to time-to-maturity for contracts with a maturity greater 

than approximately two years (Figure 4-7). Unlike oil CPMs, estimated copper CPMs have 

been unable to capture the market dynamic of volatility in futures returns perfectly. However, 

copper’s volatility term structure has a much smaller spread between short- and long-term 

futures contracts than oil's volatility term structure. Thus, whilst the four-factor CPM can be 

observed to overestimate the volatility in returns of futures prices, this overestimation is only 

by a magnitude of approximately 0.5%. The superior fit and stability of the four-factor CPM 

over other estimated CPMs thus justifies the application of this CPM in the modelling of copper 

markets and the forecasting of copper futures prices. Deploying a CPM with a stochastic 
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volatility assumption may increase model fit to the volatility term structure of copper futures 

prices. The fit of this CPM to short-term options on futures prices (Cortazar et al., 2016) is 

beyond the scope of this case study. 

In summary, the optimal N-factor CPM to capture the market dynamics of copper 

futures prices is a four-factor model. This model exhibits a superior fit over other models to 

long-term futures prices, is stable when applied to out-of-sample data with exogenous shocks 

and has been empirically observed to be an unbiased estimator. Statistical significance in mean-

reversion of copper prices was also empirically concluded. 

4.3.3 United States Corn 

Corn derivative products are traded within the US on the Chicago Board of Trade 

(CBOT) exchange under the ticker code C. A CBOT corn futures contract calls for delivery of 

5,000 bushels (bu), of which one bushel corresponds to 56 lbs of corn, and contracts are traded 

in USD/bu. Corn futures contracts currently available on the CBOT are: nine monthly contracts 

expiring in March, May and September and eight monthly contracts expiring in July and 

December. There are, therefore, 17 contracts listed on the CBOT corn futures market. The last 

trading day of these contracts is the business day before the 15th day of the contract month, and 

the longest time-to-maturity of these contracts is generally between three and a half to four 

years. 

Agricultural commodities such as corn are harvested approximately once per year. 

Market prices for agricultural commodities have been well observed to be influenced by 

systematic seasonal patterns based upon whether the commodity is “in-season” or “out-of-

season”. In particular, Sørensen (2002) empirically determined that corn futures prices expiring 

in May and July are on average higher than those that expire in March, September or December. 

This same behaviour has been observed to be exhibited within this contemporary data. 

To capture the seasonal component of agricultural market dynamics, Sørensen (2002) 

proposed a trigonometric seasonality function. Deterministic seasonality was incorporated 

under the N-factor framework within section 3.1. To adequately capture the effect of the 

systematic seasonal effect exhibited by corn market prices, a much longer observation period 

of futures prices is utilized to estimate corn CPMs compared to those applied to estimate crude 

oil and copper CPMs in sections 4.3.1 and 4.3.2, respectively. This ensures that the systematic 

seasonal influence on corn futures prices is adequately observed within estimated CPMs. The 
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observation period utilized within this section is for weekly observable futures contracts from 

January 2000 to December 2019, with weekly observations from January 2020 to June 2021 

used as out-of-sample data (see Table 1-1). Therefore, this section's modelling of corn prices 

can be considered a contemporary analysis on corn prices with a similar methodology to that 

of Sørensen (2002), who utilized an observation period between January 1972 to July 1997.  

Following Sørensen (2002), weekly observations are utilized in this case study to avoid 

microstructure issues within observed quoted futures prices, such as daily price limits imposed 

by CBOT. To develop the term structure data, quoted futures prices of contracts with a time to 

maturity of less than 14 days and more than three years were discarded. The average number 

of contracts observed at each time point is 12.15 observations. Historic quoted market prices 

of short- and long-term generic futures contracts for corn is shown in Figure 4-8 below. 

 

Figure 4-8. Short- and long-term contemporary historical futures prices of corn. 

Historic futures prices of corn exhibit mean-reverting behaviour and have experienced 

multiple exogenous shocks and structural breaks (Figure 4-8). The primary state of the corn 

futures market has been contango, consistent with market participants purchasing long-term 

futures contracts at a premium to reduce future uncertainty in corn market prices. The volatility 

of short-term corn futures contracts is typically highest during June - July, as greater 

information regarding the total yield and yield per acre in the upcoming harvesting season 

becomes available and greater speculation regarding future corn prices occurs. Therefore, a 
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state of backwardation in corn futures markets is generally a result of speculation that an 

upcoming harvest will be of a lower quality than in subsequent years. 

There are two distinct structural breaks observable within historic corn futures prices: 

pre- and post- 2007. Furthermore, three large exogenous shocks have resulted in significant 

increases in short- and long-term futures prices: between 2007 to 2009, between mid-2010 to 

mid-2013, and from approximately mid-2020 onwards (Figure 4-8). These exogenous shocks 

were not unique to corn market prices and influenced many agricultural commodities at the 

time, such as rice, wheat, and soybeans. An increase in the global demand for corn for the 

application of ethanol in conjunction with the well-known 2007-2008 world food price crisis 

drove corn market prices upwards before settling at a new market equilibrium above corn 

markets pre-2007. Short-term prices of corn also experienced an exogenous shock between 

approximately January 2011 to July 2013 in response to widespread droughts that affected the 

US Midwest during this period, reducing corn yield per acre as a result. Short-term corn futures 

prices subsequently decreased as the drought eased in mid-2013, resulting in higher-than-

expected yields from the 2013 corn harvest. Short-term corn prices are again experiencing an 

exogenous shock due to growing drought within the US combined with unexpected shortages 

in labour due to the ongoing effects of COVID-19. 

The out-of-sample observation period applied within this section is from January 2020 

onwards. Therefore, the out-of-sample fit of estimated CPMs is representative of these models’ 

ability to account for exogenous shocks in corn futures markets. This out-of-sample 

observation period thus allows for analysis into the CPMs ability to consider exogenous shocks, 

structural breaks and cyclical seasonality in corn, and more broadly agricultural, futures 

markets. 

Estimated corn CPMs for up to two stochastic drift and three deterministic seasonal 

components are presented below (Table 4-11). Upon initial exploration of the corn term 

structure data, it was determined that three unknown measurement error terms provided the 

greatest trade-off between model accuracy and unknown parameters. The two maturity bounds 

for this dataset, in years, are defined as 𝑇𝑇𝑀 = [1,2], corresponding to measurement errors for 

quoted futures prices with maturities less than one year, between one and two years, and greater 

than two years, respectively. 

According to the negative BIC scores, the optimal CPM to model the observable term 

structure of corn prices is a two-factor CPM with three deterministic seasonal components 
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(Table 4-11). Estimated seasonal parameters were statistically significant in each CPM that 

considered deterministic seasonality and were estimated at an extremely high level of precision. 

This is likely due to the lack of variance in these deterministic components and the many years 

observed within the in-sample dataset to estimate the cyclical seasonality that can be 

empirically concluded to characterize corn prices. Increasing the number of deterministic 

seasonal components in a two-factor CPM results in the estimation of a subsequent seasonal 

component with a lower magnitude than previous seasonal components, implying that the 

seasonal components with a lower periodicity explained the cyclical, seasonal behaviour of 

corn prices. The complementary seasonal element of the third seasonal component of the 

estimated two-factor CPM was not statistically significant, implying that additional seasonal 

factors will not improve the total model fit. 

Corn futures prices have a lower maximum time-to-maturity in comparison to oil and 

copper futures markets. A consequence of this is that estimated corn CPMs have a lower 

estimation power in the behaviour of long-term corn futures prices. Whilst lack of quoted long-

term futures prices may inhibit the model’s ability to explain the long-term behaviour of 

commodity prices, the substantially long in-sample observation period utilized to estimate corn 

CPMs has provided a reliable estimator into the long-term drift of future corn prices. 

Considering the measurement error of estimated CPMs, it can be empirically 

determined that the inclusion of seasonality has improved estimated CPM ability to explain the 

prices of medium- and long-term futures contracts. Deterministic seasonality, however, has 

almost no influence on the pricing of commodities with maturities of less than one year. This 

implies that the deterministic seasonal component can improve model fit to expectations in 

future harvesting cycles in corn but does not improve the modelling of the upcoming harvesting 

cycle. The upcoming harvest is instead modelled stochastically by adjusting drift in short-term 

futures prices. While deterministic seasonality improves overall model fit, introducing a second 

stochastic drift term has had a substantially larger influence on the log-likelihood, negative BIC 

scores, and the measurement error of observations. The optimal number of latent factors to 

model the futures curve of agricultural commodity prices is thus a greater consideration than 

the modelling of seasonality exhibited by the futures curve. 
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Drift Factors One-Factor Two-Factor 

Seasonal Factors 0 1 2 3 0 1 2 3 

𝜅2     0.766 (0.013) 0.779 (0.010) 0.778 (0.010) 0.775 (0.010) 

𝜎1 0.151 (0.004) 0.157 (0.004) 0.158 (0.004) 0.158 (0.004) 0.113 (0.004) 0.120 (0.004) 0.120 (0.004) 0.120 (0.004) 

𝜎2     0.269 (0.008) 0.277 (0.009) 0.276 (0.008) 0.276 (0.008) 

𝜌1,2     0.343 (0.044) 0.334 (0.042) 0.335 (0.042) 0.332 (0.042) 

𝜇 0.025 (0.034) 0.025 (0.035) 0.025 (0.035) 0.025 (0.035) 0.022 (0.025) 0.022 (0.027) 0.021 (0.027) 0.022 (0.027) 

𝜇∗ 0.004 (0.001) 0.005 (0.001) 0.003 (0.001) 0.003 (0.001) -0.036 (0.001) -0.029 (0.001) -0.031 (0.001) -0.031 (0.001) 

𝜆2     -0.115 (0.060) -0.099 (0.062) -0.103 (0.062) -0.102 (0.062) 

𝛿1,1  -0.016 (0.000) -0.015 (0.000) -0.019 (0.001)  -0.014 (0.000) -0.013 (0.000) -0.012 (0.001) 

𝛿1,2  0.009 (0.000) 0.011 (0.000) 0.011 (0.001)  0.008 (0.000) 0.010 (0.000) 0.012 (0.000) 

𝛿2,1   0.006 (0.000) 0.002 (0.001)   0.006 (0.000) 0.009 (0.001) 

𝛿2,2   0.003 (0.000) 0.003 (0.001)   0.003 (0.000) 0.007 (0.001) 

𝛿3,1    0.002 (0.001)    0.003 (0.001) 

𝛿3,2    -0.009 (0.002)    0.000 (0.001) 

휀1 0.086 (0.001) 0.086 (0.001) 0.086 (0.001) 0.086 (0.001) 0.023 (0.000) 0.023 (0.000) 0.023 (0.000) 0.022 (0.000) 

휀2 0.025 (0.000) 0.020 (0.000) 0.020 (0.000) 0.020 (0.000) 0.019 (0.000) 0.014 (0.000) 0.013 (0.000) 0.013 (0.000) 

휀3 0.038 (0.001) 0.036 (0.001) 0.036 (0.001) 0.036 (0.001) 0.021 (0.000) 0.016 (0.000) 0.016 (0.000) 0.016 (0.000) 

log 𝐿 20,183 21,231 21,322 21,334 28,915 30,962 31,227 31,251 

- BIC 40,309 42,386 42,550 42,556 57,736 61,811 62,321 62,350 

Table 4-11. Contemporary corn estimated CPMs. Standard errors are given in parentheses. The estimation period was between 01/01/2000 – 

31/12/2019.
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Figure 4-9 below presents the observed and estimated futures price curve on January 

2nd, 2015, and July 17th, 2021, respectively. The latter is the most contemporary observation 

utilized in the out-of-sample observation period. The estimated futures price curves displayed 

in Figure 4-9 are the one- and two-factor CPMs with zero and three deterministic seasonality 

components, respectively. 

The market price of corn in 2015 was not influenced by exogenous shocks and can be 

considered reflective of the behaviour exhibited by corn futures prices from 2014 to 2020. 

Consistent with the work of Sørensen (2002), it can be observed that short-term futures 

contracts were characterized by contango, with long-term futures contracts with a maturity 

greater than approximately two years being in a state of backwardation. However, current corn 

market prices are characterized by strong backwardation, particularly in futures contracts 

greater than one year. This represents current expectations that the future supply and 

corresponding harvest yields of corn will meet demand in future years. Corn prices are 

anticipated to return to prices comparable to those observed between 2014 and 2020. 

Whilst two-factor CPMs can explain the smooth transition in the futures price curve 

with respect to time-to-maturity, the inclusion of deterministic seasonality has improved model 

fit to the pricing of medium- and long-term commodities (Figure 4-9). Corn futures prices with 

a maturity greater than one-year are be characterized by strong, cyclical trends in futures prices, 

representing expectations and pricing information into the seasonal influence of future corn 

prices. Figure 4-9 thus suggests that the futures price curve of corn is smooth for the current 

harvesting cycle but is characterized by strong seasonal effects when considering future 

harvesting cycles. This provides insights into the estimated measurement error presented in 

Table 4-11, which suggested that deterministic seasonality did not improve model fit to futures 

contracts with a maturity less than one year. It, therefore, appears that the futures curve for the 

existing harvesting cycle corresponds to risk premiums related to uncertainty in the existing 

harvesting cycle. Still, the seasonal influence of corn has already been considered within these 

futures prices.
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Figure 4-9. Estimated and observed corn futures prices on 02/01/2015 (left) and 17/06/2021 (right).
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The inclusion of deterministic seasonality has decreased the magnitude of in- and out-

of-sample high and low bias and RMSE (Table 4-12). The out-of-sample RMSE for corn 

futures prices is lower than in-sample RMSE when considering a two-factor CPM with 

deterministic seasonality. This implies that the two-factor CPMs are stable and able to explain 

the term structure of corn prices under exogenous shock at a reasonably high level of accuracy. 

The relative decrease in RMSE depreciates as the number of deterministic seasonal factors 

increases. Including seasonal components with additional periodicity, therefore, does not 

substantially improve CPM modelling performance. 

Drift One-Factor Two-Factor 

Seasonal 0 1 2 3 0 1 2 3 

High Bias (%) 
4.567 

(4.003) 

4.537  

(4.119) 

4.538  

(4.083) 

4.544  

(4.066) 

1.345  

(1.753) 

1.162  

(1.331) 

1.173  

(1.273) 

1.168  

(1.275) 

Low Bias (%) 
-3.258 

(-5.651) 

-2.891  

(-5.083) 

-2.848  

(-5.053) 

-2.847  

(-5.059) 

-1.409  

(-1.667) 

-1.178  

(-1.171) 

-1.126  

(-1.119) 

-1.131  

(-1.120) 

Bias (%) 
1.082 

(-0.593) 

1.144 

(-0.550) 

1.189 

(-0.489) 

1.187 

(-0.501) 

0.004 

(-0.026) 

0.011 

(-0.038) 

0.013 

(-0.053) 

0.013 

(-0.050) 

RMSE (%) 
5.911  

(7.057) 

5.822  

(6.792) 

5.822  

(6.725) 

5.822  

(6.725) 

2.006  

(2.227) 

1.738  

(1.684) 

1.708  

(1.613) 

1.701  

(1.616) 

Table 4-12. Contemporary corn dataset error scores. Out-of-sample error given in 

parentheses. The in-sample period was between 01/01/2000 – 31/12/2019 and the out-of-

sample period was between 02/01/2020 – 16/06/2021. 

The volatility term structure of corn prices appears to be consistent with Samuelson’s 

hypothesis (Figure 4-10), with an observable decrease in the magnitude and sensitivity of 

volatility in futures returns with respect to the time-to-maturity of futures contracts. Estimated 

two-factor CPMs have underestimated the volatility term structure of corn futures returns by 

between four to six percent. However, deterministic seasonality has increased the fit of CPMs 

to this characteristic of corn futures markets. 
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Figure 4-10. Volatility term structure of corn futures returns over the in-sample period of 

01/01/2000 - 31/12/2019. 

Figure 4-11 below presents the estimated systematic annual seasonal pattern for corn 

market prices. This figure is obtained by substituting the deterministic seasonal parameters 

estimated for the two-factor CPM with three deterministic seasonal factors (Table 4-11) into 

the deterministic seasonal function 𝛿(𝑡) defined within section 3.1. 

 

Figure 4-11. Estimated seasonal patterns for corn over the in-sample period of 02/01/2015 – 

31/12/2019. 
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Figure 4-11 is consistent with Figure 5 of Sørensen (2002), who found a similar shape 

and magnitude in the seasonal pattern for corn market prices. The deterministic seasonal price 

component peaks in June and July, approximately two months before the beginning of the 

harvest season for corn. This has been commonly attributed to uncertainty in yields of the 

upcoming corn harvest. The deterministic seasonal model displayed above has also estimated 

a slight dip in seasonal corn prices within the February and March months. These months 

coincide with the Spring season within the US, which is the planting season for corn crops, and 

thus this dip could be attributed to additional information (i.e., reduced uncertainty) regarding 

the total acreage in corn crops planted for the year.  

Whilst Sørensen (2002) determined a similar seasonal pattern for corn during the Spring 

season, the seasonal pattern estimated within this dissertation is more pronounced. This 

suggests that additional information on upcoming yields in corn prices has had a larger 

influence on corn market prices during this period. An alternative explanation for this dip is 

that the information regarding yields for upcoming corn harvests has on average been positive 

during the in-sample observation period used to estimate seasonality in corn market prices. 

In summary, CPM performance to both in- and out-of-sample observations for corn are 

lower than those presented for oil and copper in sections 4.3.1 and 4.3.2, respectively. Whilst 

the inclusion of deterministic seasonality has improved overall model fit, and a multi-factor 

CPM has explained the smooth behaviour of the futures price curve with respect to time-to-

maturity, these CPMs do not have a high observable fit to the seasonal behaviour observed in 

the futures price curve (Figure 4-9). 

In an extension to the modelling framework adopted in this case study, Mirantes et al. 

(2012) and subsequently Mirantes et al. (2013) empirically determined that the application of 

an N-factor framework with stochastic trigonometric seasonality, rather than deterministic, 

resulted in a superior fit to the modelling of energy commodities, such as natural gas. The 

strong seasonal behaviour exhibited by agricultural commodities such as corn may benefit from 

applying stochastic seasonality. However, this has yet to be examined within existing 

commodity pricing literature. The N-factor framework extension of Mirantes et al. (2012) 

substantially increases the modelling complexity of commodity prices compared to a 

deterministic seasonality specification. It also reduces overall interpretability of the seasonal 

behaviour of commodity prices, such as that presented in Figure 4-11. Given that the 

agricultural commodity class is not further considered within this dissertation, the application 
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of stochastic seasonality to model agricultural commodities is left for future research within 

the commodity pricing literature. 

An alternate specification of deterministic seasonality that is proposed following the 

empirical analysis of estimated CPMs presented within this section is the application of 

deterministic seasonality in medium- and long-term futures contracts. Given that the 

consideration of deterministic seasonality has not increased model fit to futures contracts with 

a time-to-maturity of less than one year (Table 4-11), and that the futures curve of short-term 

futures prices has been observed to be smooth across many observations (Figure 4-9), 

considering only a deterministic seasonality adjustment in expected futures prices with a time-

to-maturity greater than one year may improve overall model fit in the market behaviour of 

corn. This alternate approach may further improve model fit in agricultural commodities 

without substantial increases in modelling complexity. 

4.3.4 European Union Allowances 

The largest and most liquid exchange for the trading of futures contracts on EUAs is 

the ICE. The EUA futures market is a series of futures contracts traded on the ICE under the 

ticker code C. This ticker code also refers to corn listed on the CBOT, however, and instead, 

the MO ticker (the ticker code adopted within Bloomberg) will be utilized to refer to EUA 

futures within this case study. Each MO contract calls for delivery of 1,000 EUAs and is traded 

in euros (€). The MO EUA futures contracts currently available are: two monthly contracts, six 

quarterly contracts and seven December contracts, meaning there are 15 futures contracts now 

available for trading on the ICE market. The last trading day of these contracts is the last 

Monday of the listed contract month unless a UK bank holiday falls on the expiration week, 

which is then the penultimate Monday of the listed contract month. 

Figure 4-12 below displays historical market prices of short- (three months) and long- 

(four years) term generic futures contracts for EUAs since the beginning of Phase three of the 

EU ETS. EUA market prices are characterized by very high levels of volatility due to 

uncertainty in future regulatory changes, supply, and demand of EUAs. Using phase two and 

three market data, the literature has estimated that volatility in spot prices is approximately 

47% (Abadie & Chamorro, 2008) and 53% Aspinall et al. (2021a), respectively. This results in 

negative convenience yields associated with the long-term possession of the commodity. 

Convenience yields of possessing EUAs are a result of hedging against future uncertainty in 

EUA prices as well as exposure to stock-out risk and expectations in short-term changes in 
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scarcity of EUAs as the compliance date approaches each year. EUA market prices are highly 

sensitive to existing supply, the method of EUA allocation to participants and transparency in 

future market and climate policies. 

 

Figure 4-12. Short- and long-term historical futures prices of contemporary EUA price 

dataset. 

The EUA futures market has almost entirely been in a state of contango (Figure 4-12). 

The positive relationship between futures prices and time-to-maturity reflects the annual 

decrease in the cap of allowances in the EU ETS. This is in line with the expectation that future 

spot prices of EUAs will increase as the total supply decreases annually. The premium in 

holding a futures contract is also built into this futures curve and results from hedging 

uncertainty regarding future supply and demand conditions of EUAs. 

Changes in trading rules and the allocation of EUAs are crucial to be aware of when 

evaluating historic EUA pricing developments of the EU ETS and forecasting this carbon 

market. In particular, the trading rules during the first two phases of the EU ETS differed in 

important aspects from those of the third and fourth phases. Auctioning is now the default 

allowance allocation method rather than free allowances, and the energy industry is no longer 

eligible for free allocations (European Commission, 2020). Whilst no more than 4% of EUAs 

were auctioned and 90% free allocated in phase two (World Bank Group, 2014), approximately 

40% of allowances were auctioned at the beginning of phase three (World Bank Group, 2016), 
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with zero free allowances scheduled by 2025 (European Commission, 2020). Annual 

reductions in the cap of emission allowances were also increased between phases three and 

four from 1.74% to 2.20%, respectively. 

The EU ETS has experienced several substantial structural breaks and market failures 

throughout its lifetime. These market failures provide insights into the price drivers of EUAs 

and the market's sensitivity to changes in market policy and structural breaks in the supply and 

demand for EUAs. The initial pilot project of the EU ETS operated from 2005 to 2007 and was 

designed to provide a window of experience of the trading scheme. The schemes initial 

coverage was limited to the energy and heavy industry sectors due to their low carbon flight 

risk and heavy contributions to global emissions (Abadie & Chamorro, 2008). Unreliable 

emissions data during this pilot period resulted in the emissions cap being set upon biased 

estimates, causing oversupply in EUAs and ultimately a market failure, with phase one EUAs 

falling to just 0.15 €/tCO2e and phase two futures prices falling by a third (Abadie & Chamorro, 

2008; Ellerman et al., 2010). The experience of phase one of the EU ETS highlighted the 

necessity of an emissions cap that provides suitable pressure on participants to reduce 

emissions in the short-, medium- and long-term. 

Market prices of EUAs were further heavily impacted due to the 2008 GFC, which 

resulted in a reduction in expected economic activity and thus allowance demand (Hintermann 

et al., 2016). As allowance supply began to exceed demand following the exogenous shock of 

the GFC, a considerable surplus of allowances started to build within the EU ETS, resulting in 

market imbalance and leading some to propose that the market for EUAs was inefficient (Clara 

& Mayr, 2018). This market imbalance resulted in EUA market prices remaining low from 

2008 to 2018 (Figure 4-12), providing a low initial incentive for participating companies to 

lower CO2 emissions (Ellerman et al., 2010; Pindyck, 2013; Hintermann et al., 2016; Clara & 

Mayr, 2018). In response to the vast oversupply in EUAs, market reform in the form of 

backloading was introduced in 2014 (Clara & Mayr, 2018), which postponed auctioning a 

portion of annual allowances to future compliance years. While this reduced a bit of oversupply 

in the EU ETS, it did not effectively increase EUA market prices (Figure 4-12). 

The major turning point in the EU ETS was the introduction of the MSR. The MSR is 

a direct market regulatory policy that reduces auctioned EUAs in the following year when 

banked EUAs exceed 833 MtCO2 and reintroduces these EUAs when banked EUAs fall below 

400 MtCO2. Finally, when the number of EUAs in the MSR exceeds the number of auctioned 
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EUAs in the previous year, all EUAs above this threshold are permanently cancelled, reducing 

the cumulative cap on emissions in the EU ETS and resulting in the cumulative supply of EUAs 

becoming endogenous (Gerlagh et al., 2020). Further details and discussion into the operation 

of the MSR are presented by Perino (2018) and Gerlagh and Heijmans (2019). 

European Lawmakers formally approved phase four reforms in February 2018 (Clara 

& Mayr, 2018), and the MSR came into operation in January 2019. The introduction of the 

MSR has substantially improved the performance of the EU ETS and effectively reduced the 

risk of oversupply from the recent exogenous shock of COVID-19 and the associated drop in 

expected demand in emissions allowances (Gerlagh et al., 2020). The announcement of the 

MSR has generated an observable structural break in the market price of EUAs from February 

2018 onwards (Figure 4-12), with EUAs experiencing strong growth in market prices and 

quickly recovering from the March 2020 COVID-19 shock. The recent growth in EUAs has 

been unprecedented following the announcement of the MSR, growing from 10 €/tCO2e to in 

early 2018 to between 50-60 €/tCO2e in early-mid 2021. 

This section considers four panel datasets to model EUA market prices, summarized in 

Table 1-1, with the final panel dataset used for out-of-sample purposes only. The presence of 

structural breaks within an observation period used to estimate CPMs, such as regulatory 

changes, can influence parameter estimates and lead to potentially misleading and unreliable 

forecasts (Cortazar & Naranjo, 2006). These panel datasets allow for the estimation of CPMs 

before and after the structural break observable in EUA market prices as a direct result of the 

announcement of the MSR. This allows for direct comparisons in estimated CPMs and the 

corresponding signal in the long-term reduction in emissions generated by the EU ETS 

throughout its complicated lifetime. 

The first panel dataset, which is labelled the Phase two dataset, considers 265 daily 

observations of quoted prices of five December futures contracts from May 1st, 2006 to May 

10th, 2007. The Phase two dataset is identical to the term structure data applied in Abadie and 

Chamorro (2008) to estimate a Phase two one-factor GBM CPM1. The second panel dataset, 

referred to as the Phase three dataset, considers 1,290 daily observations of quoted futures 

prices from January 2nd, 2013, to December 29th, 2017. The Phase three dataset corresponds to 

the EU ETS as it experienced oversupply and market instability due to the 2008 GFC. The third 

panel dataset, referred to as the Phase four dataset, considers 773 daily observations of quoted 

 
1 Thanks to Professor Luis M. Abadie for kindly providing this term structure dataset 
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futures prices from January 2nd, 2018 to December 31st, 2020. Whilst the phase four dataset 

considers quoted market prices of EUAs in their third phase, CPMs estimated using this data 

forecast phase four EUA market prices (2021-2030). The final panel dataset consists of 116 

daily observations of quoted futures prices from January 4th, 2021 and July 16th, 2021 and is 

used for out-of-sample purposes of phase four estimated CPMs. 

Daily quoted EUA futures prices within the phase three, four and out-of-sample panel 

datasets used within this section to estimate EUA CPMs were subject to the following 

procedure to increase the average liquidity of observations. Futures contracts with 14 or fewer 

days to expiration were discarded. It was then determined that whilst futures contracts with 

long maturities are publicly available, they are sparsely traded beyond a maturity of 

approximately two and a half years and were therefore discarded. There were thus five 

observations per time point for the phase two panel data, 6.89 observations per time point for 

the phase three panel data and 6.90 observations per time point for the phase four panel data. 

CPMs estimated within this section are an expansion of those presented within the work 

of Aspinall et al. (2021a). This work estimated contemporary CPMs utilizing weekly stitched, 

aggregated futures contracts to estimate one- and two-factor CPMs. This section expands upon 

this study by utilizing daily rather than weekly observations, a more contemporary observation 

period, and does not aggregate futures contracts, resulting in a reduction in information loss. 

Estimated EUA CPMs for up to two factors for each panel dataset are presented in 

Table 4-13 below, including a replication of the CPM presented by Abadie and Chamorro 

(2008). Upon initial exploration of the EUA term structure data, it was determined that five 

unknown measurement error terms provided optimal model fit to the observable term structure. 

The four maturity bounds for this dataset, in months, are defined as 𝑇𝑇𝑀 = [4,6,12,18] . 

Maturity bounds are only applicable to the phase three and four estimated CPMs, as the five 

measurement errors of the phase two dataset simply correspond to the five observed futures 

contracts. An in-depth discussion of estimated EUA CPMs will now be presented. 

The GBM CPM presented by Abadie and Chamorro (2008) was successfully replicated 

(Table 4-13), with identical estimated measurement error parameters and the estimated 

volatility parameter of the Phase 2 CPM (which relaxed the assumption of constant 

measurement error) being almost identical. The long-term risk-unadjusted growth rate 

originally reported by Abadie and Chamorro (2008) of 0.0308 was also perfectly replicated in 

both the replicated and reported phase two CPMs (i.e., −0.0811 +
1

2
(0.47312) = 0.0308). 
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The reported log-likelihood scores of Abadie and Chamorro (2008) and a replication of this 

CPM are also highly similar, providing a final measure of verification into the reporting of log-

likelihood scores of the implementation utilized within this dissertation. 

       

 Abadie 

and 

Chamorro 

(2008) 

Replication Phase 2 Phase 3 Phase 4 

𝜅2 
     

0.0735 

(0.0106) 

𝜎1 0.4683 0.4731 

(0.0208) 

0.4692 

(0.0202) 

0.5717 

(0.0112) 

0.4731 

(0.0110) 

0.4636 

(0.0135) 

𝜎2      0.1578 

(0.0199) 

𝜌2,1      0.0282 

(0.0665) 

𝜇 0.069 0.1741 

(0.4675) 

0.0575 

(0.4676) 

0.0496 

(0.2570) 

0.4869 

(0.2758) 

0.4675 

(0.2702) 

𝜇∗ -0.0789 -0.0811 

(0.0001) 

-0.0795 

(0.0095) 

-0.1489 

(0.0064) 

-0.1029 

(0.0054) 

-0.0028 

(0.0165) 

𝜆2      0.1108 

(0.0919) 

휀1 0.0056 0.0056 

(0.0002) 

0.0113 

(0.0005) 

0.0001 

(0.0000) 

0.0004 

(0.0000) 

0.0003 

(0.0000) 

휀2 0.0056 0.0056 

(0.0002) 

0.0068 

(0.0003) 

0.0020 

(0.0000) 

0.0015 

(0.0000) 

0.0006 

(0.0000) 

휀3 0.0056 0.0056 

(0.0002) 

0.0034 

(0.0001) 

0.0053 

(0.0001) 

0.0033 

(0.0001) 

0.0008 

(0.0000) 

휀4 0.0056 0.0056 

(0.0002) 

0.0000 

(0.0002) 

0.0101 

(0.0003) 

0.0064 

(0.0003) 

0.0006 

(0.0003) 

휀5 0.0056 0.0056 

(0.0002) 

0.0035 

(0.0001) 

0.0224 

(0.0004) 

0.0129 

(0.0005) 

0.0027 

(0.0000) 

log 𝐿 4,324 4,308 4,570 32,713 22,191 27,193 

- BIC  8,586 9,082 65,354 44,314 54,277 

Table 4-13. EUA estimated CPMs. Standard errors are given in parentheses. 

The estimation of CPMs over three observation periods of the EU ETS has provided 

empirical evidence that the market's volatility has not reduced as the market has become more 

mature and established. This empirical finding does not support the assumption made within a 

portion of the literature that forecasts EUA spot prices, which argued that the volatility of EUA 

market prices would decrease over time. The highest reported estimated volatility parameter 

for EUAs was in phase three at 57.17% (Table 4-13), which is substantially higher than 
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estimated volatility parameters reported for the crude oil (Table 4-7), copper (Table 4-9) and 

corn (Table 4-11) commodities. The long-term growth rate in EUA prices was also estimated 

to be lower in phase three than in phases two and four (Table 4-13), representing the negative 

influence that the oversupply of EUAs had on market prices. 

According to the estimated measurement error, the one-factor CPMs for phases three 

and four had the highest fit to short-term EUA futures contracts expiring within four- months, 

but the models fit to longer-term futures contracts decreased steadily with respect to time-to-

maturity. Assuming a linear increase in EUA futures prices has therefore diminished these 

CPMs ability to explain the term structure of medium- and long-term EUAs. This relationship 

will be further explored through the phase four estimated CPMs. 

Whilst only one-factor CPMs were successfully estimated for the phase two and three 

panel dataset, a two-factor CPM was successfully estimated for the phase four dataset. 

According to the negative BIC criterion, the optimal model to explain the term structure of 

EUAs following the announcement of the MSR is a two-factor CPM with low estimated mean-

reversion and correlation between factors. This implies that the introduction of the MSR has 

resulted in the market for EUAs beginning to be driven by more complex dynamics, as the 

regulation and cancellation of excess EUAs has successfully created a more restrictive dynamic 

between supply and demand. Whilst the mean-reversion and volatility parameters of the second 

factor are highly significant, the risk-neutral drift rate of the first factor, risk-premium of the 

second factor and correlation between the first and second factors are not statistically 

significant. The two-factor phase four CPM has thus identified two, nearly independent, factors 

explaining the term structure, and driving market prices of, EUAs. The estimated measurement 

error of the phase four two-factor CPM is substantially lower than that of the phase four one-

factor CPM and highlights the two-factor CPMs increased fit to longer-term futures prices, 

further highlighted in the discussion presented below. 

Whilst the long-term growth rate of the two-factor CPM was not statistically significant, 

adjusting the specification of this parameter to estimate the risk unadjusted growth rate resulted 

in a statistically significant parameter estimate of 0.1047. This growth rate is substantially 

higher than that reported by Abadie and Chamorro (2008) of 0.0308, coinciding with the large 

growth in EUA market prices since the announcement of the MSR. 

Figure 4-13 displays estimated and observed futures prices of EUAs on October 9th, 

2018, and July 17th, 2021, respectively. Figure 4-13 highlights the fit of the two-factor CPM 
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over the one-factor GBM model on these observation dates, as the two-factor CPM has a 

superior fit to longer-term futures prices. 

The EUA futures curve has been historically characterized by a state of contango, which 

likely represents the increasing scarcity in expected EUAs as a result of the annual decrease in 

auctioned and allocated allowances. The second factor of the phase four two-factor CPM was 

estimated with a low rate of mean-reversion (Table 4-13), corresponding to a half-life of 

approximately 9.43 years. Therefore, it can be concluded that whilst the second factor in this 

CPM does not model mean-reversion in the EUA market as it transitions between states of 

contango and backwardation, this factor represents an adjustment factor influencing the slope 

of the term structure model over time. Therefore, the two-factor CPM models the stochastic 

change in the expected rate of increase in future EUA prices over time. Introducing a second 

stochastic factor within the SDE of the CPM has allowed for greater flexibility in the stochastic 

adjustment of expected futures prices, thus allowing the two-factor CPM to have a greater fit 

to the stochastic dynamics of the contango EUA futures market over a one-factor GBM CPM. 

It can be seen within Figure 4-13 that the two-factor CPM is slightly positively biased 

in comparison to observed long-term futures contracts with maturities greater than 

approximately five years. Long-term futures contracts publicly listed on the ICE feature sparse 

trading and do not possess enough liquidity to provide reliable estimates of the pricing 

information. An alternate argument regarding this high bias in estimated futures prices may 

then be that these futures contracts were slightly undervalued on these specific observation 

dates.  
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Figure 4-13. Estimated and observed EUA futures prices on 09/10/2018 (left) and 17/06/2021 (right).
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Table 4-14 below displays the in- and out-of-sample bias and RMSE of phase four 

estimated CPMs. The one-factor CPM was characterized by low bias to the in- and out-of-

sample data, whilst the two-factor CPM exhibited more positive bias, with almost zero bias on 

average (Table 4-14). Given that the RMSE of the two-factor CPM is lower than the one-factor 

CPM for the in- and out-of-sample data, it may then be concluded that the one-factor GBM has 

under-estimated the term structure of EUA’s. This makes intuitive sense, as expected futures 

prices under the one-factor CPM grow according to the average expected growth rate, which 

does not consider the dynamic adjustments in the strength of contango exhibited by this market 

(Figure 4-13). The RMSE of the out-of-sample data being lower than the in-sample data 

suggests that EUA market prices in 2021 were exhibiting the same market dynamics that have 

driven EUA prices upwards since 2018. This may suggest that the EUA market has yet to reach 

a newly established market equilibrium, with the prices of EUAs continuing to trend upwards 

due to the MSR and Phase 4 market reforms. Whilst this appreciation in EUA market prices is 

unlikely to remain sustainable for a prolonged period, the lack of contemporary phase four 

observations limits insights into CPM fit when the market for EUAs reaches a new level of 

market equilibrium if this were to occur. 

 High Bias (%) Low Bias (%) Bias (%) RMSE (%) 

One-Factor  0.128 (0.290) -0.409 (-1.656) -0.117 (-0.487)  0.557 (1.518) 

Two-Factor  0.058 (0.623) -0.064 (-0.252) -0.003 (0.112)  0.115 (0.750) 

Table 4-14. Phase four EUA dataset error scores. Out-of-sample error is given in 

parentheses. The in-sample period was between 02/01/2018 – 31/12/2020 and the out-of-

sample period was between 04/01/2021 – 16/06/2021. 

Compared to the discussion presented for copper CPMs in section 4.3.2, the RMSE of 

estimated EUA CPMs, unlike copper CPMs, is not substantially low due to minimal changes 

in absolute values of futures prices with respect to time-to-maturity. Large changes in futures 

prices can be clearly seen in Figure 4-13 in stark contrast to Figure 4-6, providing greater 

empirical evidence that the low levels of RMSE for the EUA CPMs is due to high levels of 

model fit to the observable term structure, which has been primarily explained through a 

random walk process. 
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Figure 4-14. Volatility term structure of phase four EUA futures returns over the in-sample 

period of 02/01/2018 - 31/12/2020. 

Figure 4-14 displays the theoretical and observed volatility term structure of phase four 

EUA futures returns. The volatility of futures returns for the phase four EUAs is substantially 

larger than that observed within other the commodities considered and is clearly seen to be 

decreasing with respect to time-to-maturity. The two-factor CPM has overestimated the 

volatility term structure of EUA futures returns by approximately 1% for short-term futures 

returns and approximately 3.5% for long-term futures returns, implying that the estimated 

CPMs have not adequately captured this characteristic in EUA futures markets. The negative 

relationship between volatility and time-to-maturity of futures returns, however, provides 

further empirical evidence against the application of a one-factor GBM CPM to model the term 

structure of EUAs, as a GBM model assumes that both spot and futures prices will have the 

same constant volatility (Geman, 2005). 

The estimation of a CPM that adequately fits the volatility term structure of EUA 

futures returns may require the adoption of a stochastic volatility framework, such as that 

proposed by Cortazar et al. (2017). It was shown by Cortazar et al. (2016) that a stochastic 

volatility CPM will increase model fit to short-term options prices. Given that Cortazar et al. 

(2016) also determined that differences in fit of long-term option prices between stochastic and 

constant volatility CPMs were minimal, however, and the fit of the estimated CPMs presented 

in Table 4-14 to observable futures prices was very high, stochastic volatility modelling is left 

to future work. 
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In summary, EUA market prices have been historically characterized by extremely high 

levels of volatility. The observable structural break in the EUA futures market as a direct result 

of the formal approval of the MSR resulted in unprecedented growth in the market price of 

EUAs. The estimation of CPMs utilizing an observation set after the announcement of the MSR 

has determined that a two-factor CPM is an optimal model for EUAs under the N-factor 

framework. The model fit of the two-factor CPM was determined to be very high. The two-

factor model explained adjustments in the slope of observable futures prices over time over a 

one-factor CPM under the state of contango exhibited by EUA market prices. EUA prices were 

empirically observed to be primarily driven through a random walk with drift process, 

supporting the existing body of literature in that the pricing drivers of EUAs are not well 

understood. Whilst model fit decreased when applied to the out-of-sample data, it was still 

determined to be sufficiently high to warrant the application of this CPM in forecasting 

purposes. EUA market prices quickly recovered from the exogenous shock of COVID-19 and 

continue to grow, limiting contemporary market data to evaluate model fit when EUAs reach 

a new level of market equilibrium, if such an event occurs. 

 Summary 

This chapter presented the application of the N-factor CPM framework, introduced in 

Chapter 3, to estimate CPMs in numerous replication and contemporary case studies. A 

procedural framework for evaluating the performance and stability of estimated CPMs was 

developed in this chapter, providing straightforward methods for developing CPMs and 

identifying the optimal characteristics of a CPM to model a commodity’s historical market 

dynamics. The flexibility of this commodity modelling framework was then demonstrated 

through the development of CPMs for crude oil, copper, corn and EUA’s. 

The primary contribution to the literature presented in this chapter was the development 

of the R package NFCP. A review of the literature in Chapter 2 identified that a lack of available 

implemented commodity modelling frameworks may be inhibiting the wide-spread application 

of multi-factor CPMs in other research areas. The NFCP R package is a comprehensive 

commodity modelling framework that allows for the parameter estimation, probabilistic 

forecasting, derivative pricing and MCS of commodity market prices. This package has 

increased the accessibility of the commodity pricing literature by allowing for the efficient 

development and analysis of CPMs without constructing these models from the ground up. The 

efficacy of the NFCP package was first established through the exact replication of CPMs 
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presented in the works of Schwartz and Smith (2000) and Cortazar and Naranjo (2006). The 

maturity measurement error approach, first presented in section 3.4.1.a and available within 

the NFCP package, was empirically determined to increase the overall fit of CPMs, resulting 

in non-trivial adjustments to term structure fit and increasing the overall interpretability of 

estimated models. 

Through the empirical analysis presented within this chapter, the performance and 

stability metrics identified to evaluate and compare CPMs comprehensively were the: 

- BIC for model comparisons and optimal model selection purposes, 

- Interpretation of the magnitude of estimated measurement errors under the maturity 

measurement error approach, 

- In- and out-of-sample Bias and RMSE of estimated models, including breaking down 

these performance metrics by observation groupings consistent with the maturity 

measurement error approach, and, 

- Observed theoretical model fit to the empirical volatility term structure of futures 

returns. 

These performance and stability metrics allowed for the direct evaluation of the 

performance of these CPMs to the first and second moments of observable commodity term 

structure data. It also allowed for a direct comparison in the fit of estimated CPMs to short-, 

medium- and long-term futures prices. The stability of these models was evaluated by Kalman 

filtering estimated parameters to out-of-sample data. Applying the above metrics further 

provided insights into how the N-factor framework could be adjusted to improve the overall 

model fit for some commodities. In particular, discussion into the consideration of extending 

the framework to consider stochastic (rather than deterministic) trigonometric seasonality 

factors and stochastic volatility parameters were presented throughout the chapter as a result 

of the analysis of the various case studies. 

Table 4-15 below summarises the results of estimated multi-factor CPMs for the 

contemporary term structure data. It presents the optimal estimated CPM in terms of the 

number of stochastic drift and seasonal terms and the number of measurement error parameters 

estimated for these models. 
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Stochastic Factors 

(𝑁) 

Seasonal Factors  

(𝐾) 

Measurement Errors 

(𝑀) 

Crude Oil 5 0 5 

Copper 4 0 3 

Corn 2 3 3 

European Union 

Allowances  

(Phase 4) 

2 0 5 

Table 4-15. Optimal stochastic structure of estimated contemporary CPMs for different 

commodities under the N-factor framework. 

The varying optimal number of stochastic, seasonal and measurement errors estimated 

on contemporary term structure observations highlights the different characteristics of a multi-

factor stochastic model required to adequately capture market dynamics of different 

commodities, each of which were successfully modelled using the N-factor framework 

presented in Chapter 3. 

The successful estimation of a two-factor CPM using contemporary EUA market prices 

was particularly interesting, as it empirically suggests that the announcement of the MSR for 

the EU ETS led to this carbon market beginning to be driven by more complex characteristics. 

It was then concluded that the MSR has sufficiently reduced oversupply in this market, 

resulting in more complex behaviour between the demand and supply of EUAs within the EU 

ETS. Unlike the other commodities considered within this chapter, EUAs do not transition 

from states of contango and backwardation over time. The term structure of EUAs instead 

represents the slope of expected future increases in EUA market prices associated with the 

increasing scarcity of EUAs whilst simultaneously adjusting for expected future supply and 

demand conditions as emission abatement options are exercised within the market. The two-

factor phase four CPM was estimated with extremely high precision to in- and out-of-sample 

data, suggesting that modelling this dynamic change in expected future market conditions 

through the N-factor framework substantially improved the models fit to the dynamics of this 

unique commodity. 

The following chapter applies the estimated EUA and oil CPMs estimated within this 

chapter to evaluate capital investment decisions. The influence of multi-factor commodity 

forecasting on capital investment decisions is evaluated by deploying case studies considering 

the financial viability of CCS retrofits, including the potential for synergistic EOR operations. 
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 Applications in Capital Investments 

This chapter presents the application of CPMs developed under the N-factor framework 

to evaluate capital investment decisions through RO analysis involving two case studies. These 

case studies evaluate the financial feasibility of CCS retrofits with EOR under EUA and oil 

commodity price uncertainty. The last chapter determined that multi-factor modelling of 

commodity prices under the N-factor framework adequately captures the complex dynamics 

that characterise these consumption goods. It was also determined within the review in Chapter 

2 that operational flexibility and EOR are key considerations to manage the uncertainty of CCS 

projects and promote their investment. However, this review also identified that the literature 

primarily assumes that exercising operational flexibility is instantaneous and costless. The 

literature further models carbon market price uncertainty through GBM models when valuing 

CCS and EOR projects. 

This chapter expands upon the findings of the previous chapter through three distinct 

novel contributions. Firstly, it presents a framework for evaluating capital investment decisions 

through RO analysis and MCS. Secondly, it presents a two-stage RO model to value CCS 

retrofits with operational flexibility and costs of switching operating modes. Thirdly, it values 

CCS and EOR projects using multi-factor stochastic models, highlighting the substantial 

influence of these models on calculated project value and the key considerations of this 

approach. 

The first case is a replication and extension of Abadie and Chamorro (2008), applying 

estimated EUA CPMs of up to two factors to calculate the optimal timing of CCS investments. 

The strength of the carbon pricing signal over the lifetime of the EU ETS is evaluated by 
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considering CPMs estimated using different observation periods of this market. Following this, 

the RO valuation framework is expanded to consider operational flexibility through suspension 

and abandonment of the capture unit. The second case considers the sale of captured CO2 for 

additional revenue through a joint operation of CCS with EOR, evaluated from the perspective 

of the CCS and EOR operators, respectively. Contemporary oil CPMs of up to five factors are 

applied to calculate the EOR project value from the EOR perspective, evaluating the influence 

of multi-factor stochastic modelling of commodity prices on estimated project value and 

optimal managerial response to commodity price uncertainty. 

The remainder of this chapter is structured as follows. The case study of Abadie and 

Chamorro (2008) is first presented and discussed, with the uncertainty of investment and 

payoffs of CCS retrofits described. This case is then extended to consider operational 

flexibility, presenting a solution to the RO model through LSM simulation. The results of RO 

analysis into the option to retrofit CCS are then presented, including extensive sensitivity 

analysis into key variables. A due consideration of including EOR as a synergistic operation of 

CCS is then considered, with the investment problem from the perspective of the capture unit 

operators and oil producers discussed. The results of RO analysis using the financial parameters 

of Compernolle et al. (2017) are then presented, with extensive analysis and discussion into the 

consideration of multi-factor modelling of oil prices, the sensitivity of key variables to optimal 

investment decision, and implementation considerations of multi-factor CPMs within RO 

models presented. 

 Valuation of the Carbon Capture Unit 

Abadie and Chamorro (2008) considered an EU-based super-critical pulverized coal 

(SCPC) power plant with a useful life of 𝜏 = 40 years, being the typical residual lifetime of 

this asset. The focus of that case study was not on the profitability of operating the SCPC plant 

but instead on the relative financial profitability associated with retrofitting a CCS unit. The 

SCPC power plant has a residual value of zero at the end of its useful life. Within this useful 

asset life, the plant has the option to retrofit a CCS unit, which will take one year to construct. 

Retrofitting this CCS unit requires initial capital expenditure, an increase in the ongoing 

operational costs of the SCPC plant, and a decrease in net energy outputs. In return, the plant 

will reduce carbon emissions by 90%, significantly reducing expenditure in purchasing EUAs. 

Evaluating the option to retrofit CCS technology compares the cost of purchasing EUAs at 

future forecasted spot prices against the fixed and variable costs of retrofitting the CCS unit. 
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Aspinall et al. (2021a) presented a comparative study that replicated the case of Abadie 

and Chamorro (2008) and compared it to project value under contemporary estimated EUA 

CPMs. This chapter dramatically expands upon this replication study. Three observation 

periods are used to estimate EUA CPMs denoted as phase two, three and four market datasets. 

This provides further insights into the value of CCS retrofits under different periods of the EU 

ETS, particularly pre- and post-confirmation of the MSR, and through more contemporary 

observations of current EUA spot prices. The study of Aspinall et al. (2021a) is also extended 

by considering operational flexibility through a two-stage RO model. 

5.1.1 Stochastic Modelling 

The option to invest in CCS retrofits is exposed to substantial market risk. Market 

uncertainty pertinent to the option to retrofit CCS is the consideration of future EUA and 

wholesale electricity market price paths. Uncertainty in these dynamic variables is modelled 

stochastically within the RO analysis framework and simulated through MCS. EUA and 

electricity market uncertainty, in this case, is now discussed. 

Whilst the EU ETS provides a long-term signal into emission abatement (incentivizing 

investment into CCS retrofits), the market for EUAs has historically experienced high levels 

of volatility as well as several market failures. EUA carbon price uncertainty is modelled within 

this study using the estimated EUA CPMs presented in section 4.3.4. This allows for a 

comparative analysis of the financial viability of CCS retrofits and the corresponding strength 

of the climate policy signal generated under different phases of the EU ETS. 

Retrofitting CCS technology to an SCPC plant reduces net energy output to capture, 

condense, transport and store CO2 emissions (Abadie & Chamorro, 2008; Rohlfs & Madlener, 

2011; L. Zhu & Fan, 2011, 2013; Abadie et al., 2014), resulting in foregone revenues. Abadie 

and Chamorro (2008) model electricity prices stochastically through an inhomogeneous 

geometric Brownian motion (IGBM) process, which corresponds to an autoregressive model 

of order one (Abadie and Chamorro (2008); see also Abadíe (2007)). The IGBM is a member 

of the general affine class of stochastic processes (Piazzesi, 2010), which has been reported to 

be well suited for energy spot and futures market prices (Pilipovic, 1998; Geman, 2005, 2009). 

The stochastic electricity model estimated by Abadie and Chamorro (2008) is utilized within 

this case study to maintain consistency in the market uncertainty of electricity prices (Table 

5-1). Keeping this stochastic model consistent with the original case study allows for a direct 
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analysis of the influence of CPMs estimated in section 4.3.4 on the optimal timing of CCS 

retrofits.  

The IGBM stochastic model of Abadie and Chamorro (2008) is now presented. Let 𝐸𝑡 

denote the price of electricity at time 𝑡. The IGBM stochastic process is then defined as: 

𝑑𝐸𝑡 = 𝜅𝑒(𝐿𝑒 − 𝐸𝑡)𝑑𝑡 + 𝜎𝑒𝐸𝑡𝑑𝑊𝑡
𝐸 , 

where 𝐿𝑒 denotes the equilibrium price, 𝜅𝑒 denotes the rate of mean-reversion and 𝜎𝑒 denotes 

the instantaneous volatility.  

Table 5-1 below presents the stochastic parameters for electricity prices of this case. 

These parameters were estimated by Abadie and Chamorro (2008) through a least-squares 

regression applied to monthly average prices of Spanish wholesale electricity spot prices 

(OMEL). The correlation coefficient between carbon and electricity prices estimated by Abadie 

and Chamorro (2008) is also applied to model co-movement in carbon and electricity prices 

within this case study, with this parameter assumed constant across each EUA CPM, including 

for each state variable of the estimated two-factor phase four carbon CPM. 

Description Parameter Value 

Initial price (€/kWh) 𝐸0  0.04083 

Equilibrium price 𝐿𝑒  0.03785 

Reversion rate 𝜅𝑒  0.96040 

Instantaneous volatility 𝜎𝑒  0.49680 

Commodity correlation coefficient 𝜌𝑐,𝑒  0.27380 

Table 5-1. Wholesale electricity stochastic modelling parameters. 

A solution to MCS of an IGBM process requires discretising the SDE through the 

Euler-Maruyama method, the same method described within section 3.3.1 to simulate N-factor 

models. Let 𝐸𝑡  denote the wholesale electricity spot price at time 𝑡. Simulating an IGBM 

process for 𝐾 periods through MCS is given by the following recursive algorithm: 

𝐸𝑡+1 = 𝜅𝑒(𝐿𝑒 − 𝐸𝑡)Δ𝑡 + 𝑍𝑁+1(𝑡)𝜎𝑒√Δ𝑡, ∀𝑡 = 0, t1, 𝑡2, ⋯ , 𝑡𝐾−1. 

Simulated price paths of stochastic EUA and electricity prices must be computed 

simultaneously to consider the commodity correlation coefficient (Table 5-1) within the 

random sampling of the respective recursive algorithms. This provides a degree of co-

movement in price paths in line with the estimated relationship between EUA and electricity 
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prices estimated by Abadie and Chamorro (2008). The random sampling of paths of state 

variables considered in this study is therefore considered as follows.  

Let 𝑍(𝑡) denote a vector of length 𝑁 + 1, where 𝑁 is the number of factors of an EUA 

CPM. The most complex EUA CPM considered is a two-factor model. 𝑍(𝑡)  is then 

multivariate normally distributed with mean and covariance: 

𝐸[𝑍(𝑡)] = [0,⋯ ,0]′, 

𝑐𝑜𝑣 (𝑍𝑖(𝑡), 𝑍𝑗(𝑡)) = {
1, 𝑖 = 𝑗
𝜌𝑖,𝑗 , 𝑖 ≠ 𝑗, ∀𝑖, 𝑗 ≤ 𝑁, 

𝑐𝑜𝑣(𝑍𝑖(𝑡), 𝑍𝑁+1(𝑡)) = 𝑐𝑜𝑣(𝑍𝑁+1(𝑡), 𝑍𝑖(𝑡)) = 𝜌𝑐,𝑒 , 𝑖 = 1,2,⋯ ,𝑁 + 1. 

200,000 Monte Carlo simulated paths of state variables (of which 50% are antithetic) 

of EUA and electricity prices were considered within this case study. The substantial number 

of simulated paths is due to this case study's substantially long forecasting horizon (𝜏 = 40) 

and was empirically determined to be sufficient for convergence of project value. Abadie and 

Chamorro (2008) determined that a discrete time step of Δ𝑡 = 1/6  years provides high 

accuracy in project value without being computationally burdensome, which is applied in this 

chapter for consistency. 

5.1.2 Cash Flows 

RO analysis into CCS retrofits requires considering the immediate payoff associated 

with investment into the emission abatement technology against the value of delaying retrofits. 

The immediate payoff of investment, 𝜋𝑡 , is dependent upon cash flows accrued through 

immediate investment contingent upon stochastic EUA and wholesale electricity prices. The 

cash flows of operating a carbon capture unit are now presented. 

Table 5-2 presents annualized financial parameters of the CCS unit and cash flows 

accrued from operations, originating from the study of Abadie and Chamorro (2008). Abadie 

and Chamorro's (2008) work provides the derivation and discussion of these financial 

parameters. 
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Description Parameter Value 

Initial capital investment cost 𝐶𝐴0  214.50 M€ 

Emission allowances spared 𝐸𝑀  2,396,736 tCO2 

Foregone electricity 𝑃𝐴  525.60 GWh 

Transport and storage cost 𝑇𝐴𝑆  7.35 €/tCO2 

CCS operation and maintenance cost 𝑂𝑀  4,487,222 € 

CO2 transport and storage cost 𝑇𝐴  17,616,010 € 

Table 5-2. Annualised financial parameters of a super critical pulverised coal power plant. 

CCS is an emerging technology with extensive ongoing R&D. There is a substantial 

amount of technology lock-in risk when evaluating the path-dependent investment decision to 

retrofit CCS. Technology lock-in risk is considered within the case study of Abadie and 

Chamorro (2008) through a deterministic learning rate, exponentially decreasing future capital 

investment cost of CCS retrofits. Reduced future investment costs provide an incentive to delay 

investment into CCS technology. However, it also reduces the useful life of the asset and delays 

potentially beneficial net cash flows accrued from investment. Following Abadie and 

Chamorro (2008), an ancillary CCS unit is assumed to initially cost 214.50 M€ (Table 5-2), 

decreasing by 2% per annum (continuously compounded) to account for the learning rate from 

future R&D into the technology: 

𝐶𝐴𝑡 = 𝐶𝐴0𝑒
−0.0202𝑡. 

The net cash flows that are accrued from an operational CCS unit are a function of fixed 

and variable cash flows. Consider operating the CCS unit from time 𝑡 to time 𝑡 + Δ𝑡. The net 

cash flow for operating the CCS unit for one discrete time step is given by: 

𝐶𝐹𝑡 = (𝑉𝐶𝐹 − 𝐹𝐶𝐹)Δ𝑡. 

Variable cash flows are then dependent upon future market prices for EUAs and 

electricity. Variable cash flows are equal to the value of emissions spared minus the value of 

foregone revenues from electricity due to reductions in plant output. These values are 

contingent upon the market spot price of carbon and electricity prices at time 𝑡, denoted as 𝑃𝑐 

and 𝑃𝑒 respectively: 

𝑉𝐶𝐹 = 𝑃𝑐𝐸𝑀 − 𝑃𝑒𝑃𝐴, 

where 𝑃𝑐 is given by the exponential sum of simulated state variables at time 𝑡. 

Fixed cash flows are equal to the sum of the operational and maintenance costs, as well 

as transport and storage costs (Table 5-2): 
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𝐹𝐶𝐹 = 𝑂𝑀 + 𝑇𝐴 = 17.62 𝑀€ + 4.49 𝑀€ = 22.11 𝑀€. 

Given that a net cash flow function for the operation of a CCS unit has been defined, 

RO analysis can be used to optimize managerial decision making under uncertainty. The option 

to retrofit CCS technology under deterministic and stochastic uncertainty has American-style 

call option-like features. At any point in time, the operator of the SCPC plant may consider the 

option to either immediately invest in CCS retrofits or delay investment until future 

uncertainties and operating conditions have revealed themselves. RO value is solved within 

this case study through LSM simulation, and a solution to the option to retrofit CCS through 

this solution method is now presented. 

5.1.3 LSM Modelling of Capital Investment Projects 

LSM simulation is utilized in this case study to solve for the value of two classes of 

dynamic flexibility: capital flexibility and operational flexibility. Capital flexibility is defined 

as the option for an energy producer to consider the timing of investment into CCS retrofits, 

whilst operational flexibility is defined as the option to temporarily suspend, or permanently 

abandon, a CCS retrofit project after initial investment has occurred under prevailing low EUA 

and/or electricity prices. LSM simulation is an appropriate solution method for this case study 

as it may consider path-dependent features, case-specific characteristics, exotic stochastic 

processes, and multiple operating modes. LSM simulation is the primary solution method 

adopted within existing literature to solve for the option for both capital (Schwartz, 2013) and 

operational (Cortazar et al., 2021) flexibility. This section describes the application of LSM 

simulation to solve for the value of capital and operational flexibility. A solution to the optimal 

stopping problem when considering investment timing into CCS retrofits is first presented, 

followed by an extension to the RO model to an optimal switching problem to consider 

operational flexibility. 

5.1.3.a RO Capital Flexibility 

The investment problem of the SCPC plant considering the retrofitting of CCS 

technology possesses option-like features due to capital flexibility of investment into CCS 

retrofits. The power plant management has flexibility in the timing of investment into CCS, 

allowing them to invest under optimal underlying conditions with respect to the market and 

technological uncertainty of the investment project. The timing of investment into CCS retrofits 

may thus be considered as an American-style call option under the RO analysis valuation 

framework. The option to invest in CCS retrofits may be exercised at any time during [0, 𝜏]. 
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A common approach during RO analysis through MCS methods is to recursively 

compute the present value of net cash flows accrued from an operational asset (i.e., between 

time 𝑡 and 𝜏) during the backwards induction process. This is known as the project's running 

present value (RPV), which allows for convenient calculation of the immediate payoff of 

investment into the project at each discrete exercise point. Let 𝑅𝑃𝑉𝑡  denote the RPV of 

operating a CCS unit at time 𝑡 and 𝐶𝐹𝑡 the cash flow accrued by operating a CCS unit between 

time 𝑡  and 𝑡 + Δ𝑡 . The value of operating the project to time 𝑡 = 𝜏  (i.e., 𝑅𝑃𝑉𝑡 ) is then 

calculated by: 

𝑅𝑃𝑉𝑡 = {
𝐶𝐹𝑡 𝑡 = 𝜏

𝐶𝐹𝑡 + 𝑅𝑃𝑉𝑡+Δ𝑡𝑒
−𝑟Δ𝑡 𝑡 < 𝜏

 . 

Exercising the option to invest in CCS retrofits requires an outlay of the capital 

expenditure at time 𝑡, which is influenced by the learning rate, and requires a construction 

period before beneficial net cash flows are accrued. When there is insufficient time to construct 

the CCS unit before beneficial cash flows may be accrued, there is no value in the option to 

retrofit CCS. The immediate profit function at time 𝑡, 𝜋𝑡, is thus given by: 

𝜋𝑡 = {
0 𝜏 − 𝑡 ≤ 1

𝑅𝑃𝑉𝑡+1𝑒
−𝑟 − 𝐶𝐴𝑡 𝜏 − 𝑡 > 1

 , 

where 1 is the construction period of the CCS unit.  

The optimal payoff at time 𝑡, denoted 𝑌𝑡 , is evaluated by comparing the immediate 

profit of investment at time 𝑡 with the discounted conditional expected continuation value: 

𝑌𝑡 = max{𝜋𝑡 , 𝑒
−𝑟𝛥𝑡𝛦[𝑌𝑡+𝛥𝑡|𝑋(𝑡)]}. 

𝑋(𝑡) are the simulated state variables of stochastically evolving uncertainties. 

Through the LSM simulation method, the discounted expected continuation value in 

delaying investment may be approximated through the fitted values of a least-squares 

regression. This holds many similarities to the solution method described within section 3.3.2, 

with the payoff specific function of CCS retrofits described above. The real option value (ROV) 

of the project is finally given by the discounted sum of profits accrued from investment at the 

optimal investment timing of simulated paths: 

𝑅𝑂𝑉 =
∑ 𝑒−𝑟𝜒𝑖𝑌𝜒𝑖
𝜂
𝑖=1

𝜂
, 
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where 𝜒 is a vector of the calculated optimal investment timing of each simulated path. 

The total value of the CCS investment project with capital flexibility is given by the 

ROV. The net present value (NPV) of the CCS investment project is given by the value of 

immediate investment into the capital investment project, i.e. 𝑁𝑃𝑉 = 𝜋0. 

The NPV of a project corresponds to the value of the investment project without the 

consideration of capital flexibility. Therefore, the difference between the ROV and NPV of a 

capital investment project is the value of capital flexibility. This value is known in the RO 

literature as the waiting option value (WOV): 

𝑊𝑂𝑉 = 𝑅𝑂𝑉 − 𝑁𝑃𝑉. 

Under a traditional discounted cash flow (DCF) model, the investment criterion is to 

accept a capital investment project when the NPV is greater than, or equal to, zero. However, 

under a RO model, the investment criterion is to accept a capital investment project when the 

WOV is less than or equal to zero. When the WOV is less than zero, there is no additional 

value gained through capital flexibility, signifying that the optimal investment rule is to 

exercise the investment option immediately. 

A key result of RO analysis is the critical value of state variables at which immediate 

exercise of the option to invest becomes optimal, which occurs when the WOV is equal to zero. 

Exercise or trigger prices of American-style options can therefore be calculated by finding the 

root of the WOV. The secant method is a popular root-finding recursive algorithm that is 

functionally a finite-difference approximation of the well-known Newton’s method. The secant 

recurrence relation is given by: 

𝑥𝑛 = 𝑥𝑛−1 − 𝑓(𝑥𝑛−1)
𝑥𝑛−1 − 𝑥𝑛−2

𝑓(𝑥𝑛−1) − 𝑓(𝑥𝑛−2)
. 

By applying the secant recurrence algorithm with the WOV as an objective function, the initial 

value of simulated state variables (such as the initial price of EUAs) that result in optimal 

immediate investment into CCS retrofits was calculated. 

5.1.3.b RO Operational Flexibility 

This section expands upon the RO framework of Abadie and Chamorro (2008) from 

the individual RO of investment timing to a collection of multiple interacting, path-dependent 

ROs. Operational flexibility has been demonstrated in existing RO analysis CCS literature to 

have high intrinsic value, mitigating the effect of poor timing of initial investment (Fuss et al., 
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2008; Szolgayova et al., 2008; L. Zhu & Fan, 2011, 2013; Knoope et al., 2015b; Mo et al., 

2015; Narita & Klepper, 2016; Mo et al., 2018). Considering operational flexibilities in the 

CCS investment problem thus reduces the irreversibility and high market and technological 

barriers of investment. Operational flexibility in CCS retrofits is considered in this described 

RO model by allowing for an operational CCS unit to be temporarily suspended or permanently 

abandoned. Fixed costs of suspending or abandoning an operation are also explicitly 

considered, with a fixed ongoing cost of remaining suspended, a characteristic not considered 

by most of the RO analysis CCS literature. 

RO models that consider capital flexibility evaluate a capital investment project under 

a singular state (i.e., not invested/invested) where the sole decision to exercise the option to 

invest is made. After this option is exercised, these RO models then assume that an investment 

project is operated for the remainder of its useful asset life, with cash flows resulting from this 

observation accrued regardless of prevailing operating conditions. RO models that do not 

consider operational flexibility thus consider that an operational capital investment project 

must continue to operate even under sub-optimal operating conditions, such as prevailing low 

prices in EUAs. Whilst these valuation models have considered flexibility in the timing of 

investment, they have not considered the ability to adjust existing business operations in 

reaction to, or in anticipation of, adverse changes in operating conditions (Bistline, Comello, 

& Sahoo, 2018). 

The initial investment scenario of Abadie and Chamorro (2008) is extended to a two-

stage RO model, with the ability to switch an operational capture module on/off or permanently 

decommission the CCS equipment at a defined cost. The solution to the value of an operational 

and suspended CCS unit through LSM simulation presented here has similarities to that of 

Cortazar, Gravet, et al. (2008). They solve the optimal control problem described by Brennan 

and Schwartz (1985). Figure 5-1 presents the two-stage RO model applied in this case study to 

evaluate CCS retrofits, with both capital and operational flexibility considered within the 

valuation framework. 



 

183 

 

 

Figure 5-1. Two-stage RO model with capital and operational flexibility. 

RO models that consider operational flexibility describe the capital budgeting problem 

as a collection of ROs (i.e. a set of opportunities to deviate from a previously decided course 

of action) rather than the singular option in the timing of investment (Mason & Merton, 1984). 

This collection of ROs is then evaluated as a portfolio of interacting opportunities (Trigeorgis, 

1993a). The evaluation of a portfolio of ROs within a valuation framework typically involves 

treating investment as an optimal control problem, in which the operator can move between a 

discrete number of (often path-dependent) states or regimes (at a particular cost) to optimize 

the value of a project (Dixit & Pindyck, 1994). It was established in section 5.1.3.a that an 

investment project with capital flexibility is an optimal stopping problem, considered the 

simplest form of an optimal control problem. 

Under the defined two-stage investment framework (Figure 5-1), The CCS unit may 

switch operating modes (i.e., has operational flexibility) only after the initial investment option 

has been exercised and construction of the unit has been completed. It is assumed that there is 

a fixed cost in turning the CCS unit on/off (i.e., switching between operating modes). It is also 

assumed that an operational or suspended CCS unit may be permanently abandoned at a fixed 

cost, which results in the CCS unit being decommissioned. The costs of resuming a suspended 

CCS unit, suspending an operational CCS unit and permanently abandoning a CCS unit are 

defined as 𝐾1, 𝐾2 and 𝐾3 respectively. Furthermore, when the CCS unit is suspended, there is 

also assumed to be a fixed O&M cost, defined as variable 𝑀, to keep the CCS unit in the 
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suspended operational mode. Whilst there are ongoing costs of being suspended, the marginal 

costs of suspension may be lower than negative profits incurred from operating under sub-

optimal operating conditions. Table 5-3 lists the financial parameters of switching operating 

modes, abandoning the CCS unit and maintaining a suspended operation considered within this 

case study. 

Description Parameter Value 

Resumption cost 𝐾1  21.45 M€ 

Suspension cost 𝐾2  21.45 M€ 

Abandonment cost 𝐾3  21.45 M€ 

Suspension annual O&M cost 𝑀  2.24 M€ 

Table 5-3. Financial parameters of switching CCS operating modes. 

Lack of commercial experience in CCS retrofits means there is almost no empirical 

data regarding cost estimates of maintaining, suspending or abandoning an operational CCS 

unit. The only studies to consider the cost of suspending or resuming a CCS unit were that of 

Fuss et al. (2008) and subsequently Szolgayova et al. (2008), who considered this cost as 1% 

of total initial capital investment. In this case study, the cost of switching operating modes or 

abandoning a CCS unit is instead 10% of the total initial capital investment. To address the 

lack of empirical cost estimates of operational flexibility in CCS retrofits, extensive sensitivity 

analysis is performed in section 5.1.4.a to evaluate the influence of parameters 𝐾1, 𝐾2, 𝐾3 and 

𝑀 on project value and optimal investment decision making within the analysis of this case 

study. 

Solving for the value of the option to switch operating modes through MCS methods 

involves backward induction, estimating expected discounted payoffs and subsequently 

evaluating optimal operating nodes through a Markov chain (Gamba, 2003). At any discrete 

exercise point, the optimal operating decision is taken by maximizing market value among all 

available alternatives, comparing payoffs of switching between operating modes with the 

expected discounted payoff of remaining in the same operating mode (Cortazar, Gravet, et al., 

2008). There are two operating modes of a CCS unit in this model: operational and suspended. 

The values of these operating modes at any discrete exercise point are defined as 𝑉𝑡 and 𝑊𝑡, 

respectively. The value of an operational or suspended CCS unit as a function of operating 

policy are presented in Figure 5-2 and Figure 5-3, respectively. 
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Figure 5-2. Value of an operational project as a function of the operating policy. 

 

 

Figure 5-3. Value of a suspended project as a function of the operating policy. 

The project value at time 𝑡 for an operational (𝑉𝑡) or suspended (𝑊𝑡) CCS unit are a 

function of the discounted conditional expected continuation value of each operating mode. 

Using the LSM simulation solution methodology, the discounted continuation values 

( 𝐸[𝑉𝑡+Δ𝑡|𝑋(𝑡)]  and 𝐸[𝑊𝑡+Δ𝑡|𝑋(𝑡)] ) are estimated by regressing the discounted future 

operating mode values on a linear combination of functional forms of current state variables. 

Unlike the evaluation of the optimal stopping rule for investment, however, all price paths are 

considered within the regression of operating modes, which has been shown to be more 

accurate in optimal switching problems (Gamba, 2003). 
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Following the estimation of the value of the operationally flexible CCS unit, capital 

flexibility may then be considered by optimizing the timing of investment into the unit. 

Immediate investment into a CCS unit requires initial capital expenditure and a construction 

period. In return, an operational CCS unit is acquired. The immediate profit of investment into 

an operationally flexible CCS investment is calculated through: 

𝜋𝑡 = {
0 𝜏 − 𝑡 ≤ 1

𝑉𝑡+1𝑒
−𝑟 − 𝐶𝐴𝑡 𝜏 − 𝑡 > 1

. 

The optimal stopping problem and ROV is subsequently solved through the same process as 

that described in sections 3.3.2 and 5.1.3.a. Under this two-stage RO model, the immediate 

profit at time zero describes the NPV of an operationally flexible investment project, defined 

here as the OF NPV is: 

𝑂𝐹 𝑁𝑃𝑉 = 𝜋0. 

The corresponding WOV for this investment project is then: 

𝑊𝑂𝑉 = 𝑅𝑂𝑉 − 𝑂𝐹 𝑁𝑃𝑉. 

Under the two-stage RO model, immediate investment into the CCS retrofit is optimal when 

the WOV is less than, or equal to, zero. Furthermore, the difference in immediate profits of 

both RO models can be used to determine the additional present value generated through the 

consideration of operational flexibility. 

5.1.3.c Real Options Model Implementation 

RO case studies considered in this chapter were implemented and solved through the 

LSMRealOptions R package. LSMRealOptions is a newly developed package accepted by 

CRAN for the application of RO analysis in the defined case studies (Aspinall et al., 2021c). 

LSMRealOptions was designed in response to the observed lack of RO frameworks within the 

R statistical programming language. The purpose of this package was to fill gaps within 

existing implementations by allowing for flexibility in the stochastic process, number of state 

variables and ROs considered within valuation frameworks. 

Several existing R packages provide implementations of American option pricing and 

LSM simulation. The AmericanCallOpt package (Zagaglia, 2012) allows for the valuation of 

American call options on stocks and futures, approximating the value of the American option 

through a standard binomial tree with assets assumed to follow GBM. The OptionPricing 

package (Dingec & Hormann, 2014) values Asian and European options under GBM. The 
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LSMonteCarlo package (Beketov, 2013) values American put options through LSM 

simulation, with assets assumed to follow GBM. The mlOSP (Ludkovski, 2020) and rlsm (Yee, 

2018) R packages are recent frameworks that implement LSM and regression-based Monte 

Carlo methods. 

Outputs of the LSMRealOptions package were successfully verified by replicating 

Table 1 of Longstaff and Schwartz (2001) and replicating the case study of Abadie and 

Chamorro (2008). Further discussion of the LSM simulation solution method, the application 

of the LSMRealOptions package and the replication of Table 1 of Longstaff and Schwartz 

(2001) are available within the documentation of the LSMRealOptions package. 

5.1.4 CCS Case Study Results 

The results of the CCS case study are presented in this section. The overall findings and 

optimal investment decisions under different phases of the EU ETS are presented and 

discussed. Sensitivity analyses of key underlying financial and technical parameters are then 

presented and compared to the existing body of literature in this area. Finally, an analysis of 

the sensitivity and influence of operational flexibility on optimal investment decisions is 

presented. 

Table 5-4 below presents the starting values of state variables for estimated EUA CPMs 

presented within section 4.3.4 simulated to solve for the value of CCS retrofits. These state 

variables are returned by Kalman filtering estimated EUA CPMs. Phase four state variables are 

further estimated by applying Kalman filtering to out-of-sample data, providing estimations on 

contemporary market data. 

Phase 2 project estimates presented within this section apply the EUA CPM originally 

presented by Abadie and Chamorro (2008) and thus replicate this case study. 𝑃𝑐(𝑡) corresponds 

to the initial spot price of EUAs and is given by the exponential sum of state variables. Each 

phase dataset thus values the financial feasibility of CCS retrofits from the corresponding dates 

given in Table 5-4 below. 

 Phase 2 Phase 3 Phase 4 (1F) Phase 4 (2F) 

Date May 10th, 2007 December 29th, 2017 July 16th, 2021 July 16th, 2021 

𝑥1(0) 2.891 2.095 3.936 3.845 

𝑥2(0)    0.091 

𝑃𝑐(0) 18.010 € 8.123 € 51.190 € 51.248 € 

Table 5-4. Initial EUA state vector for Monte Carlo simulation. 
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The oversupply of EUAs following the GFC resulted in low market estimated spot 

prices for phase 3. Whilst the value of the option to retrofit CCS can be expected to be lowest 

when modelled through the phase three CPM, the lower prevailing spot price of EUAs will 

have no influence on investment trigger values, which is instead a function of expected long-

term growth and volatility of estimated CPMs. 

Table 5-5 below presents the calculated value of the option to retrofit CCS technology 

under different phases of the EU ETS, including those originally reported by Abadie and 

Chamorro (2008). It further presents the calculated project value through the extended two-

stage RO model that allows for suspension and abandonment in the capture unit. The reliability 

and convergence of results are shown in Table 5-5. 

 
NPV 

(M€) 

ROV 

(M€) 

WOV 

(M€) 

OF NPV 

(M€) 

OF ROV 

(M€) 

OF WOV 

(M€) 

Abadie and 

Chamorro 

(2008) 

262.02 606.53 344.49 - - - 

Phase 2 
260.39 

(16.04) 

632.67 

(15.93) 

372.28 

(0.97) 

448.54 

(15.99) 

640.89 

(15.93) 

192.35 

(0.76) 

Phase 3 
-505.62 

(8.71) 

173.14 

(8.62) 

678.77 

(0.63) 

-107.76 

(8.46) 

178.64 

(8.62) 

286.41 

(1.81) 

Phase 4 (1F) 
1,360.53 

(20.81) 

1,358.33 

(20.76) 

-2.20 

(1.30) 

1,512.07 

(20.75) 

1,393.13 

(20.76) 

-118.94 

(1.09) 

Phase 4 (2F) 
4,409.90 

(105.37) 

4,254.28 

(105.37) 

-155.63 

(1.78) 

4,386.76 

(105.33) 

4,183.78 

(105.35) 

-202.98 

(1.97) 

Table 5-5. Calculated project value of the option to retrofit CCS technology under different 

phases of the EU ETS. 

The original results reported by Abadie and Chamorro (2008) are judged to have been 

successfully replicated within this section, with calculated NPV and ROV values highly similar 

between those originally reported and the Phase 2 replication (Table 5-5). Discrepancies 

between originally reported results are likely due to differences in RO models applied to solve 

for ROV. Abadie and Chamorro (2008) adopted a binomial lattice approach, which calculated 

NPVs analytically. Whilst the NPV calculated through MCS was slightly lower than that of the 

analytic NPV, the analytic NPV was successfully replicated when developing this case study. 

This provides empirical evidence that calculated project values and optimal investment 

decisions may slightly differ when adopting different solution approaches in RO analysis. 

Whilst this does not necessarily support the application of one solution method over another, 
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the additional flexibility and results generated by the LSM simulation method, such as the 

standard error of project value, validates the application of this solution method. 

The results of Table 5-5 were calculated utilizing the first 30 Laguerre polynomials, as 

well as cross products between carbon state variables and electricity prices, as basis functions 

to approximate the continuation value. The solution to this case study required a very high 

order of the orthogonal polynomial to achieve adequate convergence in results. This highlights 

the complexity of this case study and the extremely high levels of market and technological 

uncertainty within the option to retrofit CCS. The two-stage RO model, whilst more complex, 

seeks to hedge against the substantial uncertainty of the investment opportunity, highlighting 

the benefits of this more complex approach. While the continuation value of capital flexibility 

was approximated using only in-the-money paths, the continuation value of operational 

flexibility was approximated using all paths. Existing literature has suggested that more than 

two or three times as many basis functions are needed to obtain the same level of estimator 

accuracy when using all paths (Longstaff & Schwartz, 2001). 

Results presented in Table 5-5 were deemed to have sufficiently converged, with 

standard errors of calculated project values insensitive to increases in the number of simulated 

price paths and basis functions. High standard error in calculated NPV and ROV values are 

attributed to the very long forecasting horizon of this case study (𝜏 = 40 years). They are also 

attributed to the high volatility of EUAs (between approximately 46-57%, see 4-16), with 

variance in simulated paths of GBM models increasing according to 𝜎√Δ𝑡. These standard 

errors can thus be considered the worst case for a RO analysis case study due to the 

substantially high values of both variables and they provide further insight into the high market 

uncertainty when evaluating capital investments under the EU ETS. The option to retrofit CCS 

technology is subject to some of the highest uncertainty of a capital investment project. 

Whilst standard errors of calculated NPV and ROV values are large, the standard error 

of the WOV (being the difference between the ROV and NPV) is calculated with a higher 

degree of precision (Table 5-5). This provides empirical justification for applying RO analysis 

as an investment criterion over a pure DCF approach. RO analysis can therefore be empirically 

concluded to provide a framework that is more reflective of managerial decision making whilst 

simultaneously providing greater reliability into optimal managerial response under 

commodity price uncertainty. This empirical conclusion can subsequently be extended to the 
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inclusion of the two-stage RO model with operational flexibility, as the extended model has 

had almost no influence on the standard errors of project value estimates (Table 5-5). 

Standard errors in calculated project value when modelling EUAs through the estimated 

two-factor phase four CPM are substantially larger than for the one-factor phase four CPM 

(Table 5-5). While increasing the RO model's dimensionality has not decreased reliability in 

project value estimates, these initial findings indicated that increasing the dimensionality of the 

adopted stochastic modelling assumption has. The relationship between multi-factor CPMs and 

the standard errors of calculated project values is further explored and contrasted in section 

5.2.3.  

The reliability in the replicated case study and implemented RO analysis framework 

has been verified, concluding that the case study was successfully replicated and convergence 

in the LSM simulation solution method was achieved. An in-depth interpretation and 

discussion of Table 5-5 and this case study results are now presented. 

According to the WOV criterion, immediate investment into a CCS retrofit was 

suboptimal during phases two and three of the EU ETS but is now optimal and highly 

significant when modelling EUAs through either a one- or two-factor CPM estimated utilizing 

contemporary market data (Table 5-5). Negative WOVs under both stochastic models indicate 

that CCS retrofits are optimal even when utilizing the GBM EUA model, the primary modelling 

approach adopted throughout the existing body of RO analysis CCS research. This is the first 

RO case study to conclude that immediate investment of CCS retrofits under the EU ETS is 

optimal. Whilst the NPV of CCS retrofits under phase three market conditions was large and 

negative, it is substantially large and positive under contemporary phase four market 

conditions. The appreciation in the market prices of EUAs as a result of the announcement of 

the MSR has therefore substantially incentivized the investment of low carbon technologies 

such as CCS retrofits under market and technological uncertainty. Academic and financial 

research into CCS is currently at an all-time high and experiencing exponential growth (Figure 

2-2). Given that immediate investment into CCS has been calculated as optimal in this case 

study, it may then be possible that CCS technology is on the cusp of being commercially 

adopted throughout the EU. 

Expanding the RO analysis framework to consider a two-stage RO model with 

operational flexibility has substantially increased calculated NPV and WOVs (Table 5-5). The 

added value of operational flexibility has thus improved the propensity to adopt CCS retrofits. 
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This finding empirically supports existing literature that has found the value of operational 

flexibility as significant. Whilst operational flexibility has resulted in a relatively small increase 

in calculated ROV, which considers capital flexibility, the primary increase in project value 

has been through the OF NPV. Therefore, the primary benefit of operational flexibility is 

decreasing the irreversibility of immediate investment by allowing for the option to forgo 

emission abatement under low prevailing market prices of EUAs. Interestingly, whilst the 

inclusion of operational flexibility has reduced the WOV for the phase four two-factor CPM 

scenario, it has also resulted in a decrease in the ROV and NPV of this project. Operational 

flexibility, in this case, has decreased return in investment, implying that (on average) 

consideration of suspending or abandoning the project was a sub-optimal decision. This 

warrants further analysis into the relationship between project value and operational flexibility. 

NPVs, ROVs and the corresponding financial viability of CCS retrofits differ 

substantially across the different modelled phases of the EU ETS (Table 5-5). The NPV and 

ROV of the option to retrofit CCS across the EU ETS phases is a function of the initial spot 

price (Table 5-4) and the long-term growth and volatility of the stochastic model, which is 

estimated empirically through observed EUA market prices. The substantial difference 

between the calculated project value and stochastic model highlights the sensitivity of the 

option to retrofit CCS to the EUA market, with the discounted future value of abated emissions 

(i.e., the revenue of the CCS project) the primary driver in the value of this investment option. 

Prevailing market prices of EUAs are therefore highly sensitive to the financial viability of 

CCS retrofits. The introduction of the MSR has increased the value of an immediate investment 

by approximately 1.9 B€ under the one-factor model and by over 4.9 B€ under the two-factor 

model. 

Calculated project values are also substantially different between one- and two-factor 

phase four CPMs (Table 5-5). Despite nearly identical initial spot prices (Table 5-4), the two-

factor CPM has returned an NPV and ROV approximately 3.2 times higher than that returned 

by the one-factor CPM. The stochastic model adopted to forecast EUA market prices is thus 

empirically shown to influence the financial viability of emission abatement options 

substantially. It was empirically shown within section 4.3.4 that the two-factor CPM had a 

substantially superior fit to medium- and long-term futures prices of EUAs across both the in- 

and out-of-sample observation period. The two-factor CPM has thus more accurately captured 

the historical dynamics of EUA market prices, particularly in the long-term behaviour of this 

commodity. Project value estimates under the two-factor modelling assumption are thus more 
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reflective of the existing information set of historic EUA behaviour, increasing the information 

considered when evaluating managerial flexibility under uncertainty. 

Table 5-6 below presents the EUA spot trigger prices of immediate investments into 

CCS retrofits under the NPV, RO, and RO with OF criterion. NPV and RO trigger prices are 

determined by calculating the roots of the NPV and WOV with respect to the initial EUA spot 

price, respectively. 

 
NPV  

Trigger Price 

RO  

Trigger Price 

RO OF  

Trigger Price 

Abadie & Chamorro (2008) 13.95 € 54.09 € - 

Phase 2 13.97 € 41.81 € 33.21 € 

Phase 3 18.51 € 59.04 € 42.88 € 

Phase 4 (1F) 20.40 € 51.03 € 36.22 € 

Phase 4 (2F) 8.69 € 39.06 € 33.63 € 

Table 5-6. Calculated EUA investment trigger prices of CCS retrofits under different phases 

of the EU ETS. 

Unlike the calculated project values presented in Table 5-5, investment trigger values 

are not a function of initial spot prices, thus allowing for a more direct comparison on the 

influence of the stochastic modelling assumption on optimal investment criteria. Large 

differences in the trigger values between the different phases of the EU ETS highlights the 

influence of the growth and volatility of the EUA market on the optimal investment decision. 

There is a positive and negative relationship between volatility and long-term growth on the 

RO analysis trigger price, respectively (Table 5-5). This is clearly seen in the RO analysis 

trigger prices calculated through the phase three CPM, which was characterized by the highest 

spot price volatility of the stochastic models considered and thus has the largest corresponding 

RO analysis trigger prices. Increased market uncertainty in future spot prices increases the 

market price required to trigger investment, as it increases the probability that future market 

prices may fall to sub-optimal operating levels. At the same time, however, the decrease in OF 

RO analysis trigger price is the greatest under the phase three CPM, as the consideration of 

operational flexibility has had a larger influence on the mitigation of operation under sub-

optimal levels, which may be more likely under increased spot price volatility. Market 

characteristics that incentivize investment into emission abatement options are thus increases 

in EUA market prices and long-term growth of these prices and decreases in the volatility of 

these market prices.  
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Discrepancies in optimal investment trigger prices across the applied EUA stochastic 

models (Table 5-6) further highlights the importance of applying CPMs that have been 

empirically estimated through historical market data. Given that optimal investment trigger 

prices, calculated project value and financial feasibility of CCS retrofits are highly sensitive to 

the stochastic modelling assumption, these results suggest that choice in stochastic CPMs used 

to model market uncertainty is one of the most critical steps in the valuation of capital 

investment projects contingent upon future price paths of commodities. The estimation of 

CPMs that adequately explain and capture market characteristics of an underlying uncertainty 

that is assumed stochastically evolving within a valuation framework is thus concluded to be a 

crucial step in capital project valuation. The sensitivity of CPM to project value is further 

explored in section 5.2. 

The application of a two-stage RO model that considers operational flexibility has had 

a substantial influence on optimal investment trigger prices under the RO analysis criterion. It 

can be empirically concluded that considering operational flexibility within a valuation 

framework substantially reduces the irreversibility of the capital investment opportunity and 

increases the propensity to retrofit CCS technology. The adoption of CCS retrofits, and more 

generally emission abatement projects, mitigates the pollution of CO2, resulting in social 

benefits in the form of a reduction in long-term climate change. The application of valuation 

frameworks that increase the propensity to accept emission abatement projects under 

uncertainty has a substantial benefit in encouraging the private sector to abate emissions, of 

which the power industry makes up a majority. 

According to the RO analysis trigger price criterion and in reference to the 

contemporary EUA spot price of approximately 51 €/tCO2e (Table 5-4), immediate investment 

into CCS retrofits is optimal under the phase two and four CPMs and is optimal under all phases 

of the EU ETS when further allowing for operational flexibility within the RO model (Table 

5-6). This provides further robustness to the conclusion that immediate investment into CCS 

retrofits should be triggered, as current market prices are sufficiently high to warrant CCS 

retrofits even when considering stochastic models estimated under different market conditions 

and structural breaks over the lifetime of the EU ETS. A rigorous empirical analysis over a 

substantial portion of the lifetime of the EU ETS has concluded that immediate investment into 

CCS retrofits is optimal under the case study of Abadie and Chamorro (2008). 
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Accepting immediate investment into this project provides the holder of the CCS 

retrofit option with the immediate payoff of this option, which is the calculated NPV of the 

CCS retrofit project (Table 5-5). Analysis of the NPV of the CCS retrofit project under phase 

four CPMs is now presented. The following analysis is only possible under Monte Carlo based 

RO analysis solution methods, highlighting the applicability of this solution method over 

lattice-based approaches, which calculate project NPV analytically. 

Table 5-7 presents 90% confidence intervals of the NPV of simulated price paths 

calculated using the MCS of the one- and two-factor phase four CPMs. Median NPV values of 

simulated price paths (Table 5-7) are substantially lower than their reported means (Table 5-5). 

This highlights skewness in the simulated NPV of the CCS retrofit project. Skewness in NPVs 

is a direct result of simulated spot prices being bounded between [0,∞). Whilst there is a lower 

limit to losses that may be returned (i.e., the 5% confidence bound) from simulated price paths 

that tend towards zero, there is no limit to potential profits that may be returned under simulated 

price paths that tend towards very large values, clearly seen through the upper confidence 

intervals of calculated project NPV (Table 5-7). 

 5% 25% 50% 75% 95% 

Phase 4 - 1F 

(M€) 

-687.62 

(-397.40) 

-429.52 

(-240.10) 

2.65 

(116.92) 

1,019.57 

(1,073.17) 

6,193.46 

(6,197.46) 

Phase 4 - 2F 

(M€) 

-655.96 

(-418.15) 

-312.01 

(-206.21) 

344.66 

(349.81) 

2,167.22 

(2,095.96) 

14,995.78 

(14,939.32) 

Table 5-7. 90% confidence intervals of calculated project NPV under the one- and two-factor 

phase four modelling assumptions. Operationally flexible project values are given in 

parentheses and units are in M€. 

Approximately 50% and 39.1% of simulated NPV values were negative under the one- 

and two-factor stochastic models without operational flexibility, respectively (Table 5-7). This 

substantially large proportion of simulated NPV values that returned negative may highlight 

the riskiness of the capital investment project. Whilst there is a chance for potentially large 

positive net returns in this capital investment project, there is also a substantial chance under 

these stochastic assumptions that CCS retrofits return negative net profits over asset lifetime. 

Analysis of the expected payback period of simulated price paths provides further 

insight into the riskiness of the capital investment project. For the one-factor CPM, 

approximately 20.70% of simulated price paths failed to make back the initial net investment 

through subsequent net cash flows, whilst approximately only 1% failed to return these cash 

flows under the two-factor CPM. The negative NPV of a substantial proportion of simulated 
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price paths is thus due to long-term negative changes in EUA spot prices, highlighting the risk 

exposure resulting from the substantially long residual asset lifetime (𝜏 = 40 years). 

However, a key element of the EU ETS not captured within these stochastic modelling 

assumptions is the direct market interventions undertaken by the European Union to address 

low market prices in EUAs. The MSR was introduced as a direct response to low prevailing 

EUA market prices in order to drive future prices upwards (de Coninck & Benson, 2014). 

Whilst the stochastic models adopted by this case study may simulate market prices that 

approach zero, it is unlikely that the EU ETS will approach these values without further market 

intervention. While this element of the EU ETS was not directly considered in stochastic 

models adopted within this case study, the mean NPV of all simulated price paths may still 

reflect capital project value, particularly given that the parameters of these CPMs were 

estimated through empirical market data. This element of the EU ETS is a primary 

consideration when evaluating the distribution of simulated price paths rather than when 

interpreting the average project value calculated through the propagation of the entire system. 

It can be seen from Table 5-7 that the primary benefit of extending the RO valuation 

framework to consider operational flexibility is in the reduction in the lower bounds of 

simulated project NPVs. Additional managerial flexibility in the option to suspend and abandon 

an operational CCS unit mitigates the influence of losses under low prevailing EUA market 

prices, increasing both the mean and median NPV of the CCS retrofit project. Considering 

operational flexibility effectively reduced the number of negative simulated NPVs by 6.2% and 

2.1% under the one-factor and two-factor CPMs, respectively, highlighting the value of 

mitigating losses with these ROs. The value added from operational flexibility was lower under 

the higher (i.e., 95%) distribution of simulated NPVs. This is likely due to the lower frequency 

of suspension and abandonment being exercised to mitigate sub-optimal operating conditions. 

Calculated NPVs at the upper confidence interval are associated with high market prices of 

EUAs, providing little incentive to suspend or abandon a profitable CCS operation. 

Figure 5-4 below presents the distribution of operating modes over the forecasting 

horizon of an initially operational CCS unit under the one- and two-factor phase four CPMs, 

respectively. This figure is generated by evaluating the path-dependent optimal operating mode 

of price paths over the simulated forecasting period. It provides insights into the proportion of 

simulated paths that are operational, suspended and abandoned over the lifetime of the CCS 
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unit, given that the option to retrofit CCS has been immediately exercised and the one-year 

construction period has concluded. 

There is an approximately 88.12% and 67.73% chance of early abandonment of the 

CCS unit under one- and two-factor phase four CPMs, respectively (Figure 5-4). Furthermore, 

the highest proportion of suspended price paths over the forecasting horizon was 33.96% at 

approximately 18.3 years under the one-factor CPM and 24.82% at approximately 30.17 years 

under the two-factor CPM. The option to temporarily suspend operations at least once over the 

forecasting horizon was exercised by 58.00% and 52.58% of simulated price paths. Finally, 

only 6.18% and 18.72% of simulated price paths did not exercise any operational flexibilities 

over the forecasting period under the one- and two-factor CPMs, respectively. The substantial 

proportion of simulated price paths that have exercised operational flexibility over the 

forecasted lifetime of the CCS unit highlights the value additivity of incorporating operational 

flexibility within the RO valuation framework. Given that suspension and abandonment are 

viable options of an operational CCS unit, incorporating these options into the valuation 

framework has increased the realism of the RO model and provided valuable insight into the 

propensity to capture future emissions under stochastically evolving market uncertainty. 
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Figure 5-4. Distribution of operating mode over the residual lifetime of the initially operational CCS unit under the one- and two-factor phase 

four CPMs, respectively.
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Figure 5-4 shows that the proportion of suspended price paths steadily increases as the 

forecasting horizon increases. Whilst a substantial proportion of price paths ultimately result 

in abandonment, the abandonment option is rarely exercised before a period of approximately 

17 and 25 years for the one- and two-factor CPMs, respectively. The abandonment option is 

increasingly exercised with respect to the forecasting horizon, occurring primarily in discrete 

jumps between forecasting periods. These jumps are likely due to the decreasing residual value 

of the CCS project, with the number of periods in which net cash flows may be accrued 

decreasing. As the remaining asset life decreases, the value of remaining suspended also 

decreases due to a lower potential number of forecasting periods in which spot prices may 

recover to operationally profitable levels. As the value of the suspended projects decreases, it 

begins to approach its lower bound (being the cost of abandonment), and the abandonment 

option is subsequently exercised. This can be seen at approximately 35 years into the 

forecasting horizon for CPMs in Figure 5-4, with sharp increases in the number of abandoned 

price paths for both the one- and two-factor CPMs. Finally, there are no suspended price paths 

during the final few years of asset lifetime as well as no price paths exercising the abandonment 

option. The cost of abandoning the asset is more expensive than operating at a net loss under 

low prevailing market EUA and electricity prices in these final years, resulting in no exercise 

in operational flexibilities. 

Considering operational flexibility within the valuation framework provides greater 

insights into the expected volume of CO2 anticipated to be captured over the lifetime of the 

capture unit. Under consideration of the CCS unit without operational flexibility, it is assumed 

that the unit will operate for 39 years, capturing a total of approximately 93.5 MtCO2 over the 

entire asset lifetime. Under the operational flexibility framework, however, it is expected that 

the CCS unit will capture a total of 51.6 MtCO2 and 69.93 MtCO2 under the one- and two-

factor CPMs, respectively.  

Differences in the expected volume of captured emissions have substantial implications 

within two discrete areas. The first is when considering an appropriate geological storage site 

for the captured CO2 emissions. Estimating storage requirements under the standard DCF 

approach is likely to greatly overestimate the volume of storage required. This may lead to a 

point source considering CCS retrofits only considering large storage sites, which may be far 

away. However, a more accurate estimate of the volume of CO2 captured may result in a smaller 

(but closer) storage site being seen as a viable site to hold the total volume of captured CO2 

over the asset lifetime. Considering operational flexibility thus provides greater accuracy in the 
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estimates of appropriate CO2 storage sites. The second is when evaluating how existing climate 

policies in the form of market prices and behaviour of EUAs incentivise the future mitigation 

of CO2 emissions. This information is of key interest to climate policymakers, as information 

regarding the strength of the climate policy signal may provide insights into future supply and 

demand of EUAs and determine the strength of the climate policy signal with respect to their 

long-term climate policy goals. 

Given that immediate investment into the CCS project is accepted and the optimal 

operating policy of the project is of key interest to the operating managers of the CCS project, 

the following process may be adopted to evaluate the circumstances under which suspending, 

resuming or abandoning the CCS unit are optimal. The most contemporary value of state 

variables is first used to simulate the future price paths for the remainder of the project’s useful 

life. Backwards induction and LSM simulation are then used to calculate the present values of 

𝑉(𝑡) and 𝑊(𝑡), with the optimal operating mode being the option that maximizes the value of 

the project with respect to immediate payoffs. Repeating this process regularly over the 

project's lifetime allows for the CCS unit to respond to sub-optimal operating conditions, thus 

effectively decreasing the irreversibility of the investment project and mitigating the potential 

losses of operating the CCS unit. 

5.1.4.a Sensitivity Analysis 

Presented analysis into the financial feasibility of CCS retrofits has relied upon 

replicating and adopting the financial and technical parameters of the original case study of 

Abadie and Chamorro (2008). Due to the substantial time that has passed since this original 

case study, this case study's parameters may no longer reflect the current state of CCS 

technology or the underlying stochastically modelled electricity markets. This warrants an 

analysis into the sensitivity of these assumptions to the optimal investment criteria of this case 

study. Furthermore, the financial parameters adopted in this case study to consider suspension 

or abandonment of a CCS unit (Table 5-3) were selected using little empirical evidence. While 

these options were determined to have a significant influence of WOV and the corresponding 

optimal investment timing of CCS, they may not reflect the true costs of exercising operational 

flexibility. Financial and technical parameters evaluated within this sensitivity analysis are the:  

- initial capital expenditure, 

- energy efficiency penalty of CO2 capture, 

- stochastic electricity equilibrium price, 
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- cost of CO2 transport and storage, 

- construction time of the CCS unit, 

- learning rate of CCS technology, and, 

- total useful asset life. 

Sensitivity analysis in this section considers a useful asset life of 𝜏 = 30  years, 

consistent with the sensitivity analysis originally presented by Abadie and Chamorro (2008). 

Furthermore, only 100,000 simulated price paths are considered for sensitivity analysis (of 

which 50% are antithetic), rather than the 200,000 utilized within the prior analysis. Following 

a sensitivity analysis of key financial parameters, an extensive analysis of the influence of the 

cost of suspension and abandonment on the value of operational flexibility is conducted. 

Tables presented within this section list the NPV, RO analysis and OF RO analysis 

trigger prices. The RO analysis and OF RO analysis are presented within parentheses and 

square parentheses, respectively. 
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Initial Capital Expenditure 

CAPEX (M€) 

Abadie and 

Chamorro 

(2008) 

Phase 2 Phase 3 Phase 4 (1F) Phase 4 (2F) 

0 

(-100%) 
- 

11.83 € 

(31.65 €) 

[21.57 €] 

14.80 € 

(43.47 €) 

[27.89 €] 

15.82 € 

(38.39 €) 

[20.94 €] 

9.09 € 

(29.88 €) 

[22.90 €] 

54.63 

(-75%) 
- 

12.86 € 

(34.43 €) 

[25.19 €] 

16.09 € 

(47.30 €) 

[32.70 €] 

17.20 € 

(41.74 €) 

[27.95 €] 

9.88 € 

(32.47 €) 

[26.32 €] 

107.25 

(-50%) 
- 

13.90 € 

(37.22 €) 

[28.64 €] 

17.39 € 

(51.11 €) 

[37.30 €] 

18.59 € 

(45.16 €) 

[33.27 €] 

10.68 € 

(35.07 €) 

[29.36 €] 

160.88 

(-25%) 
- 

14.93 € 

(40.00 €) 

[31.98 €] 

18.68 € 

(54.95 €) 

[41.83 €] 

19.97 € 

(48.55 €) 

[37.49 €] 

11.47 € 

(37.66 €) 

[32.90 €] 

214.50 

 

(54.51 €) 

 

15.97 € 

(42.79 €) 

[35.22 €] 

19.98 € 

(58.77 €) 

[46.29 €] 

21.35 € 

(51.93 €) 

[41.46 €] 

12.27 € 

(40.26 €) 

[34.91 €] 

235.95 

(+10%) 

 

(55.74 €) 

 

16.38 € 

(43.90 €) 

[36.52 €] 

20.50 € 

(60.31 €) 

[48.06 €] 

21.91 € 

(53.28 €) 

[43.01 €] 

12.58 € 

(41.30 €) 

[37.26 €] 

257.40 

(+20%) 

 

(56.97 €) 

 

16.79 € 

(45.02 €) 

[37.78 €] 

21.02 € 

(61.84 €) 

[49.81 €] 

22.46 € 

(54.63 €) 

[44.54 €] 

12.90 € 

(42.22 €) 

[38.53 €] 

278.85 

(+30%) 

 

(58.20 €) 

 

17.21 € 

(46.14 €) 

[39.04 €] 

21.53 € 

(63.36 €) 

[51.55 €] 

23.02 € 

(55.98 €) 

[46.07 €] 

13.22 € 

(43.38 €) 

[39.77 €] 

Table 5-8. Calculated NPV, RO analysis and OF RO analysis investment trigger prices as a 

function of initial capital expenditure. RO analysis trigger prices are given in parentheses, 

and OF RO analysis trigger prices are given in square parentheses. 

The initial capital expenditure corresponds to the total cost of constructing a full-chain 

CCS retrofit. This value may be over- or under-estimated due to several external factors, 

influencing the corresponding value and optimal investment timing of CCS retrofits. These 

external factors include a lack of commercial experience in the emission abatement process, 

ongoing R&D of CCS technology, and changes in market prices of construction materials. The 

adoption of technology investment subsidies has also been suggested within the literature to 

promote investment into emission abatement technology and CCS retrofits (Abadie & 

Chamorro, 2008; Xian Zhang et al., 2014; Wang & Du, 2016). 

According to the RO analysis investment criterion, immediate investment into CCS 

retrofits is optimal under the two-factor phase four CPM when initial capital investment is 
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increased by 30% and is optimal under both phase four CPMs under the OF RO analysis 

investment criterion (Table 5-8). This provides robustness in the optimal investment criteria, 

as decreases in net project value associated with unexpected increases in capital investment 

costs do not deter away from immediate investment into the CCS retrofit project. 

Decreases to the initial capital expenditure of CCS retrofits results in a noticeable 

decrease in investment trigger values (Table 5-8), making technology investment subsidies an 

attractive government policy to promote investment into emission abatement technology and 

CCS retrofits effectively. A one hundred percent technology investment subsidy reduces NPV 

and RO analysis investment trigger value into CCS technology by an average of approximately 

31.1% for the stochastic models considered, in line with the 20-50% decrease observed within 

the literature (Abadie & Chamorro, 2008; Xian Zhang et al., 2014; Wang & Du, 2016). Whilst 

immediate investment in CCS retrofits is optimal in this study under contemporary CPMs, 

these results indicate that investment subsidies could be considered for other coal-fired power 

plants participating in the EU ETS that require greater capital expenditure to retrofit CCS 

technology. These coal-fired power plants may have a larger capacity, must construct longer 

CO2 transportation pipelines, or require greater infrastructure to retrofit CCS due to limited 

available space for a capture unit. Technology investment subsidies consist of a one-time 

payment to the energy producer, making the application of these subsidies simple to implement 

in return for a substantial decrease in the trigger prices of investment into the emission 

abatement technology. 
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Energy Efficiency Penalty of CO2 Capture 

Penalty (%) Phase 2 Phase 3 Phase 4 (1F) Phase 4 (2F) 

0% 

(-15%) 

10.33 € 

(27.83 €) 

[25.40 €] 

12.92 € 

(38.19 €) 

[35.52 €] 

13.81 € 

(33.74 €) 

[29.99 €] 

7.93 € 

(26.13 €) 

[25.48 €] 

5% 

(-10%) 

12.21 € 

(32.82 €) 

[29.13 €] 

15.27 € 

(45.04 €) 

[39.61 €] 

16.33 € 

(39.80 €) 

[34.13 €] 

9.38 € 

(30.84 €) 

[29.02 €] 

10% 

(-5%) 

14.09 € 

(37.80 €) 

[32.35 €] 

17.63 € 

(51.90 €) 

[43.17 €] 

18.84 € 

(45.86 €) 

[38.13 €] 

10.82 € 

(35.55 €) 

[32.12 €] 

15% 

15.97 € 

(42.79 €) 

[35.21 €] 

19.98 € 

(58.77 €) 

[46.27 €] 

21.35 € 

(51.93 €) 

[41.48 €] 

12.27 € 

(40.26 €) 

[34.91 €] 

20% 

(+5%) 

17.85 € 

(47.77 €) 

[37.86 €] 

22.33 € 

(65.64 €) 

[49.16 €] 

23.87 € 

(57.97 €) 

[44.51 €] 

13.71 € 

(44.98 €) 

[37.50 €] 

Table 5-9. Calculated NPV, RO analysis and OF RO analysis investment trigger prices as a 

function of energy efficiency penalty. RO analysis trigger prices are given in parentheses, 

and OF RO analysis trigger prices are given in square parentheses. 

Lack of commercial experience in CCS technology may result in unreliable estimates 

regarding costs of operating the full-chain CCS retrofit at either the capture, transport or storage 

stages of the carbon capture technology. CO2 capture cost in this case study is evaluated as a 

function of the energy efficiency penalty of the power plant required to capture and condense 

emissions post-combustion. Investment trigger prices are highly sensitive to changes in the 

energy efficiency of CO2 capture (Table 5-9), with a 5% decrease in this penalty decreasing 

both the NPV and RO analysis trigger prices by approximately 11.7%.  

Existing literature has proposed that technological learning in CCS technology may 

decrease capital investment costs and increase capture efficiencies, such as second generation 

CCS units versus the existing first generation (Fan et al., 2018). However, technological 

learning was considered in this case study through an annual learning rate that decreases capital 

investment costs in CCS retrofits rather than through consideration in potential increases in 

energy efficiency. Given that the learning rate in this case study considered decreases in capital 

investment costs, capital flexibility in this case study thus compared immediate payoffs of 

investment against the option to retrofit the same CCS unit in the future with greater capital 

efficiency. However, the large sensitivity of investment criteria to the energy efficiency of 

carbon capture suggests that this is a key technical parameter to consider within the valuation 

framework. 
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Learning Rate of CCS Technology 

Learning rate (% p.a.) Phase 2 Phase 3 Phase 4 (1F) Phase 4 (2F) 

0 

15.97 € 

(42.32 €) 

[34.70 €] 

19.98 € 

(58.34 €) 

[45.89 €] 

21.35 € 

(51.44 €) 

[41.00 €] 

12.27 € 

(39.71) 

[34.36 €] 

1 

15.97 € 

(42.55 €) 

[34.97 €] 

19.98 € 

(58.55 €) 

[46.11 €] 

21.35 € 

(51.67 €) 

[41.23 €] 

12.27 € 

(39.99 €) 

[34.65 €] 

2 

15.97 € 

(42.78 €) 

[35.21 €] 

19.98 € 

(58.78 €) 

[46.29 €] 

21.35 € 

(51.92 €) 

[41.46 €] 

12.27 € 

(40.26 €) 

[34.91 €] 

3 

15.97 € 

(43.03 €) 

[35.48 €] 

19.98 € 

(58.99 €) 

[46.48 €] 

21.35 € 

(52.15 €) 

[41.69 €] 

12.27 € 

(40.53 €) 

[35.18 €] 

4 

15.97 € 

(43.25 €) 

[35.72 €] 

19.98 € 

(59.20 €) 

[46.64 €] 

21.35 € 

(52.37 €) 

[41.90 €] 

12.27 € 

(40.78 €) 

[35.43 €] 

5 

15.97 € 

(43.46 €) 

[35.93 €] 

19.98 € 

(59.40 €) 

[46.79 €] 

21.35 € 

(52.57 €) 

[42.13 €] 

12.27 € 

(41.03 €) 

[35.67 €] 

Table 5-10. Calculated NPV, RO analysis and OF RO analysis investment trigger prices as a 

function of the learning rate. RO analysis trigger prices are given in parentheses, and OF RO 

analysis trigger prices are given in square parentheses. 

Trigger values under the RO analysis criterion are mostly insensitive to CCS 

technology's capital cost learning rate (Table 5-10). Minor increases in RO trigger prices reflect 

the increasing opportunity cost of immediate investment, as future capital investment costs can 

be expected to decrease. The NPV criterion does not consider investment at future dates and 

thus is not influenced by changes in the learning rate. 

Investment trigger prices have a low sensitivity to the learning rate of capital investment 

costs (Table 5-10) but high sensitivity to changes in the energy efficiency penalty (Table 5-9). 

This suggests that decreases in future operating costs, rather than capital investment costs, is 

of greater consideration when evaluating CCS retrofits under technological risk. It may be more 

suitable to consider future potential increases in energy efficiency rather than capital 

investment costs within a valuation framework that evaluates the learning rate of CCS retrofits, 

such as through a comparison between first- and second-generation CCS technology. The 

sensitivity of CCS retrofits to the energy efficiency penalty suggests that a valuation framework 

for CCS retrofits should consider potential changes in carbon capture efficiency and the 

associated technological path dependency and lock-in risk associated with the immediate 

investment of CCS retrofits. This was explicitly considered within the valuation framework of 
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Fan et al. (2018), finding that adopting first-generation CCS retrofits to Chinese coal-fired 

power plants has a large associated risk of technology lock-in. 

Cost of CO2 Transport and Storage 

T&S 

Cost 

(€/tCO2) 

Phase 2 Phase 3 Phase 4 (1F) Phase 4 (2F) 

3.68 

(-50%) 

13.50 € 

(36.14 €) 

[31.30 €] 

16.89 € 

(49.67 €) 

[42.05 €] 

18.06 € 

(43.86 €) 

[36.84 €] 

10.37 € 

(34.00 €) 

[31.13 €] 

5.880 

(-20%) 

14.98 € 

(40.12 €) 

[33.74 €] 

18.75 € 

(55.13 €) 

[44.68 €] 

20.04 € 

(48.70 €) 

[39.72 €] 

11.51 € 

(37.76 €) 

[33.44 €] 

6.615 

(-10%) 

15.47 € 

(41.45 €) 

[34.50 €] 

19.36 € 

(56.96 €) 

[45.54 €] 

20.69 € 

(50.32 €) 

[40.76 €] 

11.89 € 

(39.01 €) 

[34.18 €] 

7.35 

15.97 € 

(42.79 €) 

[35.21 €] 

19.98 € 

(58.77 €) 

[46.27 €] 

21.35 € 

(51.93 €) 

[41.48 €] 

12.27 € 

(40.26 €) 

[34.91 €] 

8.085 

(+10%) 

16.46 € 

(44.12 €) 

[35.92 €] 

20.60 € 

(60.60 €) 

[47.09 €] 

22.01 € 

(53.54 €) 

[42.17 €] 

12.65 € 

(41.53 €) 

[35.62 €] 

8.820 

(+20%) 

16.95 € 

(45.45 €) 

[36.65 €] 

21.21 € 

(62.41 €) 

[47.83 €] 

22.67 € 

(55.15 €) 

[43.09 €] 

13.02 € 

(42.58 €) 

[36.32 €] 

11.03 

(+50%) 

18.43 € 

(49.44 €) 

[38.68 €] 

23.06 € 

(67.87 €) 

[50.03 €] 

24.65 € 

(59.97 €) 

[45.48 €] 

14.16 € 

(46.52 €) 

[38.32 €] 

Table 5-11. Calculated NPV, RO analysis and OF RO analysis investment trigger prices as a 

function of transport and storage cost. RO analysis trigger prices are given in parentheses, 

and OF RO analysis trigger prices are given in square parentheses. 

Changes in the operational costs of CO2 transport and storage are slightly more sensitive 

to the investment criteria (Table 5-11) than the initial capital investment (Table 5-8). While a 

50% decrease in CO2 transport and storage costs reduces NPV and RO analysis trigger prices 

by approximately 15.6%, the same decrease in the initial capital investment cost only reduces 

trigger prices by approximately 13%. Higher sensitivity in investment trigger prices to the 

operational costs of CCS retrofits over the initial capital investment highlights that the primary 

risk of CCS investment is associated with the capture of emissions in sub-optimal operating 

conditions. 

Existing literature has proposed that a subsidy on captured emissions will hedge against 

changes in operating costs of CCS and promote willingness in operators to capture emissions 
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(L. Zhu & Fan, 2011, 2013; Fan, Xu, Yang, Zhang, et al., 2019). Whilst capture subsidies 

directly offset increases in the operational expenditure of CCS retrofits, they are more 

complicated to implement than capital investment subsidies and are also unsustainably high 

over the lifetime of a CCS project. It is thus empirically concluded that investment subsidies 

are the primary form of subsidy that should be considered within the EU to promote participants 

of the ETS to adopt CCS retrofits. 

Stochastic Electricity Equilibrium Price 

𝐿𝑒 (cents €/kWh) 

Abadie and 

Chamorro 

(2008) 

Phase 2 Phase 3 
Phase 4 

(1F) 

Phase 4 

(2F) 

1.8926 

(-50%) 

 

 

 

13.22 € 

(35.57 €) 

[31.07 €] 

16.54 € 

(48.84 €) 

[41.79 €] 

17.68 € 

(43.15 €) 

[36.57 €] 

10.16 € 

(33.43 €) 

[30.87 €] 

3.0282 

(-20%) 

 

(50.76) 

 

14.87 € 

(39.91 €) 

[33.65 €] 

18.60 € 

(54.79 €) 

[44.59 €] 

19.88 € 

(48.40 €) 

[39.64 €] 

11.42 € 

(37.53 €) 

[33.35 €] 

3.4067 

(-10%) 

 

(52.57) 

 

15.42 € 

(41.35 €) 

[34.46 €] 

19.29 € 

(56.79 €) 

[45.47 €] 

20.62 € 

(50.16 €) 

[40.73 €] 

11.84 € 

(38.89 €) 

[34.14 €] 

3.7852 

 

(54.51) 

 

15.97 € 

(42.79 €) 

[35.21 €] 

19.98 € 

(58.77 €) 

[46.27 €] 

21.35 € 

(51.93 €) 

[41.48 €] 

12.27 € 

(40.26 €) 

[34.91 €] 

4.1637 

(+10%) 

 

(56.29) 

 

16.52 € 

(44.23 €) 

[35.95 €] 

20.67 € 

(60.76 €) 

[47.11 €] 

22.09 € 

(53.68 €) 

[42.21 €] 

12.69 € 

(41.63 €) 

[35.65 €] 

4.5422 

(+20%) 

 

(58.28) 

 

17.07 € 

(45.68 €) 

[36.72 €] 

21.36 € 

(62.77 €) 

[47.88 €] 

22.83 € 

(55.43 €) 

[43.16 €] 

13.11 € 

(42.99 €) 

[36.40 €] 

5.6778 

(+50%) 

 

 

18.72 € 

(50.05 €) 

[38.81 €] 

23.42 € 

(68.72 €) 

[50.19 €] 

25.04 € 

(60.72 €) 

[45.68 €] 

14.38 € 

(47.10 €) 

[38.47 €] 

Table 5-12. Calculated NPV, RO analysis and OF RO analysis investment trigger prices as a 

function of electricity equilibrium price. RO analysis trigger prices are given in parentheses, 

and OF RO analysis trigger prices are given in square parentheses. 

The stochastic electricity CPM adopted within this case study was estimated using 112 

monthly average electricity prices from February 1998 to April 2007 (Abadie & Chamorro, 

2008). These electricity market conditions may have experienced substantial changes since the 

initial publication of Abadie and Chamorro (2008). Suppose a stochastic electricity CPM 

estimated over a contemporary observation period was determined to be substantially different 

than the model of Abadie and Chamorro (2008). In that case, this may provide empirical 
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evidence that a long-term drift in electricity prices may better reflect future market conditions 

over the substantially long forecasting horizon of this investment problem. 

Investment criteria are highly sensitive to changes in the equilibrium market price of 

electricity (Table 5-12). A 50% increase in equilibrium electricity prices increases NPV and 

RO analysis investment trigger prices by approximately 17%. Whilst the optimal investment 

rules of CCS retrofits are highly sensitive to changes in market parameters of the specified 

stochastic electricity model, immediate investment in CCS is still optimal when allowing for 

operational flexibility in the RO model and under the two-factor EUA phase four CPM under 

substantial increases to equilibrium electricity prices. 

Construction Time of the CCS Unit 

Construction (years) Phase 2 Phase 3 Phase 4 (1F) Phase 4 (2F) 

0 

16.04 € 

(40.01 €) 

[33.14 €] 

19.87 € 

(52.94 €) 

[41.98 €] 

21.16 € 

(47.36 €) 

[38.00 €] 

12.46 € 

(38.02 €) 

[33.16 €] 

1 

15.97 € 

(42.79 €) 

[35.21 €] 

19.98 € 

(58.77 €) 

[46.27 €] 

21.35 € 

(51.93 €) 

[41.48 €] 

12.27 € 

(40.26 €) 

[34.91 €] 

2 

15.92 € 

(45.67 €) 

[37.28 €] 

20.13 € 

(64.94 €) 

[50.68 €] 

21.59 € 

(56.55 €) 

[44.93 €] 

12.08 € 

(42.38 €) 

[36.54 €] 

3 

15.89 € 

(48.35 €) 

[39.37 €] 

20.31 € 

(71.19 €) 

[55.25 €] 

21.86 € 

(61.13 €) 

[48.53 €] 

11.90 € 

(44.28 €) 

[38.03 €] 

4 

15.89 € 

(51.05 €) 

[41.35 €] 

20.51 € 

(77.68 €) 

[60.15 €] 

22.16 € 

(65.86 €) 

[52.13 €] 

11.73 € 

(45.93 €) 

[39.36 €] 

5 

15.91 € 

(53.73 €) 

[43.35 €] 

20.75 € 

(84.34 €) 

[65.38 €] 

22.49 € 

(70.53 €) 

[55.62 €] 

11.56 € 

(47.44 €) 

[40.55 €] 

Table 5-13. Calculated NPV, RO analysis and OF RO analysis investment trigger prices as a 

function of construction time. RO analysis trigger prices are given in parentheses, and OF 

RO analysis trigger prices are given in square parentheses. 

The relationship between the construction time of the CCS unit and investment trigger 

values under the NPV and RO analysis criteria (Table 5-13) is more complex than that 

exhibited by other financial and technical parameters considered within this section. Whilst 

relative increases to NPV and RO analysis criteria were approximately identical in changes to 

previous financial parameters across stochastic models, this relationship is no longer consistent 

when considering the construction period of a CCS unit. This indicates a relationship between 

simulated market values, the construction period and the associated optimal investment criteria. 
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A one-year increase in the construction period of the CCS unit increases the RO 

analysis and OF RO analysis investment trigger prices by approximately 6.5%, 10.5%, 9.2% 

and 5.5% for each considered stochastic model, respectively. This result is consistent with the 

volatility considered within these stochastic models (Table 4-16), with the phase three 

stochastic model featuring the highest volatility parameter and increase in RO analysis trigger 

prices with respect to the construction time. The relationship between construction time and 

RO analysis trigger price can thus be empirically determined to be related to uncertainty in 

future price paths, with greater uncertainty increasing the WOV and associated investment 

criteria. As the delay in the accruement of beneficial cash flows increases, so too does 

uncertainty in future prevailing EUA and electricity market prices, thus increasing investment 

trigger prices under RO analysis. 

These findings are supported by the relationship between NPV trigger prices and 

construction times presented in Table 5-13, which are far less sensitive than RO analysis trigger 

prices. NPV trigger prices presented in Table 5-13 further display a complex relationship 

between the construction period, future trends in stochastic market prices and the value of the 

option to wait. Whilst there is a positive relationship between NPV trigger prices and the 

construction period under the one-factor phase three and four CPMs, an inverse relationship is 

seen for the two-factor phase four CPM (Table 5-13). Furthermore, there is almost no 

relationship between the construction period and the NPV trigger price under the EUA CPM 

of Abadie and Chamorro (2008). These insights indicate that increasing the construction time 

primarily increases uncertainty in future cash flows rather than decreasing project value by 

reducing the total number of cash flows accrued. 

Existing literature has suggested that construction times of CCS retrofits may take 

between two to four years (L. Zhu & Fan, 2011). According to the OF RO analysis investment 

criterion, immediate investment into CCS retrofits is no longer optimal under the one-factor 

phase four CPM. The expected construction time of CCS retrofits is thus a crucial consideration 

within this investment problem. Whilst a portion of the literature has proposed that omitting 

construction periods does not impact the qualitative interpretation of results and reduces the 

complexity of valuation models (Fuss et al., 2008; Knoope et al., 2015a), the empirical results 

of Table 5-13 highlight the sensitivity of this underlying parameter to the CCS investment 

problem. 
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Total Useful Asset Life 

Useful Life (years) 

Abadie and 

Chamorro 

(2008) 

Phase 2 Phase 3 Phase 4 (1F) Phase 4 (2F) 

2 

109.00 € 

(112.38 €) 

 

109.86 € 

(166.34 €) 

[166.20 €] 

112.51 € 

(183.50 €) 

[183.51 €] 

113.31 € 

(172.29 €) 

[172.29 €] 

113.84 € 

(174.88 €) 

[174.87 €] 

5 

39.75 € 

(55.66 €) 

 

39.97 € 

(65.17 €) 

[64.90 €] 

41.84 € 

(75.53 €) 

[74.82 €] 

42.56 € 

(69.40 €) 

[69.06 €] 

42.35 € 

(70.08 €) 

[70.28 €] 

10 

25.97 € 

(51.35 €) 

 

26.16 € 

(50.06 €) 

[46.56 €] 

28.48 € 

(60.92 €) 

[54.41 €] 

29.31 € 

(55.23 €) 

[50.89 €] 

27.57 € 

(54.20 €) 

[52.18 €] 

15 

21.39 € 

(52.58 €) 

 

21.43 € 

(46.85 €) 

[42.36 €] 

23.98 € 

(59.98 €) 

[52.30 €] 

25.20 € 

(53.06 €) 

[47.20 €] 

22.01 € 

(49.14 €) 

[45.01 €] 

20 

18.84 € 

(53.68 €) 

 

19.12 € 

(44.78 €) 

[36.94 €] 

22.47 € 

(58.22 €) 

[46.85 €] 

23.51 € 

(52.20 €) 

[41.60 €] 

18.05 € 

(45.66 €) 

[40.78 €] 

25 

17.11 € 

(54.31 €) 

 

17.58 € 

(43.59 €) 

[34.72 €] 

21.61 € 

(57.89 €) 

[45.23 €] 

22.52 € 

(51.90 €) 

[39.05 €] 

14.57 € 

(43.63 €) 

[38.64 €] 

30 

15.81 € 

(54.51 €) 

 

15.97 € 

(42.79 €) 

[35.21 €] 

19.98 € 

(58.77 €) 

[46.27 €] 

21.35 € 

(51.93 €) 

[41.48 €] 

12.27 € 

(40.26 €) 

[34.91 €] 

35 

14.79 € 

(54.40 €) 

 

15.02 € 

(42.37 €) 

[34.87 €] 

19.50 € 

(59.54 €) 

[46.42 €] 

20.84 € 

(52.17 €) 

[41.73 €] 

9.69 € 

(37.65 €) 

[31.98 €] 

40 

13.95 € 

(54.09 €) 

 

13.97 € 

(41.81 €) 

[33.21 €] 

18.51 € 

(59.04 €) 

[42.88 €] 

20.40 € 

(51.03 €) 

[36.22 €] 

8.69 € 

(39.06 €) 

[33.63 €] 

Table 5-14. Calculated NPV, RO analysis and OF RO analysis investment trigger prices as a 

function of useful asset life. RO analysis trigger prices are given in parentheses, and OF RO 

analysis trigger prices are given in square parentheses. 

Existing literature evaluating optimal investment criteria as a function of total useful 

asset life is supported by the empirical findings of Table 5-14. Investment planning horizons 

that are below approximately 20 years have been shown to have a large positive influence on 

investment trigger prices, whilst planning horizons set beyond 20 years are largely independent 

to project value (Abadie & Chamorro, 2008; Xian Zhang et al., 2014; Narita & Klepper, 2016). 

However, investment trigger values under the two-factor phase four CPM do not support these 

findings, as investment trigger prices continued to fall as the investment planning horizon 

increased (Table 5-14). This is a result of the larger long-term drift in EUA market prices of 

the two-factor CPM, which indicates that the long-term EUA market prices will be (on average) 
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higher than under the one-factor CPM. A longer useful asset lifetime will therefore allow for 

the accruement of long-term, beneficial cash flows. 

Whilst trigger prices under the RO analysis and OF RO analysis investment criteria are 

highly similar when useful asset life is extremely low, there are noticeable differences between 

investment trigger prices when useful asset life is approximately ten years or longer (Table 

5-14). This provides further empirical evidence into the additional value generated by allowing 

the RO model to consider suspension and abandonment in the operation of the CCS unit, as 

coal-fired power plants typically possess useful asset lives of several decades. Further analysis 

into the relationship between calculated project value and the costs of exercising operational 

flexibilities is now further discussed. 

Value of the Option to Abandon 

Developing a RO model that considers the value of the option to abandon within the 

valuation framework is relatively simple. At each discrete time point, the lower bound of the 

value of the operational project V(𝑡) is simply set as the cost of abandonment −𝐾3. Figure 5-

5 below presents the WOV of the replicated case study with the option to abandon as a function 

of the cost of abandonment 𝐾3, where 𝐾3 is formulated as a proportion of the initial capital 

expenditure (𝐶𝐴0= 214.5 M€). The useful asset life in this case is 𝜏 = 40 years and 100,000 

simulated price paths were applied in this sensitivity analysis. The calculated WOV of the 

replicated case study when abandonment is not considered was approximately 369.5 M€. 

A linear relationship between the cost of abandonment and calculated project WOV can 

be observed under abandonment costs that are not extremely large values (Figure 5-5), with a 

linear regression between the cost of abandonment and calculated project NPV returning R2 

values greater than 99% for each stochastic model considered within this study. Therefore, it 

is empirically concluded that the relationship between the cost of abandonment and the value 

of CCS retrofits is substantial and linear. The abandonment option effectively reduces the 

irreversibility and thus risk exposure of the option to retrofit CCS technology. A 1 M€ increase 

in the cost of abandonment decreases calculated project NPV by approximately 0.48 M€, 0.42 

M€ and 0.16 M€ under the phase two and one- and two-factor phase four CPMs, respectively. 

The two-factor phase four CPM likely has a lower sensitivity to changes in the cost of 

abandonment due to the lower proportion of simulated price paths exercising the option of 

abandonment and hence increased project profitability under this stochastic model (Figure 5-

4). 
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Figure 5-5. Waiting option value as a function of the cost of abandonment. 

Calculated WOV is insensitive and approaches the WOV of a project that does not 

consider abandonment when the cost of abandonment exceeds 320% (Figure 5-5). Whilst the 

WOV calculated at the upper limits of the evaluated abandonment costs seen in Figure 5-5 is 

slightly above that presented in Table 5-5 (380 M€ vs 369.5 M€), extremely high abandonment 

costs returned identical calculated WOV values. Costs of abandonment greater than 320% 

correspond to a cost of 686.40 M€. This cost of abandonment is approximately the same as the 

lower bound of NPVs of simulated price paths for the replicated case study, which are similar 

to the lower bounds in confidence intervals presented in Table 5-7. As the cost of abandonment 

approaches the maximum loss that may be net from operating the asset over its useful life at 

low prevailing EUA and high prevailing electricity prices, the value of the abandonment option 

is thus worthless. 

When the cost of abandonment is between 210% (450.45 M€) and 320% (686.40 M€) 

of the initial capital expenditure, the NPV and WOV of the project are lower and higher than 

if abandonment was not considered at all, respectively (Figure 5-5). Abandonment is an 

irreversible decision, and hence the possibility of sub-optimal operating conditions reversing 
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themselves may outweigh exercising under high abandonment costs, a concept known as 

hysteresis first introduced and evaluated by Dixit (1989). Abandonment in this case study was 

only sub-optimal under extremely high sunk costs (Figure 5-5). The assumption that the cost 

of abandonment would exceed the initial cost of investment is unreasonable, with existing 

literature suggesting there may even be scrap costs associated with decommissioning CCS 

retrofits in some cases (Knoope et al., 2015b), which could result in a net positive value in 

exercising the abandonment option.  

Whilst evidence of hysteresis is empirically shown in Figure 5-5, it is only a 

consideration under unrealistically high abandonment costs. It is thus empirically concluded 

that the additional value generated from considering abandonment in RO models to value the 

option to retrofit CCS is substantial, with the abandonment option a key consideration within 

the NPV and RO valuation frameworks. 

Value of the Option to Suspend 

Developing a RO model that considers the value of the option to suspend is 

substantially more difficult than abandonment due to multiple operating modes (𝑉(𝑡) and 

𝑊(𝑡)), with project value solved through optimizing operating mode at each discrete time point 

under uncertainty. Figure 5-6 below presents the WOV of the replicated case study with the 

suspension option as a function of the capital and operating costs of suspension: 𝐾1, 𝐾2 and 𝑀. 

It is assumed in this sensitivity analysis that the costs of suspending and resuming the operation 

are identical (i.e., 𝐾1 = 𝐾2) and there is no option to permanently abandon the project. Capital 

and operating costs of suspension are presented in terms of percentages of the capital cost of 

investment (𝐶𝐴0 = 214.50 𝑀€) and annualised operating costs of capture (𝑂𝑀 = 4.49 𝑀€), 

respectively. The x, y and z axes in Figure 5-6 below correspond to the operating cost of 

suspension, the capital costs of suspension and the WOV, respectively. 

There is a smooth observable relationship between the capital and operating costs of 

suspension against the calculated WOV of CCS retrofits (Figure 5-6). As the associated costs 

of suspension increase, the WOV approaches approximately 369.5 M€, the solution to the RO 

model that does not consider the option to suspend. High costs of suspension thus result in the 

value of the option to suspend approaching zero, as the costs associated with suspending do 

not outweigh operating at a net loss under sub-optimal prevailing market prices and the option 

is thus not exercised. 
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There is a substantial reduction in calculated project WOV when costs of suspension 

are extremely low (Figure 5-6). Under the assumption of zero or negligible costs of suspension, 

the CCS unit can be actively switched off/on as frequently as desired in response to sub-optimal 

operating conditions. This is unlikely to be a realistic assumption, as ongoing maintenance into 

the asset as well as labour and other associated costs may be substantial when suspending or 

resuming a carbon capture unit. As identified in 2.2.1, a substantial number of case studies 

considering the option to invest in CCS retrofits have considered temporary suspension of the 

capture unit under the assumption of zero capital and operating costs. Figure 5-6 highlights the 

substantial value added to the option to invest in CCS retrofits under this assumption. 

Therefore, it is empirically concluded that the consideration of costless suspension of a CCS 

unit, whilst easier to implement within a RO model, may introduce substantial positive bias in 

the calculated value of the option to invest and operate a CCS retrofit. 

The value of the suspension option is substantially more sensitive to changes in the 

operating cost of being suspended rather than the capital costs of suspension (Figure 5-6). 

Whilst the sensitivity of these variables with respect to the proportion of change in costs are 

quite similar, the magnitude of difference in these values highlights the additional sensitivity 

of the operational cost of suspension. The value of the option to suspend is substantial under 

low costs of suspension, where the operational cost of a suspended CCS unit is the key variable 

to consider and estimate when evaluating the financial feasibility of CCS retrofits. 

There were no scenarios considered within the sensitivity analysis presented in Figure 

5-6 where the WOV was greater than the RO model that did not consider temporary suspension. 

There was therefore no empirical evidence of hysteresis risk associated with the temporary 

suspension of the CCS unit. Suspension of the CCS unit was thus only exercised when 

operating conditions were sufficiently sub-optimal to justify suspension over operating at a net 

loss. This sensitivity analysis made the implicit assumption, however, that permanent 

abandonment of the CCS unit was not a consideration in the operation of the CCS unit. The 

interaction between the suspension and abandonment options is now presented and discussed. 
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Figure 5-6. Waiting option value as a function of the capital and operating costs of suspension.
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Value of the Option to Suspend and Abandon 

Figure 5-7 presents the WOV of the replicated case study with the suspension option 

as a function of the capital and operating costs of suspension: 𝐾1, 𝐾2 and 𝑀. In this case, the 

valuation framework is expanded from that considered in Figure 5-6 to allow for permanent 

abandonment in the CCS unit at a cost of 𝐾3 = 21.45 M€ (Table 5-3). This sensitivity analysis 

assumed a useful asset life of 𝜏 = 40 years and utilized 100,000 simulated price paths. 

At high associated costs of suspension, the value of this option is worthless as the option 

to abandon is instead exercised (Figure 5-7). Calculated WOVs at high costs of suspension 

were approximately identical to those of the calculated WOV of the project that allows for 

abandonment, but not suspension, which was a value of 170.34 M€ and can be seen within 

Figure 5-5. 

There are regions along the surface of capital and operating costs of suspension that 

result in an increase to the WOV over that of a RO model that considers only the option of 

abandonment, highlighted in yellow in Figure 5-7. Whilst hysteresis was not identified when 

only the suspension option was considered, there appears to be hysteresis under specific 

conditions regarding suspension costs when both the suspension and abandonment options are 

considered. In these regions, the suspension option is, on average across simulated price paths, 

sub-optimal in comparison to the abandonment option. These likely correspond to simulated 

price paths that initially exercised suspension and then abandonment as operating conditions 

continued to remain sub-optimal, resulting in a net cost greater than that of the abandonment 

option itself. 

The hysteresis risk resulting from the interaction between the suspension and 

abandonment options is primarily associated with the capital expenditure associated with 

suspending or resuming the CCS unit (Figure 5-7). This can be determined as the WOV when 

the cost of suspension was zero did not go above that of the WOV for the abandonment option 

RO model. It’s thus optimal to move straight from the operational state to the abandoned state 

when the cost of suspension is sufficiently high, as the sum of the costs of moving from the 

suspended state to the abandoned state outweighs the benefits of becoming suspended with the 

potential to resume operations at a future time point. 
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Figure 5-7. Waiting option value with abandonment as a function of the capital and operating costs of suspension.
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Table 5-15 below lists the combination of the capital and operational costs of 

suspension that result in a net increase in the financial viability. This is calculated as the 

identified combinations presented in Figure 5-7 where the WOV is lower than that returned by 

the RO model that considered only abandonment. These values are listed in terms of the 

proportion of the initial capital cost of investment and operation and maintenance of the CCS 

unit. The corresponding monetary values of these proportions are additionally listed in 

parentheses. 

CAPEX 

(M€) 

0% 

(0.00) 

10% 

(21.45) 

20% 

(42.90) 

30% 

(64.35) 

40% 

(85.80) 

50% 

(107.25) 

60% 

(128.70) 

OPEX 

(M€) 

100% 

(22.10) 

51% 

(11.27) 

39% 

(8.62) 

27% 

(5.97) 

21% 

(4.64) 

12% 

(2.65) 

3% 

(0.66) 

Table 5-15. Capital and operating costs of suspension that increase project value over the 

option to abandon. 

According to Table 5-15, the value of the suspension option is worthless when the cost 

of suspending and resuming the CCS unit is greater than approximately 60% of the initial 

capital expenditure, or 128.70 M€. When the cost of suspension is greater than 60%, there is 

no additional value gained from adopting the more complex RO model that considers 

suspension and instead a RO model that considers only abandonment should be adopted. These 

limits are made under the explicit assumption that abandonment can be exercised at 10% of 

initial capital expenditure. 

It has been empirically determined that there is positive bias returned from a RO model 

that considers unrealistically low costs of suspension and no additional value in a RO model 

that considers high costs of suspension. It has been further determined that there is no additional 

value in considering the option to abandon under extremely high costs of abandonment (Figure 

5-5). However, these empirical findings do not justify the application of a RO model that does 

not consider these operational flexibilities within the valuation framework. The substantial 

decrease in the WOV of CCS retrofits is due to the reduction in irreversibility in the investment 

decision. This is associated with the exercise of these operational flexibilities, highlighting the 

importance of operational flexibility when evaluating the financial feasibility of CCS retrofits. 

Empirical estimates into the costs of suspending and abandoning a CCS retrofit would provide 

greater insights into the value of operational flexibility of this investment project. 
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 Synergistic Inclusion of Enhanced Oil Recovery 

This section extends the case study of Abadie and Chamorro (2008) to consider the 

synergistic inclusion of EOR operations as a method of CO2 storage. Multi-factor oil CPMs 

estimated within section 4.3.1 are used to consider the setting of an EU-based SCPC power 

plant and an offshore oil field located within the North Sea. Interaction and cooperation 

between upstream CCS and downstream EOR operators are modelled through a RO 

framework. Each project participant shares capital investment costs and agrees upon a fixed 

sale price of captured CO2 emissions. The value of the capital flexibility option to commence 

EOR is then calculated under oil price uncertainty from the perspective of the downstream 

EOR operator. It performs a comparative analysis on the influence of oil CPMs developed 

under the N-factor framework on calculated project value, associated optimal investment 

criteria and the convergence of results under multi-factor stochastic modelling and MCS. 

In this case study, the SCPC power plant with retrofitted CCS (described in section 5.1) 

is seeking to generate additional revenue from selling captured CO2 emissions to an oil 

producer for EOR purposes. Whilst there are several possible agreements for the sale of 

captured emissions (see L. Zhu et al. (2020)) that would likely occur through CCS and EOR 

synergistic operations, it is assumed here that the CCS operator would prefer to sell captured 

emissions through a fixed agreement CO2 price. This then hedges the CCS operator against 

market uncertainty in future EUA prices, as a portion of their revenue is now guaranteed. As 

per the case study of Compernolle et al. (2017), several existing offshore oil operations within 

the North Sea may be willing to purchase these captured CO2 emissions in order to improve 

existing yields through EOR. 

Table 5-16 below lists financial parameters considered within this case study. Financial 

and technical parameters for the EOR project considered in this case study are loosely based 

upon the work of Compernolle et al. (2017). This case study is identified as the most recent 

within existing literature to evaluate the financial feasibility of CCS with EOR within an EU 

setting, detailing EOR cost estimates based on existing literature as well as data from three 

active fields situated within the North Sea.  

Whilst Compernolle et al. (2017) considered a power plant that annually captures 

approximately 4.6 MtCO2, the power plant of Abadie and Chamorro (2008) annually captures 

only approximately 2.6 MtCO2. A scaling factor of approximately -47.78% is thus applied to 

the financial parameters of Compernolle et al. (2017) to reduce total capital investment costs 
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and additional oil produced within this scenario. These financial parameters are scaled under 

the assumption that the EOR unit may be scaled to accommodate the reduced volume of CO2 

it uses in the EOR process, with capital investment cost a linear function of EOR size. This 

requires that the cost of the EOR pipeline be scaled linearly, representing that the power plant 

considered within this case study is closer in distance to the oil field than that considered by 

Compernolle et al. (2017). Given that the operational cost of oil extraction per barrel is not 

changed, these assumptions are deemed reasonable for the purposes of this case study. 

Description Parameter Value 

Discount rate 𝑟  0.05 

EOR unit investment cost 𝐶𝐴𝐸𝑂𝑅  547.13 M€ 

CO2 pipeline investment cost 𝐶𝐴𝑝𝑖𝑝𝑒𝑙𝑖𝑛𝑒  260.08 M€ 

CO2 purchase price 𝐶𝑃  27.51 €/tCO2 

CO2 purchased 𝐸𝑀  2,396,736 tCO2 

Annual quantity of additional oil produced 𝑄𝑜𝑖𝑙  5,706,514 bbl 

Ratio CO2 purchased/additional oil produced 𝑅  0.42 tCO2/bbl 

Oil extraction cost 𝑂𝑀  37.70 €/bbl 

USD to EUR exchange rate 𝐸𝑋  0.83 

Useful asset life 𝜏  15 years 

Construction period 𝐶𝑂𝑁  0.5 years 

Table 5-16. EOR case study financial parameters 

In this case study, the power plant and oil producers have each agreed to pay for 50% 

of the capital costs for the CO2 transport pipeline at a cost of approximately 260 M€ each (Table 

5-16), with the EOR operator additionally paying for the construction of the EOR unit. The 

CCS operator then benefits from a fixed additional revenue stream from the sale of captured 

CO2 emissions and the EOR operator benefits from additional yields from existing oil 

extraction operations. The cooperative project will be successfully accepted if EOR and CCS 

operators agree upon a fixed carbon purchase price at which investment is optimal from both 

perspectives. The oil field has a useful asset life of 𝜏 = 15 years and commencing EOR is 

expected to increase yields over the remainder of its useful life. Construction of the EOR unit 

is further expected to take six months. 

The case study and associated relevant investment criterion from the perspectives of 

the CCS and EOR producers is now presented and discussed. 
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5.2.1 The CCS perspective 

The value of the EOR project from the CCS operator’s perspective is a function of the 

initial capital investment into the CO2 transportation pipeline, the fixed price of the purchased 

CO2 and the useful asset lifetime of the EOR unit. The fixed price of purchased CO2 emissions 

means that the CCS operator is not exposed to market uncertainty and thus stochastic modelling 

of market prices is not necessary. The CCS operator also does not possess capital flexibility, 

but rather accepts the terms of the project the EOR operator presents to them given that it 

generates net profits over remaining useful asset life. The investment decision for the EOR 

project from the perspective of the CCS operator is thus calculated through the NPV criterion. 

From the CCS operator’s perspective, delaying capital investment into the EOR project 

will reduce useful asset life and the beneficial cash flows associated with the project. The 

immediate profit function of investment for the CCS operator is defined as: 

𝜋𝑡 = ∑ 𝐶𝑃. 𝐸𝑀

𝜏

𝑖=𝑡+0.5

− 𝐶𝐴𝑝𝑖𝑝𝑒𝑙𝑖𝑛𝑒. 

Figure 5-8 below presents the minimum carbon purchase price (𝐶𝑃) the CCS operator 

would be willing to accept for a positive NPV project (i.e., NPV = 0) as a function of the 

remaining useful life of the oil field.  
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Figure 5-8. Minimum carbon purchase price as a function of oil field remaining useful life. 

The minimum carbon sale price the CCS operator would be willing to accept today (i.e., 

𝑡 = 0) is 10.83 €/tCO2, with the minimum required carbon sale price for a positive NPV project 

increasing exponentially as the remaining oil field useful life decreases (Figure 5-8). Table 

5-17 below further lists the calculated NPV at time 𝑡 = 0 as a function of the carbon sale price. 

Carbon sale price (€/tCO2) 10.83 15 20 25 25.50 30 

NPV (M€) 0 100.04 220.08 340.12 352.13 460.17 

Table 5-17. CCS operator NPV for the EOR project as a function of carbon sale price 

The current profitability index of this investment is greater than one when the carbon 

sale price is greater than 21.70 €/tCO2. The potential to utilize captured CO2 emissions for EOR 

is therefore a highly attractive option for a CCS operator if a high enough carbon purchase 

price can be agreed upon with the EOR operator. 

5.2.2 The EOR Perspective 

The value of the EOR project from the EOR operator’s perspective is a function of the 

initial capital investment into the EOR unit and CO2 transportation pipeline, the useful asset 

lifetime of the EOR unit and the revenue generated by increasing the yield of oil production. 
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Revenue from increased yields is accrued through sale at prevailing oil market spot prices, and 

thus the EOR operator is exposed to oil market price uncertainty. The EOR operator also, 

however, possesses capital flexibility as the option to commence EOR does not need to be 

made immediately. While delaying investment reduces the cash flows accrued from the 

investment project, it benefits from revealing future price path information regarding oil prices. 

The optimal timing of investment into the EOR project under oil price uncertainty is thus an 

optimal stopping problem that may be solved through a RO model. 

CO2-EOR is a mature technology that has been utilized for many decades, particularly 

within the Southwestern US. The infrastructure used to transport CO2 is also a mature 

technology, as it consists of the same infrastructure to transport other materials. The EOR 

project, unlike the option to retrofit CCS, is therefore not exposed to technological uncertainty 

and does not benefit from a learning rate associated with future R&D reducing investment costs 

of the project. 

It is further unlikely that an EOR project possesses flexibility in the suspension and 

abandonment of an operational asset. In general, the oil industry places huge pressure to 

generate consistent returns on oil production assets, with projects' life and financial feasibility 

monitored as frequently as quarterly. Rather than suspend or abandon an operational oil asset 

under low prevailing oil prices, it is more likely that an oil production asset would increase the 

rate of production to maintain profits to existing stakeholders. The temporary suspension of oil 

production is also unlikely as it may damage both infrastructure and the oil reservoir itself, as 

wells will start to water up, equipment will rust, and skilled labourers will move to other 

projects. Whilst there have been real-world applications of the option to suspend oil production, 

these have been under extreme conditions and under very calculated and confident assumptions 

that oil prices will recover in the short- to medium-term. This would also indicate that oil 

refineries often consider dynamic production rates over an asset lifetime, making the asset life 

a dynamic variable2. However, this has been outside of the scope of existing literature and this 

case study.  

Whilst the EOR operation possesses capital flexibility, every time that they exercise the 

option to delay investment, the minimum carbon purchase price that the CCS operator will be 

willing to accept increases (Figure 5-8). To simplify analysis within this case study, it is 

assumed that the carbon purchase price agreed upon between the EOR and CCS operator is 

 
2 Thanks to Jane Norman (Santos Energy, 2005-present) for these insightful comments 
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25.50 €/tCO2 (Table 5-16). At this price level, the CCS operator is willing to accept the EOR 

project within the next seven years, refusing the project when fewer than eight years are 

remaining within the useful asset life of the oil production operation. Whilst the oil production 

project has a useful asset life of fifteen years and investment into EOR increases oil production 

over the remaining useful life from the point of construction, the option to invest within EOR 

is modelled as an American-style call option with a maturity of seven years. 

The cash flows accrued by operating an EOR project from time 𝑡 to 𝑡 + Δ𝑡 are defined 

as 

𝐶𝐹𝑡 = (𝑃𝑜𝑖𝑙. 𝑄𝑜𝑖𝑙. 𝐸𝑋 − 𝑂𝑀.𝑄𝑜𝑖𝑙 − 𝐸𝑀. 𝐶𝑃)Δ𝑡. 

The RPV of the investment at time 𝑡 is defined as 

𝑅𝑃𝑉𝑡 = {
𝐶𝐹𝑡 𝑡 = 𝜏

𝐶𝐹𝑡 + 𝑅𝑃𝑉𝑡+Δ𝑡𝑒
−𝑟Δ𝑡 𝑡 < 𝜏

. 

The immediate profit from investment is defined as 

𝜋𝑡 = {
0 𝜏 − 𝑡 ≤ 7.5

𝑅𝑃𝑉𝑡+0.5𝑒
−0.5𝑟 − 𝐶𝐴𝐸𝑂𝑅 − 𝐶𝐴𝑝𝑖𝑝𝑒𝑙𝑖𝑛𝑒 𝜏 − 𝑡 > 7.5, 

where 7.5 is the sum of the option maturity and construction time, as zero beneficial cash flows 

are accrued beyond this time point. 

The standard American call option pricing procedure described in section 3.3.2 is then 

utilized to solve for the ROV of the capital investment project through LSM simulation. Results 

of this case study, including a comparative analysis into the stochastic modelling assumption 

of oil market prices, is now presented. 

5.2.3 EOR Case Study Results 

The results of the EOR case study are presented in this section. Overall findings of the 

value of the option to construct the EOR project under N-factor oil CPMs estimated in section 

4.3.1 are presented, compared and discussed. Convergence properties of oil spot prices 

simulated through N-factor CPMs are subsequently evaluated, comparing the application of 

simulated state variables or spot prices as basis functions within the LSM simulation algorithm. 

The interpretability of investment trigger prices under multi-factor stochastic models are then 

discussed and contrasted with the GBM model. Sensitivity analysis of the value of EOR to key 
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financial and technical parameters are then presented, summarising changes to these variables 

that will promote the project. 

Table 5-18 below lists the filtered values of state variables of N-factor oil CPMs 

simulated through MCS. Unobservable state vectors were calculated through Kalman filtering 

of the out-of-sample oil dataset (Table 1-1), providing contemporary estimates of state 

variables on June 16th, 2021. 

 One-Factor Two-Factor Three-Factor Four-Factor Five-Factor 

𝑥1(0) 4.231 4.151 4.092 4.049 4.070 

𝑥2(0)  0.122 0.173 -0.960 -0.690 

𝑥3(0)   -0.004 0.072 0.090 

𝑥4(0)    1.118 -0.454 

𝑥5(0)     1.269 

𝑆(0) ($USD) $68.76 $71.73 $70.94 $72.23 $72.63 

𝑆(0) (€EUR) 57.07 € 59.54 € 58.88 € 59.95 € 60.28 € 

Table 5-18. Initial oil state vector for Monte Carlo simulation. 

200,000 paths (50% antithetic) of state variables are simulated using a discrete time 

step of Δ𝑡 = 1/6 for consistency with the CCS retrofit case study. Simulated spot price paths 

are then the exponential sum of state variables at each discrete time step. A constant exchange 

rate of 0.83 (Table 5-16) is subsequently applied to convert simulated spot prices from USD to 

EUR, consistent with the case study of Compernolle et al. (2017). Finally, following Cortazar, 

Gravet, et al. (2008), the first 18 Laguerre polynomials of simulated spot prices (rather than all 

state variables) are used as basis functions to approximate continuation values within the LSM 

simulation algorithm. 

Table 5-19 below presents the calculated project value for the EOR case study as a 

function of oil CPM in euros, with standard error of calculated project values presented within 

parentheses. Three investment criteria are presented in Table 5-19: NPV, RO analysis and CP 

trigger prices. The first two are the optimal trigger prices of oil, where immediate investment 

is optimal under the NPV and RO analysis criteria. The third investment criterion presented is 

the agreed carbon purchase price (CP) at which immediate investment into the EOR project is 

optimal under the RO analysis criterion given current oil spot prices. An in-depth discussion 

and comparison of results presented in Table 5-19 is now presented. 
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One-

Factor 

Two-

Factor 

Three-

Factor 

Four-

Factor 

Five-

Factor 

NPV (M€) 
-91.82 

(6.50) 

-821.03 

(3.20) 

-854.73 

(4.38) 

-904.25 

(2.74) 

-871.47 

(2.80) 

ROV (M€) 
808.84 

(5.41) 

265.32 

(1.89) 

396.90 

(3.00) 

186.19 

(1.47) 

200.83 

(1.54) 

WOV (M€) 
900.65 

(2.35) 

1086.35 

(1.97) 

1,251.63 

(2.31) 

1,090.44 

(1.83) 

1,072.30 

(1.84) 

NPV trigger price 58.56 € 77.15 € 77.24 € 80.10 € 79.56 € 

RO trigger price 97.78 € 112.88 € 126.90 € 110.20 € 110.02 € 

CP trigger price -35.13 € -43.20 € -52.55 € -41.23 € -40.60 € 

Table 5-19. Calculated project value of the option to commence EOR as a function of oil 

CPMs. 

The value of the EOR project is low, with a high negative calculated NPV and a low 

ROV for the option to invest within the next seven years (Table 5-19). According to the CP 

investment criterion, no carbon purchasing agreement will immediately convince the EOR 

operator to construct the project given the current estimated oil spot prices. These empirical 

findings align with those of Compernolle et al. (2017), who found little incentive to commence 

EOR under these technical and financial parameters. 

The N-factor CPM used to simulate the future spot price distribution of oil substantially 

influences the NPV, ROV, and associated optimal investment criteria for the EOR project 

(Table 5-19). The one-factor GBM model is the primary model adopted within existing RO 

literature, including studies that evaluate the option to commence EOR. Simulating oil spot 

prices through the GBM model, in this case, has resulted in a substantially larger NPV and 

ROV over multi-factor oil CPMs (Table 5-19). In section 4.3.1, it was empirically determined 

that multi-factor models under the N-factor framework had a vastly superior fit to in- and out-

of-sample oil term structure market data, which is expected to contain information on future 

spot prices and market movements. The application of multi-factor CPMs to simulate price 

paths thus incorporates a greater information set regarding commodity market price behaviour. 

It is thus empirically concluded that the application of a one-factor GBM has introduced 

substantial positive bias into project value and associated investment trigger prices compared 

to multi-factor CPMs. 

Calculated results under multi-factor CPMs are relatively similar in comparison to the 

one-factor CPM (Table 5-19). This provides empirical evidence that the inclusion of even one 

additional factor within an oil CPM captures a substantial volume of additional information 
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regarding the distribution of future commodity prices. Calculated NPVs between multi-factor 

CPMs still differ by tens of millions, however, highlighting the sensitivity of project value and 

optimal investment under uncertainty to the adopted stochastic model. This provides further 

empirical evidence that stochastic modelling of commodity prices is one of the key 

considerations when valuing capital investment projects contingent upon future market price 

paths. 

Results presented in Table 5-19 can be concluded to have adequately converged, with 

standard errors of the NPV, ROV and WOV substantially low in relation to the magnitude of 

these estimates. Interestingly, reported standard errors generally decrease as a function of the 

N-factor CPMs, despite these stochastic models' increased complexity and dimensionality. The 

four- and five-factor oil CPMs have the lowest reported standard errors, with the standard error 

of calculated NPVs of these models approximately 57% lower than the reported standard error 

of the NPV under the one-factor CPM.  

Figure 5-9 below presents the mean and 95% confidence intervals of simulated oil spot 

prices under each N-factor CPM considered within this case study, in $ USD.
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Figure 5-9. 95% Monte Carlo simulated confidence intervals of future oil spot prices modelled under the N-factor framework.
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MCS of oil spot prices under multi-factor CPMs has a substantially smaller 95% 

confidence interval than the one-factor GBM model (Figure 5-9). Figure 5-9 also shows that 

mean simulated price paths also no longer grow linearly as a function of 𝑡 under multi-factor 

CPMs, initially decreasing for the first approximately six years of the forecasting horizon and 

gradually increasing thereafter. A GBM model assumes uncertainty in expected future spot 

prices are a linear function of 𝜎√𝛥𝑡, clearly visible for the one-factor case in Figure 5-9. 

Uncertainty in future spot prices under the N-factor framework, however, is modelled here by:  

𝜎1√Δ𝑡 + √∑ 𝜎𝑖𝜎𝑗𝜌𝑖,𝑗𝑒
−(𝜅𝑖+𝜅𝑗)Δ𝑡

𝑁

𝑖,𝑗≠1

. 

As the forecasting horizon increases, uncertainty in future spot prices thus tends 

towards 𝜎1√𝛥𝑡 as uncertainty in factors with mean-reverting behaviour tend towards zero. This 

can be seen in Figure 5-9 through the upper confidence intervals of the multi-factor CPMs 

increasing at a substantially lower rate over the first approximately five years of the forecasting 

horizon compared to the remaining ten years. Volatility in the first factor of estimated multi-

factor oil CPMs were substantially lower than the estimated volatility of the GBM model. 

Whilst volatility in the estimated GBM model was approximately 31.7%, volatility of the first 

factor in the five-factor CPM was only 19.7% (Table 4-11). Therefore, it can be empirically 

concluded that multi-factor modelling of oil spot prices has reduced total uncertainty in future 

price paths, particularly in the long term, by substantially reducing the confidence intervals of 

simulated spot prices. 

Table 5-20 below presents the mean and 95% confidence interval of simulated oil spot 

prices in USD at the end of the useful asset life 𝜏 = 15 years for each CPM under the N-factor 

framework applied in this case. This table provides greater insight into the spread of simulated 

spot prices over the simulated forecasting horizon of this case. 

𝑡 = 𝜏 = 15 years 2.5% Mean 97.5% 

1F $3.30 $78.97 $414.46 

2F $7.30 $61.55 $236.48 

3F $2.93 $57.71 $288.54 

4F $8.55 $55.52 $192.38 

5F $8.86 $57.36 $198.08 

Table 5-20. Mean and 95% Monte Carlo simulated confidence intervals of oil spot modelled 

under the N-factor framework at t = 15 years. 
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95% confidence intervals under the four- and five-factor CPMs are substantially lower 

than those of the two- and three-factor CPMs (Table 5-20). Whilst the distribution of future 

simulated spot prices is similar under the four- and five-factor CPMs (Figure 5-9), mean 

simulated spot prices under the five-factor CPM are slightly higher (Table 5-20). The estimated 

five-factor oil CPM was determined in section 4.3.1 to have a slightly improved fit to 

observable long-term futures contracts, suggesting the long-term forecasts of the five-factor 

CPM may be more representative of market expectations and the stochastic behaviour of long-

term oil prices. 

Increasing the number of factors used to model commodity prices under the N-factor 

framework increases the total number of state variables considered in a capital investment 

problem. This increases the corresponding computational expense in estimating and simulating 

these N-factor CPMs. An increasing number of state variables may also increase the 

dimensionality of the capital investment problem by increasing the total number of regressors 

required to approximate the continuation value in LSM simulation. The relationship between 

the convergence properties of the LSM simulation method and the number of factors in an N-

factor model is now empirically evaluated. 

Longstaff and Schwartz (2001) determined that a higher total number of state variables 

considered in the valuation of an American-style option requires a larger order of a chosen 

orthogonal polynomial to sufficiently approximate the continuation value. Cross products of 

these state variables were also determined to provide conditional information when utilized as 

regressors. Following the seminal work of Longstaff and Schwartz (2001) would then imply 

that the total number of regressors required for sufficient convergence of the LSM simulation 

algorithm increases exponentially with the number of state variables under the N-factor 

framework. 

However, a subsequent study regarding LSM simulation and multi-factor CPMs by 

Cortazar, Gravet, et al. (2008) proposed applying a reduced-base specification to maintain 

valuation accuracy whilst reducing the total number of regressors used. Cortazar, Gravet, et al. 

(2008) determined that continuation values may be efficiently approximated using expected 

spot prices as basis functions (i.e., the exponential sum of state variables) rather than all 

individual state variables. Taking advantage of the explicit economic meaning behind these 

expected spot prices thus results in a lower total number of regressors utilized. Empirical 

evidence of the relative convergence of the reduced-base specification was presented by 
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Cortazar, Gravet, et al. (2008) through the solution of a copper mine under a three-factor CPM 

and LSM simulation. Under the reduced-base specification, the total number of regressors used 

in LSM simulation would therefore be independent of the number of factors used to model 

commodity prices under the N-factor framework. 

The approach of Longstaff and Schwartz (2001) and Cortazar, Gravet, et al. (2008) 

were both empirically tested to evaluate the relative convergence properties of using state 

variables versus the reduced-base specification as regressors. The two case studies of this 

chapter were both considered within this empirical testing. The empirical findings of Cortazar, 

Gravet, et al. (2008) were therefore expanded by considering CPMs of up to five factors under 

the N-factor framework. Convergence properties were evaluated by comparing standard errors 

of calculated ROV and WOV under an increasing order of the Laguerre polynomial using both 

methods as regressors of the continuation value. 

Figure 5-10 below compares the standard error of the calculated WOV of the phase four 

two-factor CPM for the CCS retrofit case study. The first label corresponds to the standard 

error of the calculated WOV when simulated expected spot prices were used to approximate 

the continuation value as a function of an increasing order of the Laguerre polynomial. The 

second label corresponds to the standard error when instead the two state variables and their 

cross product were used as a function of the order of the Laguerre polynomial. 
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Figure 5-10. WOV standard error of the CCS retrofit case study under the phase four two-

factor CPM using simulated state variables or spot prices as regressors in LSM simulation. 

Figure 5-10 highlights the net reduction in standard errors of the WOV when applying 

state variables as regressors rather than expected spot prices for the CCS retrofit case study, 

with a similar relationship empirically observed for the standard error of the ROV. The 

empirical results of Figure 5-10 suggest that the application of state variables has provided a 

greater level of information to LSM simulation for approximating continuation values and does 

not support the application of the reduced-base approach in the CCS retrofit valuation problem. 

The application of the reduced-base specification in the EOR valuation problem, 

however, returned almost identical standard errors to those returned when using state variables 

as regressors. Applying expected spot prices as regressors, rather than individual and cross-

products of state variables, returned associated standard errors in results that were on average 

only approximately 0.5% higher under multi-factor CPMs. Sufficient convergence of the LSM 

simulation solution method required a far lower number of regressors for the EOR case in 

comparison to the CCS retrofit case. In consideration for the EOR case, the reduced-base 

specification was therefore empirically determined to obtain sufficient convergence in results 

whilst reducing the total number of regressors used in the LSM simulation approach. 
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The key finding of this empirical result was that the application of expected spot prices 

as regressors resulted in nearly identical computational runtimes for the LSM simulation 

algorithm across all five oil CPMs considered within this case study. Modelling and simulating 

oil spot prices through multiple factors under the N-factor framework has thus resulted in:  

- A reduced confidence interval in simulated spot prices, 

- Lower standard errors in associated project value, 

- Stochastic behaviour with a higher fit to observable term structure market data, 

- Lower bias in calculated project values, and, 

- No increase in the dimensionality of the valuation problem. 

The additional computational overhead associated with the application of multi-factor 

models under the N-factor framework is therefore purely restricted to estimating the parameters 

of these models and the MCS of expected spot prices. Exploiting prior knowledge of the 

structure of state variables by applying expected spot prices as regressors has thus resulted in 

no increase in the dimensionality of the EOR capital investment problem. Whilst the estimation 

of N-factor CPMs is the most computationally expensive aspect of this process, the high 

observable fit of these estimated models to out-of-sample data suggests that these models do 

not need to be re-estimated at a high rate of periodicity. Given that the Kalman filter is a 

recursive algorithm, estimating the values of state variables as new market data becomes 

available is a trivial process. The LSM simulation method, on the other hand, is the second 

most computationally expensive process. After an N-factor CPM has been estimated, it may 

then be used to value capital investment projects with little additional computational overhead 

compared to a one-factor GBM model. 

There are several potential reasons why standard errors in calculated project value were 

larger when using expected spot prices compared to state variables for the CCS retrofit case 

study. These include a substantially: 

- Larger forecasting horizon (40 years instead of 15 years), 

- Larger option maturity (39 years instead of 7 years), 

- Larger investment problem dimensionality (two stochastic commodities instead of 

one), 

- Larger volatility in state variables of EUA versus oil CPMs, 

- Lower mean-reversion rate in the second factor of the EUA CPM in comparison to 

multi-factor oil CPMs, and, 
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- Lower correlation coefficient between the state variables of the considered EUA CPM 

(0.0282) in comparison to multi-factor oil CPMs. 

As a result of these project characteristics, the CCS retrofit case required a far larger 

number of regressors to converge upon these approximations (Figure 5-10) in comparison to 

the EOR case. The focus of the regression within the LSM algorithm is on the fitted value, 

rather than coefficients, of the regression, which are unaffected by the degree of correlation 

among explanatory variables (Longstaff & Schwartz, 2001). Given that the correlation between 

the state variables of the two-factor EUA CPM is so low, however, considering each state 

variable as an explanatory variable within the regression likely provides a greater level of 

conditional information to calculate expected continuation values. These characteristics of a 

RO valuation problem may be of consideration when applying the reduced-base specification 

to increase the computational efficiency of LSM simulation under N-factor CPMs. 

While applying expected spot prices as regressors can result in sufficient convergence 

of approximation values under multi-factor CPMs, the presence of multiple correlated state 

variables presents difficulties in evaluating spot trigger prices often presented within RO 

analysis case studies. Under a one-factor GBM model, trigger prices may be readily calculated 

and interpreted by calculating the roots of the NPV and WOV of a project with respect to the 

initial value of the spot price. RO analysis trigger prices are an appealing investment metric, as 

they allow for the direct comparison between current and required spot prices to trigger an 

investment project. 

Corresponding trigger prices under multi-factor CPMs within this case have been 

evaluated through the calculation of the roots of the NPV and WOV with respect to the value 

of the first factor, which is the random walk factor inducing the unit root in the spot price 

process. Under a two-factor CPM, trigger prices may thus be interpreted as the equilibrium 

spot price required to trigger investment, given current deviations from this equilibrium. As 

the number of factors under the N-factor framework increases, however, interpretation of these 

trigger prices becomes further convoluted. Investment trigger prices under the N-factor 

framework instead presents the required spot price under current market conditions of risk 

factors and given that the random walk process has been adjusted accordingly. Adjusting the 

first factor, however, does not consider the correlation between the subsequent 𝑁 − 1 factors, 

which may be estimated to be relatively high. For example, the correlation between the first 

factor and the subsequent four factors under the five-factor CPM were: [-0.414, 0.387, -0.118, 
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-0.039]. It further does not consider the stochastic behaviour of other conditions regarding spot 

prices, instead providing a relatively unrealistic snapshot of trigger prices. 

Table 5-21 below presents NPV, RO and CP trigger prices as a function of filtered state 

variables of the five-factor oil CPM on different observation dates. Filtered state variables are 

calculated through the Kalman filter and are estimates of the cost-of-carry of oil market prices 

on the first observation date of every three months within the out-of-sample dataset. 

Contemporary state variable estimates are also presented within this table. NPV and RO trigger 

prices are calculated through the roots of the NPV and WOV by adjusting the value of the first 

state variable. The CP trigger price is calculated by adjusting the value of the fixed carbon 

purchase cost to determine the root of the WOV. Table 5-21 below thus presents the 

corresponding investment oil spot and carbon purchase trigger prices given the prevailing 

market characteristics for oil on different observation dates. 

 01/2020 03/2020 06/2020 09/2020 01/2021 03/2021 06/2021 

𝑥1(𝑡) 3.906 3.810 4.210 4.040 3.751 3.899 4.070 

𝑥2(𝑡) 0.343 -0.181 -0.791 -0.615 -0.243 -0.193 -0.690 

𝑥3(𝑡) 0.007 0.051 0.069 0.011 0.018 0.088 0.090 

𝑥4(𝑡) 0.499 0.581 -0.963 -0.379 0.267 0.116 -0.454 

𝑥5(𝑡) -0.638 -0.419 1.040 0.650 0.068 0.278 1.269 

𝑆(𝑡) ($USD) 61.42 46.67 35.36 40.74 47.54 65.91 72.63 

𝑆(𝑡) (€EUR) 50.98 38.74 29.35 33.81 39.46 54.71 60.28 

Trigger Prices        

NPV 71.95 € 59.03 € 43.75 € 50.57 € 65.78 € 79.36 € 79.56 € 

RO 100.62 € 83.27 € 65.96 € 73.17 € 91.86 € 109.94 € 110.02 € 

CP -46.51 € -52.52 € -54.33 € -52.49 € -57.89 € -47.98 € -40.60 € 

Table 5-21. EOR project trigger prices as a function of filtered state variables on different 

observation dates of the five-factor oil CPM. 

The NPV, ROV and CP optimal investment criteria under filtered estimates of state 

variables that make up estimated oil market spot prices differ greatly across the observed dates 

(Table 5-21). For the NPV and RO criteria, adjusting only the first factor considers neither the 

correlation nor the current values of the subsequent state variables. This is particularly evident 

for the last two observation dates presented in Table 5-21, as although trigger prices are highly 

similar, the values of state variables, corresponding spot prices and optimal CP prices on these 

dates are not. Given the sensitivity of these investment criteria to the filtered value of the 
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subsequent 𝑁 − 1 risk factors, it can be empirically concluded that adjusting the value of the 

first- factor to determine trigger prices is an unreliable metric. The CP metric is further 

unreliable, as although this parameter is independent to the state variables, it is highly sensitive 

to expected future oil market spot prices. The application of CPMs under the N-factor 

framework to value capital investment projects thus results in an overall decrease in the 

interpretability of investment criteria, as these CPMs may not be used to provide reliable 

estimates of investment trigger prices, a metric commonly presented within existing RO 

analysis literature. 

Whilst overall interpretability decreases through the application of multi-factor CPMs 

developed under the N-factor framework, the robustness of calculated project value increases. 

Multi-factor CPMs explain a greater proportion of the variance of the observable term structure 

of commodity prices by modelling cost-of-carry through additional risk factors. Calculated 

project NPV and ROV under multi-factor CPMS thus correspond to project value given current 

values of these risk factors and their correlation and stochastic behaviour that drive commodity 

spot prices. Whilst investment under a one-factor GBM is optimal when modelled spot prices 

reach a corresponding trigger value, investment under multi-factor CPMs is instead optimal 

when the sum of correlated factors that interact with and make up market spot prices reach a 

specific threshold. Project value under multi-factor CPMs may thus be more stable to 

exogenous shocks in market prices. A short example is now presented to provide further 

insights into project value robustness under multi-factor CPMs. 

Consider the calculation of project value under a one- and two-factor CPM under oil 

market prices that have recently experienced an exogenous shock, driving short-term market 

prices upwards. Under the two-factor CPM, this exogenous shock would likely correspond to 

a large and positive filtered estimate of the second state variable, corresponding to the 

expectation that prevailing market prices are unlikely to maintain these higher-than-average 

levels. Simulating spot prices under this two-factor CPM from contemporary filtered state 

variables would result in expected spot prices decreasing over time as the second factor 

approaches its long-term equilibrium value. Calculated project value has thus considered both 

the short- and long-term behaviour of oil commodity prices within its valuation framework. 

Under the one-factor CPM, however, simulated spot prices would be assumed to grow at the 

estimated long-term growth from the contemporary estimated spot price, resulting in 

substantially different estimates of project value and optimal investment under commodity 
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price uncertainty. Multi-factor CPMs thus effectively reduce hysteresis risk in the exercise of 

capital flexibility in RO models. 

It is thus concluded that whilst investment trigger prices may not be meaningfully 

interpreted under multi-factor CPMs under the N-factor framework, project value of capital 

investments calculated under contemporary filtered state variables of these models are both 

more informative and robust. Rather than exercising the option of investment when spot prices 

reach calculated investment trigger values, this option should instead be exercised when the 

WOV under contemporary filtered estimates of state variables are less than, or equal to, zero 

under estimated multi-factor CPMs. 

A reduction in the total interpretability of investment trigger prices under multi-factor 

CPMs does not influence the interpretation of sensitivity analysis results presented for the CCS 

retrofit case using the two-factor EUA CPM. Whilst the sensitivity of key financial and 

technical parameters to investment trigger prices were evaluated in section 5.1.4.a, the 

sensitivity of the carbon pricing signal with respect to the financial and technical parameters 

still provides valuable insight into how changes in these variables adjusts the calculated NPV, 

ROV and WOV, respectively. 

Immediate investment into the construction of the EOR unit and transportation pipeline 

was not determined to be optimal under the considered oil CPMs and RO analysis. MCS allows 

for the propagation of various states of the system to provide greater insights into the ROV and 

project success under oil market price uncertainty. Table 5-22 presents an analysis into the 

MCS and corresponding investment decisions of simulated price paths under the RO analysis 

approach. 

 1F 2F 3F 4F 5F 

Investment Probability (%) 27.37% 19.23% 18.94% 15.67% 16.70% 

Expected Investment Exercise 

(years) 

2.99 

(0.01) 

3.20 

(0.01) 

3.07 

(0.01) 

3.02 

(0.01) 

3.07 

(0.01) 

Payback Period (years) 
2.92 

(0.01) 

2.97 

(0.01) 

2.79 

(0.01) 

3.34 

(0.01) 

3.32 

(0.01) 

Table 5-22. EOR project MCS analysis under the RO analysis framework. 

Exercise of the option to construct an EOR unit within the next seven years is unlikely, 

with less than 20% of simulated paths exercising the option to invest under multi-factor CPMs 

(Table 5-22). When investment is exercised, the EOR project is quite profitable, accruing 

respective ROVs presented in Table 5-19 with a corresponding payback period of the 
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construction cost of the EOR unit and transportation pipeline within approximately three to 

three and a half years from option exercise (Table 5-22). 

Given the low probability of option exercise, the CCS operator should not be relying 

upon the possibility of additional profits accrued through synergistic EOR operations. Under 

the five-factor CPM the NPV of this project from the CCS operator’s perspective at the 

expected time of investment exercise and conditional on construction of the EOR unit is 

approximately 180.41 M€. The corresponding discounted expected NPV of this project given 

the expected probability of construction (Table 5-22) is then 25.84 M€. It is thus empirically 

concluded that the value of the EOR project from the CCS operator’s perspective is low under 

the financial parameters of this case. A low expected NPV compared to the substantial capital 

and operational costs of operating the CCS unit in this case (Table 5-2) therefore means that 

EOR has not effectively increased the profitability or financial viability of CCS technology 

within Western Europe. Changes in the financial and technical parameters of this case required 

to promote the synergistic EOR project are now evaluated. 

5.2.3.a Sensitivity Analysis 

Sensitivity of the value of the construction of the EOR unit from the EOR operators’ 

perspective to key underlying financial parameters are now considered to evaluate changes to 

this case that must be made to promote this synergistic operation. Given that the EOR case is 

currently highly unprofitable, decreases to either capital or operational expenses are required 

to increase the financial viability of this project. The NPV and ROV of the project under 

different stochastic CPMs are presented within this sensitivity analysis due to the unreliability 

of calculated investment trigger prices under multi-factor CPMs. 

Table 5-23 below presents the calculated NPV and ROV as a function of the capital 

expenditure of the EOR project. The capital expenditure of the project is given by the sum of 

the cost of the EOR unit and the transportation pipeline (i.e., 𝐶𝐴𝐸𝑂𝑅 + 𝐶𝐴𝑝𝑖𝑝𝑒𝑙𝑖𝑛𝑒) presented 

in Table 5-16. Decreases in the capital expenditure could be attributed to decreases in the total 

distance of the constructed pipeline, decreases in construction costs of the EOR unit (such as 

in materials) or the introduction of capital investment subsidies. 
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CA 

(M€) 

1F 2F 3F 4F 5F 

NPV ROV NPV ROV NPV ROV NPV ROV NPV ROV 

403.61 

(-50%) 

311 

(6.50) 

942 

(5.65) 

-417 

(3.20) 

360 

(2.14) 

-451 

(4.38) 

491 

(3.23) 

-501  

(2.74) 

268 

(1.71) 

-468 

(2.80) 

286 

(1.78) 

484.33 

(-40%) 

231 

(6.50) 

913 

(5.60) 

-498 

(3.20) 

339 

(2.09) 

-532 

(4.38) 

470 

(3.19) 

-581  

(2.74) 

249 

(1.66) 

-549 

(2.80) 

266 

(1.73) 

565.05 

(-30%) 

150 

(6.50) 

886 

(5.55) 

-579 

(3.20) 

318 

(2.04) 

-613 

(4.38) 

450 

(3.14) 

-662  

(2.74) 

231 

(1.61) 

-629 

(2.80) 

248 

(1.68) 

645.77 

(-20%) 

70 

(6.50) 

859 

(5.50) 

-660 

(3.20) 

300 

(1.99) 

-693 

(4.38) 

432 

(3.09) 

-743  

(2.74) 

215 

(1.56) 

-710 

(2.80) 

231 

(1.63) 

726.49 

(-10%) 

-11 

(6.50) 

834 

(5.46) 

-740 

(3.20) 

282 

(1.94) 

-774 

(4.38) 

414 

(3.05) 

-824  

(2.74) 

200 

(1.51) 

-791 

(2.80) 

215 

(1.58) 

807.21 

(0%) 

-92 

(6.50) 

809 

(5.41) 

-821 

(3.20) 

265 

(1.89) 

-855 

(4.38) 

397 

(3.00) 

-904  

(2.74) 

186 

(1.47) 

-871 

(2.80) 

201 

(1.54) 

Table 5-23. Calculated NPV and ROV as a function of initial capital expenditure. Standard 

errors are provided within parentheses. 

Reductions in capital expenditure have not effectively increased the financial viability 

of the EOR project (Table 5-23). Decreases in capital expenditure correspond to an identical 

increase in the calculated NPVs, suggesting that even with an unlikely scenario of 100% 

reduction in capital costs of the EOR project, calculated NPVs will still be negative under each 

of the multi-factor CPMs. The incentive for the EOR producer to begin purchasing CO2 to 

increase oil yields is thus determined to be low. Reductions in operational expenditure is 

required to increase the value of the project, particularly given that no carbon purchase price 

has been determined to promote the construction of the EOR unit (Table 5-19). 

Table 5-24 below presents the calculated NPV and ROV as a function of the operational 

expenditure of the EOR project. The operational expenditure is given as the cost of extracting 

the oil using the EOR unit in euros per barrel. Decreases in operational expenditure could thus 

be attributed to increases in the operational efficiency of the offshore oil rig project. 
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OM 

(€/bbl) 

1F 2F 3F 4F 5F 

NPV ROV NPV ROV NPV ROV NPV ROV NPV ROV 

18.85 

(-50%) 

994 

(6.50) 

1187 

(6.09) 

265 

(3.20) 

562 

(2.62) 

231 

(4.38) 

675 

(3.68) 

182  

(2.74) 

458 

(2.19) 

214 

(2.80) 

480 

(2.26) 

22.62 

(-40%) 

777 

(6.50) 

1095 

(5.95) 

48 

(3.20) 

482 

(2.46) 

14 

(4.38) 

604 

(3.53) 

-36  

(2.74) 

381 

(2.03) 

-3 

(2.80) 

402 

(2.10) 

26.39 

(-30%) 

560 

(6.50) 

1013 

(5.81) 

-169 

(3.20) 

414 

(2.31) 

-203 

(4.38) 

542 

(3.39) 

-253  

(2.74) 

318 

(1.87) 

-220 

(2.80) 

336 

(1.95) 

30.16 

(-20%) 

343 

(6.50) 

938 

(5.67) 

-387 

(3.20) 

356 

(2.16) 

-420 

(4.38) 

487 

(3.25) 

-467  

(2.74) 

265 

(1.73) 

-437 

(2.80) 

283 

(1.80) 

33.93 

(-10%) 

125 

(6.50) 

870 

(5.54) 

-604 

(3.20) 

307 

(2.02) 

-638 

(4.38) 

439 

(3.12) 

-687  

(2.74) 

222 

(1.59) 

-654 

(2.80) 

238 

(1.66) 

37.70 

(0%) 

-92 

(6.50) 

809 

(5.41) 

-821 

(3.20) 

265 

(1.89) 

-855 

(4.38) 

397 

(3.00) 

-904  

(2.74) 

186 

(1.47) 

-871 

(2.80) 

201 

(1.54) 

Table 5-24. Calculated NPV and ROV as a function of oil extraction operational expenditure. 

Standard errors are provided within parentheses. 

Decreases in the operational cost of oil extraction is more sensitive to project value than 

capital investment costs (Table 5-24). The high operational costs of EOR are thus attributed to 

the large, negative calculated project NPVs (Table 5-24). Operational costs of oil extraction 

must reduce by more than 40% to result in positive NPVs under multi-factor CPMs. However, 

uncertainty in future oil prices further results in the immediate investment of EOR being sup-

optimal given current spot prices and oil market conditions. The maturity of EOR technology 

suggests that operational costs are estimated with a high degree of accuracy and are unlikely to 

decrease, particularly by such a substantial margin. 

The net operating cost of extracting one barrel of oil, being the sum of operational cost 

of extraction and volume of carbon purchased at the fixed purchase price (i.e., 𝑂𝑀 + 𝐶𝑃/𝑅) is 

equivalent to approximately 49.25 €/bbl, whilst prevailing oil spot prices are approximately 59 

€/bbl. Expected future spot prices of oil (the mean of simulated price paths) are further expected 

to decrease under the multi-factor CPM scenarios, reaching a minimum of 44.98 €/bbl in 

approximately six years under the five-factor model. The expected future distribution of oil 

market spot prices, combined with the high operational cost of the project, is thus the primary 

characteristic inhibiting project investment. 

Changes in the capital cost of the construction of the EOR project have been empirically 

shown to be less sensitive than operational expenditure to the total project value. These 

empirical findings suggest that the EOR operator may wish to minimize the operational 



  

240 

 

expenditures of this project. One potential way the EOR operator may do this is by increasing 

the proportion of the capital cost of the CO2 transportation pipeline they commit to outlay. 

Decreasing the investment cost from the CCS perspective reduces the minimum carbon 

purchase price they will be willing to accept within the next seven years, thus decreasing 

ongoing operational costs at the expense of a larger initial capital investment from the EOR 

perspective. 

Table 5-25 below presents calculated project values under one- and five-factor CPMs 

as a function of the proportion of the transportation pipeline each party commits to pay. The 

base case scenario considers when each party pays exactly 50% of the capital investment cost 

of the pipeline (𝐶𝐴𝑝𝑖𝑝𝑒𝑙𝑖𝑛𝑒  = 260.08M€). The second scenario considers when the CCS 

producer pays for only 10% of this investment cost, thus requiring a far lower carbon purchase 

price (𝐶𝐴) to accept the capital investment project. 

EOR CA 

(M€) 

CCS CA 

(M€) 

CP 

(€/tCO2) 

1F 5F 

NPV 

(M€) 

ROV 

(M€) 

NPV 

(M€) 

ROV 

(M€) 

807.21 260.08 25.50 -91.82 

(6.50) 

808.84 

(5.41) 

-871.47 

(2.80) 

200.83 

(1.54) 

1,041.28 26.01 2.54 229.63 

(6.50) 

894.25 

(5.61) 

-550.02 

(2.80) 

253.78 

(1.73) 

Table 5-25. Calculated Project NPV and ROV as a function of the proportion of the 

transportation pipeline each party commits to pay. 

Increasing the proportion of investment into the CO2 transportation pipeline of the EOR 

producer has increased the calculated NPV and ROV of the project from the EOR perspective 

(Table 5-25). The synergistic value of the project from the EOR perspective is thus maximized 

when the oil producer owns as large of a proportion of the assets as possible, as they are then 

under minimum obligation to repay the investment costs outlaid by the CCS operator through 

a carbon purchase agreement. This highlights that project value accrued by the CCS operator 

comes at a detriment in project value from the EOR producer. The CCS operator, who owns a 

proportion of the EOR project, is compensated through fixed, ongoing profit from the sale of 

their captured CO2 without exposure to oil market uncertainty and at the benefit of lower capital 

investment costs than the EOR operator. 

The empirical results of Table 5-25 therefore suggests that ongoing discussions 

between oil and CCS producers regarding potential synergistic operations of EOR will likely 

result in the EOR producer attempting to own as large of a proportion of the EOR operation as 
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they can. Whilst the optimal scenario from the EOR perspective will be when they own 100% 

of the asset and are thus under no obligation to pay the CCS producer anything, a CCS producer 

would likely feel that they are being unfairly compensated for the beneficial CO2 they are 

providing the oil producer in this case. Ongoing discussions into these synergistic operations 

would thus consist of the EOR producer considering increasing exposure into oil market 

uncertainty and the CCS producer requiring adequate compensation for their captured 

emissions when evaluating the proportion of capital assets each party owns. Regardless of this 

dynamic, calculated NPVs were still substantial and negative when the EOR operator owns 

100% of assets, further highlighting the negative profitability of this case study. 

Table 5-26 below presents the calculated NPV of the EOR project as a function of 

useful asset life. The useful asset life of an operational oil rig is a function of the total amount 

of residual oil within the reservoir, the rate of extraction of this reservoir and the total yield 

attainable from this residual amount. The NPV of an EOR project with an increased useful 

asset life is thus dependent upon discounted forecasted cash flows extended over a longer 

forecasting horizon. 

Useful 

Asset life 

(𝜏) 

1F 2F 3F 4F 5F 

15 years 
-91.82 

(6.50) 

-821.03 

(3.20) 

-854.73 

(4.38) 

-904.25 

(2.74) 

-871.47 

(2.80) 

16 years 
-47.44 

(7.08) 

-812.06 

(3.38) 

-860.46 

(4.64) 

-909.34 

(2.92) 

-875.37 

(2.98) 

18 years 
52.92 

(8.40) 

-790.51 

(3.75) 

-856.77 

(5.19) 

-917.44 

(3.27) 

-878.10 

(3.35) 

20 years 
134.18 

(9.60) 

-766.41 

(4.10) 

-860.52 

(5.72) 

-924.93 

(3.60) 

-879.82 

(3.70) 

25 years 
344.27 

(13.12) 

-687.76 

(4.94) 

-841.58 

(7.04) 

-928.28 

(4.39) 

-887.67 

(4.52) 

Table 5-26. Calculated NPV as a function of useful asset life. Standard errors are provided 

within parentheses. 

There is an observable negative relationship between project NPV and useful asset life 

under the four- and five-factor CPMs (Table 5-26). The net operational cost of carbon purchase 

and oil extraction is therefore greater than long-term mean simulated spot prices under these 

CPMs. This provides further empirical evidence that the high operational costs of EOR is the 

primary characteristic of the project that must decrease to result in a profitable investment. 
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An increase in useful asset life of the EOR project has increased discrepancies in 

calculated project NPVs under the different oil CPMs considered in this case (Table 5-26). 

Linear increases in long-term expected oil spot prices under the one-factor GBM model have 

returned a positive relationship between useful asset life and project NPV. An inverse 

relationship is observed under the four- and five-factor CPMs. Changes in the useful asset life 

of the project thus further highlight the sensitivity of calculated project value to forecasted spot 

prices simulated from estimated CPMs in the short-, medium- and long-term. 

An important implication of this empirical finding is relevant when considering EOR 

as a means of extending the useful asset life of an operational oil extraction asset. The 

application of EOR to an existing oil field increases the total yield that may be attained from 

an oil reservoir. EOR may then be an attractive option as increases in extraction yields can 

increase the useful asset life of an operational oil asset. A possible extension to this case study 

could be to formulate the option to commence EOR considering the project increasing in both 

extraction rates and the total useful life of the oil extraction project. Whilst this is considered 

beyond the scope of this chapter, Table 5-26 highlights that a valuation framework that 

evaluates increases in asset lifetime as a result of adopting EOR will be highly sensitive to the 

selection of oil CPM. 

Sensitivity analysis conducted within this section has determined that both capital and 

operational costs of the proposed EOR project are prohibitively high, resulting in high negative 

NPVs and minimal incentives to invest under oil market price uncertainty. High ongoing 

operational costs of extraction relative to prevailing oil spot prices have been identified as the 

key financial variable limiting the profitability of this synergistic project. The future success of 

the proposed EOR project relies on substantially: 

- Higher market spot prices of oil,  

- Stronger observable long-term growth and expectations in oil prices, 

- Lower capital and operational costs, and,  

- A maximum proportion of asset ownership for the EOR operator. 
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 Summary 

This chapter has presented the solution of two case studies through RO analysis to 

evaluate the financial feasibility of CCS retrofits to EU based coal-fired power plants. The first 

case study was a replication and novel extension of that presented by Abadie and Chamorro 

(2008), considering an SCPC power plant retrofitting CCS technology under technological and 

EUA and electricity market price uncertainty. This case study was extended through the 

stochastic modelling of EUA market prices estimated through contemporary observations of 

this market, including a two-factor CPM estimated using market term structure data 

immediately following the confirmation of the MSR. A two-stage RO model was also 

presented, allowing the operation of the CCS unit to be temporarily suspended or permanently 

abandoned at fixed costs. A synergistic EOR operation was then considered based upon the 

financial parameters presented by Compernolle et al. (2017). The primary purpose of this case 

study was to evaluate the influence of calculated project value with respect to the multi-factor 

modelling of oil prices. 

Through the solution of the first case study, it was empirically determined that the MSR 

has substantially increased the strength of the carbon pricing signal for participants of the EU 

ETS. The WOV of this investment project was calculated as negative when modelling 

contemporary EUA market prices under a one- or two-factor CPM and when modelling the 

capital investment project through a one- or two-stage RO model. This case study has thus 

provided substantial empirical evidence that the immediate retrofit of CCS technology is 

optimal under the all-time-high market prices of EUAs. This is the first study in this literature 

area to determine that immediate investment is the optimal policy, suggesting that commercial 

adoption of CCS technology in EU based coal-fired power plants may be imminent. Sensitivity 

analysis further determined that this investment policy is consistent under the case of lower 

residual asset lifetimes, higher capital or operational expenses, and increases in the equilibrium 

market price of electricity. CCS retrofits have thus been empirically concluded to be an 

effective way to promote emissions abatement in the energy sector under a wide variety of 

existing coal-fired power plants and financial considerations given the increased carbon pricing 

signal of the EU ETS. 

In a novel extension to RO models presented in the literature, the two-stage RO model 

was empirically determined to effectively reduce the irreversibility of CCS retrofits, shown in 

Table 5-7 to substantially minimize potential losses under low prevailing market prices and in 
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Figure 5-4 to have a high probability of exercise in operational flexibility over the lifetime of 

the CCS project. The value additivity of operational flexibility was primarily attributed to 

increases in the calculated NPV of the project (rather than ROV), suggesting that operational 

flexibility effectively decreases the irreversibility of immediate investment. This is a key result 

for CCS given the substantial market and technological uncertainty of this investment problem, 

highlighting the benefits of applying the two-stage RO model to this case study. 

Considering the suspension option to be instantaneous and costless was determined to 

result in a substantial increase in calculated project value in comparison to considering fixed 

costs of suspension. Whilst treating the suspension option in this way results in a simpler RO 

model and is the primary way this option has been considered within existing literature, this 

chapter has empirically highlighted the positive bias in calculated project value this suspension 

assumption returns. The abandonment option was determined to have high intrinsic value by 

minimizing losses under low prevailing market prices and therefore reducing irreversibility in 

CCS retrofits. This option was only worthless when the cost of abandonment exceeded the 

maximum losses possible for the CCS asset, an extremely high and unrealistic assumption. 

Empirical analysis in this chapter has thus determined that abandonment is the primary value 

driver when considering operational flexibility. 

The interaction between the suspension and abandonment options was further 

determined to expose a CCS operator to hysteresis risk, as abandonment quickly becomes a 

more appealing option as the cost of suspension increases. Permanent abandonment is 

substantially easier to consider within a RO model than suspension as it does not expand the 

valuation framework to solve for the value of multiple operating modes. Whilst hysteresis risk 

of entry and exit decisions of an investment project have been well observed within the RO 

literature (Dixit, 1989), this study was the first to empirically observe hysteresis within these 

operational flexibilities in this manner. As a result of this empirical analysis, it was concluded 

that the abandonment option is a key characteristic when valuing CCS retrofits (and more 

generally assets with large residual lifetimes and substantial market uncertainty) and that 

suspension should only be considered when the costs associated with this option are sufficiently 

low. 

The EOR case study was determined to be a highly unprofitable venture from both the 

CCS operator and EOR producers’ perspective, consistent with the findings of Compernolle et 

al. (2017). This was due to the investment's high fixed and operational costs, with no feasible 
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agreement between the operators possible under the financial parameters of this case. It was 

thus empirically concluded that EOR within Western Europe may only be a financially viable 

project when the distance between the point source and oil field is very close, and oil market 

prices appreciate considerably. Through game theory, it was empirically concluded that an 

EOR producer would likely approach a CCS operator under the terms that the EOR producer 

pays for (and thus claims ownership) of as large of a proportion of the project as possible. 

Allowing the CCS operator to claim ownership of a portion of this project guarantees this party 

with a fixed income stream in the form of purchased captured carbon, exposing the EOR 

operator to greater oil market price uncertainty. By paying the fixed capital investment costs 

of the project, the EOR producer minimizes the return required by the CCS operator to accept 

investment, thus hedging the EOR producer against potential decreases in oil market prices. 

The feasibility of such an arrangement, however, was also discussed, as the CCS operator may 

seek to claim what they believe is a sufficient return for the sale of their beneficial captured 

CO2. 

The multi-factor modelling of oil market prices was determined to substantially 

influence the calculated project value of the EOR project. Modelling oil market prices through 

even a single additional factor was determined to substantially reduce bias and increase the 

robustness of the calculated results. The key result in this case study was that modelling oil 

spot prices through multi-factor CPMs reduced the total uncertainty in the distribution of oil 

market price forecasts (and, by extension, the associated value of the capital investment project) 

without increasing the dimensionality of the investment problem. Utilizing the reduced-base 

specification first proposed by Cortazar, Gravet, et al. (2008) allows for simulated spot prices, 

rather than individual state variables, to be used as conditional information within LSM 

simulation to approximate continuation values. The additional computational expense of multi-

factor CPMs applied to capital investment decision-making is thus purely restricted to the 

estimation and simulation of these models. These results led to the empirical conclusion that 

multi-factor CPMs are a crucial element of any capital valuation model. Multi-factor CPMs 

have been empirically determined in Chapter 4 to adequately capture the dynamic behaviour 

of commodity prices but are often overlooked within the RO literature. 

The cost of utilizing multi-factor CPMs within a RO valuation framework was 

empirically shown in this chapter to be a decrease in the overall interpretability of results. Given 

the correlation between state variables under multi-factor CPMs, investment trigger prices (a 

common metric presented within the RO literature) may no longer be meaningfully calculated. 
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It was concluded in this chapter, however, that the added robustness of results more than 

compensates for the inability to calculate these investment criteria, as optimal investment rules 

are instead calculated based upon the prevailing commodity market conditions of the 

unobservable dynamics of a commodity term structure under the multi-factor modelling 

scenarios. Multi-factor CPMs thus decrease market uncertainty and bias and increase the 

robustness of investment decision-making without effectively increasing the dimensionality of 

a capital investment model. 
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 Overall Conclusions and Future Research 

Commodity market prices are driven by a multitude of complex dynamics. Uncertainty 

in future paths of commodity prices expose commodity market participants to substantial risk, 

making methods of forecasting and adapting to changing market dynamics key financial tools 

for these agents. To forecast commodity market prices, this research has investigated and 

developed a framework for multi-factor CPMs. To manage uncertainty in commodity 

investments, this research has developed and presented the solutions of RO models. To increase 

the accessibility of these literature fields, this research has developed and published 

comprehensive open-source implementations of both commodity pricing and RO analysis 

frameworks. Existing CPM and RO modelling frameworks presented within existing literature 

have been replicated and extended within this research, with comparisons between these 

frameworks and their respective extensions highlighted and discussed. The major conclusions 

and contributions of this research are presented next by addressing each of the research 

questions, followed by suggestions for future work. 

 Contributions of This Research 

Consistent with the aims of this project, this research has promoted the application of 

multi-factor CPMs in capital investment decision-making by estimating and subsequently 

applying these models to evaluate investments into CCS through RO analysis. By addressing 

these aims in the research, this project has advanced the field of commodity asset valuation 

through a better understanding of the: 

- Different modelling frameworks available for commodity term structure modelling, 
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- Methods available for the efficient estimation of CPMs, 

- Development, analysis, interpretation and comparisons of CPMs estimated using 

empirical term structure data, 

- Characteristics of multi-factor CPMs required to adequately capture different 

commodity market dynamics, 

- Impact of managerial flexibility in capital investment decision-making,  

- Influence of multi-factor CPMs in capital investment decision-making, 

- Key characteristics required within a framework to value CCS retrofit projects,  

- Dynamics between CCS operators and EOR producers under a joint project, and the, 

- Optimal investment policy of CCS retrofits under contemporary EUA market prices. 

New theory was also presented and empirically evaluated within this research. This theory 

developed the CPM and RO literature and can assist in modelling the commodity term structure 

and evaluating investment under uncertainty. The following subsections discuss the main 

findings according to the four main research questions driving this research. 

6.1.1 Research Question 1 (RQ1) 

RQ1: What existing modelling frameworks are appropriate for a market participant to 

forecast commodity market prices, and what is required to apply them? 

This dissertation addressed RQ1 in Chapters 2, 3 and 4. A review of the commodity 

pricing literature in Chapter 2 determined that models which forecast commodity market prices 

may be developed through the multi-factor modelling of a commodity’s observable market 

term structure. There is extensive empirical evidence in the literature that futures prices hold 

predictive power of future expected spot prices in commodity markets. Establishing a 

relationship through multi-factor modelling between the spot price of a commodity and 

unobservable dynamic cost-of-carry components of a futures price curve results in a rigorous 

developed stochastic model that accurately captures the complex market behaviour of 

commodities. 

To model a commodity’s term structure, Chapter 3 presented an N-factor affine 

Gaussian modelling framework. Following the commodity modelling framework of Cortazar 

and Naranjo (2006), this N-factor framework captures the dynamic drift components of a 

commodity term structure through an arbitrary number of correlated, stochastic risk-factors. 

This modelling characteristic was then empirically shown in Chapter 4 to accurately capture 
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the dynamic drift components of a commodity term structure as it moves between states of 

contango and backwardation, with high in- and out-of-sample fit of CPMs developed under 

this framework presented across multiple commodity classes. It was also empirically 

determined in Chapter 4 that including deterministic seasonality in this framework further 

improves model fit to agricultural commodities that exhibit cyclical seasonal trends in futures 

prices. In a novel extension to this framework, Chapter 3 presented the maturity measurement 

error approach, which relaxes the assumption of constant measurement error in observations 

adopted by the commodity pricing literature. The maturity measurement error approach was 

empirically shown in Chapter 4 to improve total model fit and increase the interpretability of 

developed CPMs. These measurement errors were determined to be estimated with extremely 

high precision, and this approach was shown to result in significant increases in the term 

structure fit of estimated models over a constant measurement error assumption. This approach 

was also shown to increase the interpretability of CPMs, as the magnitude of these estimated 

parameters allows for a direct comparison in the fit of different CPMs to short-, medium- and 

long-term futures prices. 

The N-factor commodity modelling framework presented in Chapter 3 has been 

concluded to be an ideal framework to estimating CPMs for application in evaluating capital 

investment decisions. Whilst more comprehensive commodity modelling frameworks have 

been presented within recent literature, it was determined in Chapter 2 that the additional 

complexity of these modelling frameworks extends beyond that which is necessary to evaluate 

capital investment decisions. This is because recent commodity modelling frameworks aim to 

improve model performance to commodity financial options or improve estimator quality in 

the true process of commodity prices, neither of which are required to value capital investment 

projects with long residual asset lifetimes under the assumption of risk-neutrality. 

Estimating the parameters of CPMs under the framework presented in Chapter 3 

requires the numeric optimization of the log-likelihood function returned from the Kalman 

filtering of state variables to the observable commodity term structure. The computational 

speed of the Kalman filter algorithm is an important characteristic for developing CPMs 

because: 

- CPMs may have many unknown parameters, requiring a great many iterations of the 

Kalman filter to converge upon a global log-likelihood optima, 

- CPMs may be characterised by multiple state variables,  
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- Multiple CPMs may be estimated for comparative purposes, and, 

- The increasing richness and liquidity of commodity derivative markets provides a 

substantial volume of historical observations to estimate CPMs. 

To optimize computational efficiency when estimating CPMs, this research proposed in 

Chapter 3 the application of the sequential processing Kalman filter algorithm. An 

implementation of this algorithm was subsequently developed and published in the open-

source FKF.SP R package. Rigorous empirical testing of the package led to the conclusion that 

sequential processing and the FKF.SP package is an ideal Kalman filter approach to estimate 

the parameters of CPMs, with this algorithm being approximately 6.5 times faster than 

traditional Kalman filtering when applied to commodity term structure data. A key result of 

this empirical testing was that increases in the number of contracts observed within the term 

structure dataset resulted in linear, rather than exponential, increases in computation time of 

sequential processing over the traditional Kalman filter algorithm. 

A framework and procedure for estimating, analysing and applying CPMs was 

presented in Chapter 4 of this research. This included the development and publication of the 

NFCP R package, which allows for the estimation, analysis, derivative pricing, probabilistic 

forecasting and MCS of commodity prices and CPMs. The NFCP R package is a 

comprehensive framework for commodity term structure modelling and addresses the first aim 

of this research by greatly increasing the accessibility of the commodity pricing literature.  

After establishing the efficacy of this package, a procedure for the model selection and 

analysis of N-factor CPMs was presented in-depth. The performance and stability metrics 

identified to comprehensively evaluate and compare CPMs were the: 

- BIC value for model comparison and optimal model selection purposes, 

- Interpretation of the magnitude of estimated measurement errors under the maturity 

measurement error approach, 

- In- and out-of-sample Bias and RMSE of estimated models, including breaking down 

these performance metrics by observation groupings consistent with the maturity 

measurement error approach, and, 

- Observed theoretical model fit to the empirical volatility term structure of futures 

returns. 

These performance and stability metrics allowed for the direct evaluation of the performance 

of these CPMs to the first and second moments of observable commodity term structure data. 
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Combining the procedural framework presented in Chapter 4 with the commodity modelling 

framework presented in Chapter 3 and implemented in the NFCP R package results in a 

comprehensive and readily available framework for the development, analysis and subsequent 

application of multi-factor CPMs. 

6.1.2 Research Question 2 (RQ2) 

RQ2: How do multi-factor commodity pricing models influence capital investment 

project valuation, and what are the primary considerations of this approach? 

RQ2 was addressed in Chapter 5 of this dissertation through the deployment of case 

studies evaluating a CCS and EOR synergistic project. Multi-factor EUA and crude oil CPMs 

presented in Chapter 4 were simulated for usage within RO models to solve for the value of 

these capital investment projects. RQ2 addressed the first aim of this research by evaluating 

the effects and considerations of deploying multi-factor CPMs in capital investment decision-

making. 

It was empirically determined in Chapter 5 that the multi-factor modelling of oil market prices 

had a significant influence on the calculated value of the EOR project. The calculated NPV of 

the EOR project decreased by over 730 M€ (Table 5-5) under the multi-factor oil CPMs 

compared to the one-factor GBM stochastic model. Incorporating even a singular additional 

factor into the commodity modelling framework resulted in a significant decrease in the long-

term forecasts of oil market prices, which reduced bias in the associated calculated project 

value. While expected oil spot prices grew linearly under the GBM model, they decreased 

under the multi-factor models for the first approximately six years (Figure 5-9). The stochastic 

model used to simulate oil market prices was determined to be the most sensitive parameter of 

the case study to the calculated project value. It was therefore concluded that the selection of a 

rigorous empirical CPM is a key stage in the valuation of capital investment opportunities, with 

multi-factor CPMs significantly influencing project value. 

It was further empirically determined in Chapter 5 that the application of multi-factor 

CPMs to simulate future oil spot prices substantially reduced market uncertainty compared to 

the GBM model. Adopting a five-factor oil CPM resulted in a 57% reduction in the reported 

standard error for the NPV of the EOR project over the GBM model (Table 5-19) and 

substantially lower 95% confidence intervals in simulated spot prices (Table 5-20). Capturing 

the market dynamics of oil prices through multiple stochastic factors reduced the volatility of 
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the random walk factor, which models the long-term drift of the commodity market. A portion 

of the variance in commodity market prices was instead explained through the other stochastic 

factors with mean-reverting behaviour, which approach equilibrium values in the long term. 

Developing a CPM with a higher fit to the commodity's short-, medium- and long-term 

behaviour thus reduced total market uncertainty within the valuation model.  

The application of multi-factor CPMs to value capital investment projects was 

determined to reduce the overall interpretability of results compared to one-factor CPMs, as 

investment market trigger prices may no longer be meaningfully calculated (Table 5-21). The 

market prices of a commodity at which immediate investment of a project is the optimal policy 

is a common metric presented within the RO literature. Modelling commodity prices through 

multiple correlated state variables, however, limits the ability for these market prices to be 

calculated and interpreted. Whilst the interpretability of results decreases under the multi-factor 

modelling scenario, the robustness of calculated project value and associated optimal 

investment policy increases. This is because contemporary observations of state variables are 

estimated through the Kalman filter, providing optimal estimates of the current state of the 

dynamic factors driving the commodity market price. Negative WOVs returned under 

contemporary observations of state variables are therefore considering a greater proportion of 

expected future market movements in the commodity over a one-factor CPM, resulting in a 

more rigorous optimal investment policy under multi-factor CPMs. 

LSM simulation is the recommended solution method to solve RO values in capital 

investment projects when using multi-factor CPMs. The application of MCS approaches allows 

for the convenient calculation of cash flows along simulated price paths rather than deriving 

closed-form solutions of expected annuity payments of multi-factor CPMs required for other 

approaches, such as lattice-based techniques. The LSMRealOptions R package was introduced 

in Chapter 5, which provides an implementation of the LSM algorithm to solve for American-

style options and conduct RO analysis and increases the accessibility of the RO analysis 

literature. 

The primary benefit of utilizing LSM simulation to solve for the value of RO models 

with multi-factor CPMs is adopting the reduced-base specification approach proposed by 

Cortazar, Gravet, et al. (2008). The reduced-base specification approach allows for the 

application of simulated spot prices, rather than all individual state variables, of multi-factor 

CPMs to be used as basis functions within the LSM algorithm. This approach was empirically 
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tested in Chapter 5, supporting the application of this approach to the EOR case study. Because 

the number of basis functions does not increase as a function of the number of factors within a 

CPM under the reduced-base specification approach, multi-factor CPMs do not increase the 

complexity of a RO model solved through LSM simulation. Whilst multi-factor CPMs are more 

computationally expensive to estimate and simulate, this dissertation has presented strong 

empirical support for applying multi-factor CPMs and MCS to forecast commodity prices and 

value capital investment projects. 

The application of the reduced-base specification was not, however, empirically 

supported by the CCS retrofit case study. Standard errors in the calculated project value of CCS 

retrofits were higher when using simulated spot prices rather than state variables as basis 

functions under the two-factor EUA CPM. This was determined to be due to the low mean-

reversion rate of the second factor, low correlation between state variables, high market 

volatility and substantial forecasting horizon of this case study. These characteristics may 

therefore limit the applicability of the reduced-base specification, resulting in the 

computational complexity of the RO model increasing with the number of factors within the 

multi-factor model. 

In summary of RQ2, multi-factor CPMs are a key characteristic of commodity capital 

investment project valuation frameworks due to their significant influence on calculated project 

value and investment policy. The implication of this conclusion is that multi-factor CPMs 

should be adopted within RO analysis studies, despite their minimal application within this 

literature field.  

The following procedure is used to apply these CPMs within a RO model. Firstly, multi-

factor CPMs are estimated using historical market data. Secondly, the contemporary filtered 

estimates of state variables of these models are obtained through Kalman filtering 

contemporary term structure data. Thirdly, state variables are simulated through MCS, with the 

simulated paths of these state variables used to develop simulated spot prices. Fourth and 

finally, these simulated spot prices are used within a RO model to calculate the value of 

immediate investment into the project as well as managerial flexibility, solving for these values 

through LSM simulation. In comparison to solving for RO value through a one-factor GBM 

model, this multi-factor valuation framework results in: 

- Lower confidence intervals in simulated spot prices, 

- Lower standard errors in associated project value, 
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- Stochastic behaviour with a higher fit to observable term structure market data, 

- Reduced bias in calculated project values, 

- Little-to-no increase in the dimensionality of the valuation problem, and, 

- Reduced interpretability in the trigger prices for investment, but, 

- Increased robustness in the optimal investment policy. 

6.1.3 Research Question 3 (RQ3) 

RQ3: What are the major sources of uncertainty and opportunity associated with 

carbon capture and storage investment in the energy sector? 

The second aim of this research was to evaluate the financial viability of CCS 

technology. As part of addressing this research aim, literature that has evaluated the investment 

of CCS retrofits was compiled in Chapter 2, discussing the major sources of uncertainty and 

opportunity identified within this literature field. It was then evaluated using contemporary 

EUA and oil market data through the deployment of case studies in Chapter 5. Sensitivity 

analysis, game theory and a two-stage RO model were all evaluated in Chapter 5 to identify 

the key characteristics that define this capital investment opportunity. A summary of the 

findings regarding investment decision-making into CCS technology is now presented. 

The option to retrofit CCS technology is subject to extremely high market and 

technological uncertainty. The EUA market has historically experienced extremely high 

volatility that has not reduced as the market has grown and matured. The market is also 

extremely speculative, driven mostly through a random walk process with little empirical 

evidence of mean-reversion. EUAs act as a unique form of intangible commodity, with minimal 

storage costs for banking EUAs and positive risk-premiums associated with hedging against 

future increases in EUA market prices. The term structure of EUAs is characterized by a state 

of contango, with changes in the slope of the term structure representing market expectations 

in the rate of future increases in market prices and the associated premiums of futures contracts. 

Valuing the option to retrofit CCS technology under market uncertainty in the EU is a 

function of stochastic EUA and electricity market prices. Stochastic electricity prices are 

considered due to the energy required to capture, condense, and store emissions, resulting in 

foregone revenues for a coal-fired power plant. Stochastically modelling multiple commodities 

with high market volatility over the decades-long asset lifetime of the option to retrofit CCS 

resulted in high standard errors of calculated project value when solved through LSM 
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simulation. Solving for project value also required a substantial number of simulated price 

paths and basis functions to achieve sufficient convergence in results, highlighting the 

complexity and computational expense of evaluating CCS retrofits. 

The high levels of market and technological uncertainty that CCS retrofits are exposed 

to result in very high calculated values of capital flexibility for the deployed case study. The 

option to delay initial investment into CCS is only superseded by the value of immediate 

investment when the NPV of retrofitting CCS is substantially greater than zero, with NPVs in 

the billions of euros required for a power plant with a useful asset life of 40 years. Whilst NPVs 

may be calculated as a net positive at relatively low prevailing EUA market prices, the 

irreversible decision to invest is only sufficiently incentivized at substantially higher market 

levels due to the volatility of EUAs. 

A sensitivity analysis of the CCS retrofit option revealed that the value of CCS is more 

sensitive to changes in operational expenditure than capital investment costs. This finding 

implies that the primary barrier of entry into retrofitting CCS is the low willingness to capture 

emissions under the potential of unprofitable levels of EUA and electricity market prices. A 

CCS operator evaluating potential future technological developments into the capture 

technology are therefore much more interested in the potential to increase the energy and cost 

efficiencies of carbon capture than reductions in capital investment costs. The technology lock-

in risk of investment into CCS technology is thus a key characteristic of the investment 

problem. The incorporation of a learning rate that decreases future capital investment costs was 

determined through sensitivity analysis to have minimal influence on the optimal investment 

policy (Table 5-10). This research recommends that technological uncertainty in CCS 

technology is modelled by considering the opportunity cost of immediate investment against 

potential decreases in the cost of carbon capture associated with more developed CCS units. 

The low willingness of a CCS operator to capture emissions after initial investment 

highlights the value of considering methods of hedging against sub-optimal operating 

conditions arising from low prevailing EUA (or high prevailing electricity) market prices. To 

address the high levels of market and technological uncertainty in CCS retrofits, this research 

has recommended considering modelling flexibility in the operation of the unit. This research 

determined that extending the valuation framework to consider a novel two-stage RO model, 

which considered both capital and operational flexibility, substantially influenced the 

propensity to retrofit CCS. Whilst this two-stage RO model is more complex than a capital 
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flexibility RO model and requires solving for the value of multiple operating modes, the 

additional value attained from this model by hedging against market uncertainty was found to 

be substantial. 

The value of the option to abandon an operational CCS unit was particularly determined 

to have extremely high intrinsic value, greatly reducing the irreversibility of this unit over its 

long asset lifetime. Exercise of the abandonment option was shown to be exercised in roughly 

90% of simulated price paths under a contemporary EUA GBM model, becoming a more 

appealing option as the lifetime of the unit decreases as the number of cash flows that may be 

accrued through the capture of emissions are reduced (but market uncertainty is not). The value 

of abandonment of CCS is only worthless when the costs of abandonment are many times 

greater than the initial investment cost. Therefore, this implies that considering the option to 

abandon CCS is a key characteristic in managing the market and technological uncertainty of 

the project. 

The value of the option to temporarily suspend a CCS unit was determined to only be 

net positive when the costs of turning the unit off/on and maintaining a suspended unit are 

sufficiently low. Whilst most of the existing literature has evaluated the value of the suspension 

option as instantaneous and costless, this was shown to result in substantially positive bias in 

calculated project value (Figure 5-6). The costs of suspension were further determined to 

expose the CCS operator to hysteresis risk, as permanent abandonment may be the more 

appealing option when the costs of suspension are sufficiently high (Figure 5-7). This led to 

the conclusion that the value of suspension in the operation of the CCS unit is only valuable 

under sufficiently low costs of suspension, with the abandonment option becoming the more 

appealing choice as the cost of suspension increases. The value of suspension is therefore 

contingent on empirical estimates into the costs of exercising these options, which should be 

considered when developing cost estimates of a CCS project. 

A promising source of opportunity for a CCS operator is a synergistic operation with 

an EOR producer. An EU-based CCS operator would likely prefer to approach an EOR 

operator with a fixed carbon purchase agreement in order to hedge against climate policy 

uncertainty, as selling their captured CO2 would guarantee a fixed stream of income. It was 

determined in this research, however, that the fixed income of the CCS operator results in 

increased market uncertainty in oil prices for the EOR operator, as purchased fixed CO2 must 

be offset by variable oil market prices. A joint agreement into the EOR project would therefore 
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involve EOR operators seeking to claim maximum ownership of the EOR assets (minimizing 

the return required to the CCS producer) and CCS operators pushing for fair compensation of 

their beneficial CO2. Through the deployment of an EOR case study, this research determined 

that these projects will likely occur only for point sources that are very close in distance to the 

oil well and under high prevailing market prices of oil. 

Government policy in the form of subsidies into CCS technology provides 

policymakers with the opportunity to directly promote investment into the emission abatement 

option. This research recommends capital investment subsidies due to their simplicity, ease of 

calculation, reasonable subsidy amounts and positive influence on CCS adoption. A 100% 

subsidy on the costs of constructing a full-chain CCS unit was determined to decrease the 

trigger market prices of investment by approximately 25% (Table 5-8). This significant 

decrease in investment trigger prices may therefore sufficiently incentivize many point sources 

to adopt this emission abatement option. 

This research modelled EUA market uncertainty stochastically through the application 

of one- and two-factor CPMs that allow for the future distribution of market spot prices to be 

unbounded between [0,∞). A final element of the EUA market to consider, however, is that 

the MSR was introduced as a form of direct market intervention in response to low market 

prices. It may therefore be unreasonable to suggest that future EUA market prices will return 

to such low levels without further market intervention, which provides a positive outlook that 

this substantial market uncertainty may be slightly overestimated within stochastic models that 

are driven by random walk elements in EUA prices. 

In summary of RQ3, investment into CCS retrofits is exposed to high levels of market 

and technological uncertainty. RO analysis through models that consider both capital and 

operational flexibility are key valuation techniques to manage uncertainty in these capital 

investment projects. The application of RO analysis thus reduces the probability of project 

failure under the potential for future low prevailing EUA market prices.  

6.1.4 Research Question 4 (RQ4) 

RQ4: Should EU based coal-fired power plants retrofit carbon capture and storage 

given recent market developments of the EU ETS? 

Recommendations into the optimal investment policy for CCS retrofits in EU based 

coal-fired power plants were presented in Chapter 5 to address the second aim of this research. 
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To evaluate the financial viability of CCS retrofits, the case study of Abadie and Chamorro 

(2008) was replicated and extended. CPMs estimated over different observation periods of the 

EU ETS were simulated to evaluate the value of the capital investment project over the lifetime 

of this carbon market. 

The recommended investment policy as a result of this research is that the immediate 

investment of CCS retrofits should be exercised for the SCPC point source first presented by 

Abadie and Chamorro (2008). This investment policy was determined to be highly significant 

and robust, consistent among the different phase 4 EUA stochastic and RO analysis models 

considered within this case study. This is the first study within the RO analysis CCS literature 

to recommend the immediate investment into CCS technology. 

Immediate investment into CCS retrofits was determined to only be the recommended 

investment policy under contemporary observations of the market for EUAs. It was therefore 

concluded that the announcement of the MSR at the beginning of 2018 substantially improved 

the profitability of emission abatement options due to higher prevailing market prices of EUAs. 

It was also determined that the strength of the EU ETS carbon pricing signal was increased 

following this market reform, resulting in the market becoming driven by more complex 

dynamics that could be modelled through two-stochastic factors rather than one. The MSR 

reduced the trigger prices of investment into emission abatement options such as CCS retrofits, 

which is a function of long-term drift and volatility in observable market prices. It was thus 

concluded that the direct market intervention of the EU ETS through the MSR has significantly 

increased this carbon pricing signal and the corresponding optimal investment policy of 

emissions abatement options for market participants. 

Immediate investment into CCS retrofits was determined to be the recommended 

investment policy even under increased investment and operational costs and construction 

periods. Furthermore, it was concluded within the sensitivity analysis of this investment project 

that the optimal investment policy is mostly insensitive to increases in useful asset life beyond 

approximately 15 years. These results indicate that the immediate investment of CCS retrofits 

may be financially viable for many EU based point sources. This includes point sources that 

may have lower useful asset lifetimes or higher costs of investment and operation. This further 

highlights the substantially large emission abatement potential of CCS technology within the 

EU given the increased strength of the carbon pricing signal. 
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It was determined within Chapter 5 of this research that a joint project of EOR located 

in the North Sea utilizing the captured CO2 from the point source of Abadie and Chamorro 

(2008) was a highly unprofitable venture and was unlikely to occur. A joint EOR project would 

likely only be profitable for point sources that are very close in distance to active oil reservoirs. 

Increases in prevailing oil market prices may also drive and incentivize EOR synergistic 

operations between CCS and oil producers. 

 Future Work 

The first aim of this dissertation was to promote the application of multi-factors CPMs 

within RO analysis research. The application of the general and flexible commodity modelling 

and RO analysis frameworks presented may therefore be applied in an extremely broad breadth 

of future work. The following sections discuss suggestions for extensions into the commodity 

modelling framework and CCS and EOR case studies presented within this dissertation. In 

addition, other research suggestions have also been made in other sections of the dissertation. 

6.2.1 Extending the Commodity Modelling Framework 

There are many other modelling frameworks presented within the commodity pricing 

literature that may improve the total fit of estimated CPMs to the observed market prices of 

commodity derivatives. These modelling frameworks may extend upon the commodity 

modelling framework presented in this research in novel ways at the cost of greater modelling 

complexity. 

It was determined in section 4.3.3 that the application of deterministic seasonality 

factors improved the fit of multi-factor CPMs to agricultural commodities. It was also 

suggested, however, that extending these deterministic factors to be stochastically evolving 

may result in further increases in model fit at the expense of computational complexity. The 

estimation precision of stochastic seasonal factors would rely upon term structure observation 

over multiple years to capture the annual seasonal effects of this class of commodities. 

Stochastic seasonality factors were presented in the framework of Mirantes et al. (2012) and 

subsequently Mirantes et al. (2013) for energy commodities. General formulae for an arbitrary 

number of these factors, however, were not presented under this framework. The application 

of a framework with stochastic seasonal factors to model agricultural commodity market prices 

was not identified within the systematic literature review of this dissertation, but research in 

this area would likely contribute to the commodity pricing literature. 



 

260 

 

Recent commodity pricing literature has focused upon the stochastic modelling of the 

volatility of spot returns (Chiarella et al., 2013; Chiang et al., 2015; Arismendi et al., 2016; 

Cortazar et al., 2016; Cortazar et al., 2017; Cheng et al., 2018; Schneider & Tavin, 2018; Da 

Fonseca & Ignatieva, 2019; Ignatieva & Wong, 2022). Stochastic volatility CPM frameworks 

capture heteroskedasticity and USV that is exhibited within the markets of many commodities. 

These frameworks have been shown to improve model fit in the pricing of commodity financial 

options (Cortazar et al., 2016) and hold a great potential for a more dynamic assessment of 

capital investment decisions. The application of a stochastic volatility CPM framework may 

therefore influence the valuation of capital investment projects or ROs at the cost of substantial 

increases in modelling complexity. 

The stochastic volatility framework of Cortazar et al. (2017) is the most comprehensive 

commodity modelling framework presented within the commodity pricing literature. It uses 

futures prices to calibrate stochastic drift parameters and the model-free specification of 

implied variance of options prices to calibrate stochastic volatility parameters. The application 

of this framework thus requires more commodity market data than the framework of this 

research. This framework also results in substantially more unknown parameters, with a 

stochastic volatility CPM estimated in the work of Cortazar et al. (2017) with 50 unknown 

parameters. Finally, due to a lack of closed form solutions to futures and option prices under 

this framework, parameters must be estimated through the Extended Kalman filter and quasi 

maximum-likelihood estimation. These characteristics of the stochastic volatility framework 

thus result in a substantially more complex commodity modelling approach. Applying this 

framework to value commodity capital investments and compare these to a Gaussian 

commodity modelling framework, however, may be an interesting stream of future research. 

6.2.2 Extending the Case Studies of this Research 

Several extensions to the CCS and EOR case studies presented in Chapter 5 may 

improve the precision of the policy recommendations made as a result of analysis of these 

projects. 

The CCS retrofit case presented in Chapter 5 was a replication of the study of Abadie 

and Chamorro (2008). Whilst contemporary EUA market data was used to evaluate this retrofit 

project, the financial and electricity market parameters of this case study have likely undergone 

significant differences since their calibration. To address this, this dissertation presented 

sensitivity analysis of the optimal investment policy to key financial and technological 
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parameters. Contributions could be made to the RO analysis CCS literature field, however, by 

conducting a case study into an EU based point source retrofitting state of the art CCS 

technology under contemporary estimates of financial parameters, using the estimated EUA 

CPMs presented in Chapter 4 of this dissertation. Empirically estimating costs of suspension 

and abandonment of a CCS unit will further improve the reliability of calculated project value 

under the two-stage RO model with operational flexibility presented in Chapter 5. 

The case study of Abadie and Chamorro (2008) modelled technological uncertainty of 

CCS through a deterministic, exponential decay in future capital investment costs. It was 

determined within the sensitivity analysis of Chapter 5, however, that changes in this learning 

rate were insensitive to changes in the optimal investment policy. These results indicate that 

technological uncertainty and lock-in risk of CCS technology may be better modelled through 

potential future improvements in capture efficiencies. There are several valuation frameworks 

presented within the literature that consider improvements in capture efficiencies, such as Fan 

et al. (2018). Elements of these frameworks could be incorporated into the RO model presented 

within this dissertation to model the technological uncertainty of CCS. 

The EOR case study considered within this research was determined to be a highly 

unprofitable synergistic operation under the financial parameters adopted from the work of 

Compernolle et al. (2017). The RO analysis CCS literature could benefit from the empirical 

identification of specific point sources and oil reservoirs that may present profitable EOR 

synergistic projects. This would then provide further insights into how CCS and EOR operators 

may engage and subsequently agree upon the joint project under market uncertainty. 

Comparisons into project value under different cooperative mechanisms (fixed purchase price, 

oil-indexed purchase price, and joint venture contracts) between the CCS and EOR operators 

would also provide further insights into the optimal investment strategy for each agent, such as 

in the study of L. Zhu et al. (2020). 

The EOR case study considered in Chapter 5 assumed that commencing EOR would 

improve oil yields for the remainder of the asset’s useful life. EOR is an appealing venture for 

oil producers, however, because it allows for a greater proportion of the oil within a reservoir 

to be extracted. Commencing EOR may then serve to increase the useful life of the oil 

production asset. Adjustments to the EOR case study to consider a dynamic asset life that is 

dependent upon the quantity of oil within a reservoir may better reflect the value returned from 

commencing an EOR project. This dynamic has been considered within RO models for natural 
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resource investments within existing literature, with the most well-known example being that 

of Brennan and Schwartz (1985). Dependence of the project value to the quantity of the natural 

resource increases modelling complexity, but also allows for unique insights into management 

of the operation of the project, such as the optimization of oil extraction rates under prevailing 

market prices. 
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Appendix A. Systematic Search Summary Table. 

 Year Authors 
Solution 

Method 
Point Source Uncertainties Case Study 

Operational 

Flexibility 

Specific 

Characteristics 

1 2007 
Reinelt, P and 

Keith, D 

Simulation + 

linear 

programming 

Natural gas-

fired power 

plant; PC; 

IGCC 

Natural gas 

(GBM) 

 

Climate policy 

implementation 

date 

(probabilistic) 

United States - 
CCS retrofit vs. 

plant replacement 

2 2007 Blyth, W et al. 

Simulation + 

linear 

programming 

SCPC; natural 

gas-fired power 

plant 

Electricity 

(deterministic) 
- - 

Carbon price shocks 

 

Coal vs. Gas vs. 

CCS pairwise 

comparison 

3 2008 
Abadie, L and 

Chamorro, J 

Binomial 

lattice 
SCPC 

Electricity 

(IGBM) 

 

Investment 

cost/learning 

rate 

(deterministic) 

European 

Union 
- 

EUA CPM 

estimation: Kalman 

filter + MLE. 

 

Electricity CPM 

estimation: least-

squares 

4 2008 Fuss, S et al. 

Simulation + 

linear 

programming 

Coal-fired 

power plant 
Electricity (MR) 

European 

Union 
Suspension 

Market vs. policy 

uncertainty 

5 2008 

Szolgayova, J, 

Fuss, S and 

Obersteiner, M 

Simulation + 

linear 

programming 

Biomass-; coal-

fired power 

plants 

Electricity (MR) - Suspension 
Carbon price caps & 

safety valves 
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 Year Authors 
Solution 

Method 
Point Source Uncertainties Case Study 

Operational 

Flexibility 

Specific 

Characteristics 

6 2009 Fuss, S et al. 

Simulation + 

linear 

programming 

IGCC; wind 

power 

Electricity 

(linear function 

of CO2 price) 

 

Carbon: GBM + 

jump process 

United States - 
Long-term power 

generation adoption 

7 2010 

Heydari, S, 

Ovenden, N and 

Siddiqui, A 

Analytic 
Coal-fired 

power plant 

Electricity 

(deterministic) 

 

Coal (GBM) 

 

Climate policy 

implementation 

date 

(probabilistic) 

- - 
Full or partial CCS 

investment 

8 2010 Zhou, W et al. 

Simulation + 

linear 

programming 

PC; IGCC; 

wind power 

Electricity 

(deterministic) 
China - Policy adoption date 

9 2010 Fleten, S et al. 

Simulation + 

linear 

programming 

Natural gas-

fired power 

plant 

Oil (GBM) 

European 

Union 

(Norwegian 

Continental 

Shelf) 

- EOR + DSF Storage 

10 2011 
Rohlfs, W and 

Madlener, R 
Analytic 

Coal-fired 

power plant 

Electricity; 

O&M Cost 

(GBM) 

- - 
Carbon capture 

ready 
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 Year Authors 
Solution 

Method 
Point Source Uncertainties Case Study 

Operational 

Flexibility 

Specific 

Characteristics 

11 2011 
Rammerstorfer, 

M and Eisl, R 

Analytic + 

finite 

differences 

Coal-fired 

power plant 

Carbon 

convenience 

yield (linear + 

MR) 

European 

Union 
- 

Low vs. high level 

of carbon market 

development 

12 2011 
Kato, M and 

Zhou, Y 

Binomial 

lattice 

Coal-fired 

power plant; 

SCPC 

Electricity 

(deterministic) 
Japan - 

CCS vs. SCPC 

investment 

13 2011 
Zhu, L and Fan, 

Y 

LSM 

simulation 

Coal-fired 

power plant 

Investment cost 

(controlled 

diffusion) 

 

operating cost 

(GBM) 

China Abandonment 

Two-stage 

investment: 

R&D + operations 

14 2012 
Liang, X and 

Li, J 

LSM 

simulation 
Cement kiln 

Carbon; coal 

(MR) 

 

Electricity 

(fixed) 

China - - 

15 2013 
Zhu, L and Fan, 

Y 

LSM 

simulation 
SCPC 

Electricity (MR) 

 

Investment, 

O&M cost 

(GBM) 

 

Construction 

time (controlled 

diffusion) 

China 

Capture rate 

 

Abandonment 

Two-stage 

investment: 

construction + 

operations 



 

287 

 

Appendix A. Systematic Search Summary Table. 

 Year Authors 
Solution 

Method 
Point Source Uncertainties Case Study 

Operational 

Flexibility 

Specific 

Characteristics 

16 2013 
Laude, A and 

Jonen, C 

LSM 

simulation 

Bioethanol 

refinery 

Natural gas 

(GBM) 

 

CO2 capture 

unit investment 

cost (Poisson 

jump) 

European 

Union 

(France) 

- 
Technical Change 

Modelling 

17 2014(a) 
Rohlfs, W and 

Madlener, R 

Binomial 

lattice + 

simulation 

Gas; coal-fired 

power plant; 

hydro; wind; 

photovoltaics 

Electricity; coal; 

natural gas 

(GBM) 

European 

Union 

Energy 

production 

Floor pricing 

mechanism 

 

Optimal technology 

choice 

 

Utility metric 

18 2014(b) 
Rohlfs, W and 

Madlener, R 

Binomial 

lattice + 

simulation 

Coal; gas fired 

power plants 

Electricity; coal; 

natural gas 

(GBM) 

Germany 

pilot study 

Energy 

production 

Consideration of 

existing power plant 

portfolios 

 

Value at risk metric 

19 2014 
Mo, J and Zhu, 

L 

LSM 

simulation 
SCPC Electricity (MR) 

European 

Union 
Suspension 

Floor price 

mechanism 

20 2014 
Walsh DM, et 

al. 
Analytic SCPC 

Electricity 

(deterministic) 

 

Investment cost 

(linear) 

United 

Kingdom 
- 

EU ETS vs. Great 

Britain carbon price 

floor 
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 Year Authors 
Solution 

Method 
Point Source Uncertainties Case Study 

Operational 

Flexibility 

Specific 

Characteristics 

21 2014 Zhang, X et al. 
Trinomial 

lattice 
SCPC 

Electricity 

(deterministic) 

 

Oil (GBM) 

China - 

CCR pre-investment 

 

EOR 

22 2014 

Abadie, L, 

Galarraga, I and 

Rubbelke, D 

Binomial 

lattice 

Coal-fired 

power plant 

Oil (MR) 

 

Electricity 

(GBM) + 

deterministic 

seasonality 

United 

Kingdom 
- 

Storage in DSF vs. 

EOR & DSF 

23 2014 Zhou, W et al. 
LSM 

simulation 

Indirect Coal 

Liquefaction 

Electricity 

(deterministic) 

 

Naphtha; diesel; 

coal (GBM) 

China - 

Optimal policy 

structure 

 

Capture ready 

24 2015(a) 
Knoope, M, et 

al. 

Binomial 

lattice 

Various point 

sources 

Electricity 

(fixed) 

Amsterdam-

Ijmuiden 

region 

(Netherlands) 

- 

Multiple competing 

point sources 

 

Optimal CO2 

transportation 

network structure 
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 Year Authors 
Solution 

Method 
Point Source Uncertainties Case Study 

Operational 

Flexibility 

Specific 

Characteristics 

25 2015(b) 
Knoope, M, et 

al. 

LSM 

simulation 

Coal-fired 

power plant 

Coal; oil; 

utilization rate 

(GBM) 

 

Electricity (MR) 

 

Storage 

reservoir 

capacity 

(Gaussian) 

- 

Suspension 

 

Abandonment 

carbon transport 

Pipeline vs. shipping 

26 2015 

Mo, J; Schleich, 

J; Zhu, L and 

Fan, Y 

LSM 

simulation 
SCPC 

Electricity; coal 

(GBM) 
China 

Suspension 

 

Abandonment 

Policy 

implementation date 

uncertainty 

27 2016 
Chu, H; Ran, L 

and Zhang, R 

LSM 

simulation 

Coal-fired 

power plant 

Coal (GBM) 

 

Electricity (MR) 

China - Subsidy analysis 

28 2016 
Chen, H; Wang, 

C; Ye, M 

LSM 

simulation 
SCPC 

Coal (GBM) 

 

Electricity (MR) 

China - Subsidy analysis 

29 2016 
Wang, X and 

Du, L 

Binomial 

lattice 
SCPC 

Coal (GBM) 

 

Investment; 

O&M cost 

(deterministic) 

China - Subsidy analysis 
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 Year Authors 
Solution 

Method 
Point Source Uncertainties Case Study 

Operational 

Flexibility 

Specific 

Characteristics 

30 2016 
Narita, D and 

Klepper, G 
Analytic 

Coal-fired 

power plant 

Electricity 

(fixed) 

 

Investment cost 

(linear) 

 

Carbon seepage 

risk (Poisson) 

United 

Kingdom 

(Scotland) 

- 

Carbon seepage 

analysis 

 

Storage capacity 

determines project 

lifetime 

31 2017 
Compernolle, T 

et al. 
Analytic - Oil (GBM) 

European 

Union (North 

Sea)  

Suspension 

EOR 

 

Multiple agents 

(CO2; oil producers) 

32 2017 
Hauck, D and 

Hof, A 

Simulation + 

linear 

programming 

Coal-fired 

power plant 

Electricity 

(deterministic) 

 

Natural gas 

(GBM) 

-- - 
CCS vs. natural gas 

extraction 

33 2018 

Elias, RD; 

Wahab, MIM 

and Fang, L 

Binomial 

lattice 

Natural gas-

fired power 

plant 

Electricity; 

natural gas 

(MR) 

 

Carbon price 

(deterministic) 

 
Energy 

production 

Post-combustion vs. 

Oxy-fuel retrofitting 

34 2018 
Mo, J; Schleich, 

J and Fan, Y 

LSM 

simulation 
SCPC 

Electricity; coal 

(GBM) 
China 

Suspension 

 

Abandonment 

Carbon capture 

ready 
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 Year Authors 
Solution 

Method 
Point Source Uncertainties Case Study 

Operational 

Flexibility 

Specific 

Characteristics 

35 2018 
Cui, H; Zhao, T 

and Wu, R 

Binomial 

lattice 
SCPC 

PV cash flow; 

coal; 

investment, 

O&M cost 

(GBM) 

China - 

Two-stage 

investment: 

Demonstration 

project & 

commercial 

operation 

 

Subsidy analysis 

36 2018 Fan, J et al. 

Simulation + 

linear 

programming 

Coal-fired 

power plant 
- China - 

Technology lock-in 

risk: first vs. second 

gen. CCS 

37 2018 
Wang, X and 

Qie, S 
Analytic 

Coal-fired 

power plant 

Electricity 

(fixed) 
China - 

Multiple Agents 

(CO2 producer; CCS 

operator) 

38 2018 
Wang, X and 

Qie, S 
Analytic 

Coal-fired 

power plant 

Electricity 

(fixed) 
China  

Multiple Agents 

(CO2 producer; CCS 

operator) 

39 2018 
Wang, X and 

Zhang, H 

Trinomial 

lattice 
SCPC; IGCC 

Electricity 

(fixed) 
China - 

Optimal policy 

design 

40 2018 
Wang, X and 

Zhang, H 

Binomial 

lattice 
SCPC 

Electricity 

(fixed) 

 

Coal; EOR 

revenue (GBM) 

China - 

EOR 

 

Two-stage 

investment: CCS & 

CCS + EOR 

41 2018 Fertig, E 

Simulation + 

dynamic 

programming 

Government 

R&D program 

O&M cost; 

Investment; 

R&D (diffuse) 

United States - 

Technological 

uncertainty: 

breakthroughs vs. 

learning-by-doing 
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Appendix A. Systematic Search Summary Table. 

 Year Authors 
Solution 

Method 
Point Source Uncertainties Case Study 

Operational 

Flexibility 

Specific 

Characteristics 

42 2019 Fan, J et al. 
Trinomial 

lattice 
SCPC 

Investment cost 

(GBM) 
China - 

Subsidy analysis 

 

Coal vs. solar power 

43 2019 Fan, J et al. 
Trinomial 

lattice 
SCPC 

Coal (GBM) 

 

Investment cost; 

O&M cost; 

investment 

subsidy 

(deterministic) 

China - Subsidy analysis 

44 2019 Yang, L et al. 
Trinomial 

lattice 

Coal-fired 

power plant 

Oil (GBM) 

 

Investment cost; 

O&M cost; 

investment 

subsidy 

(deterministic) 

China - 

Subsidy analysis 

 

EOR 

45 2019 Yao, X et al. 
LSM 

simulation 

Indirect Coal 

Liquefaction 

Oil; coal 

(GBM) 
China 

Suspend; 

abandon 

Subsidy analysis 

 

EOR 

46 2019 
Zhang, W and 

Liu, L 

LSM 

simulation 

Coal-fired 

power plant 

Utilization 

revenue; 

transport; 

storage costs 

(GBM) 

 

Investment cost 

(deterministic) 

China - 
Utilization: 

industrial/food 
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Appendix A. Systematic Search Summary Table. 

 Year Authors 
Solution 

Method 
Point Source Uncertainties Case Study 

Operational 

Flexibility 

Specific 

Characteristics 

47 2020 Ding, H et al. 
Linear 

programming 
Steel plant 

Investment cost; 

energy output 

penalty 

(deterministic) 

China - Capture readiness 

48 2020 
Fan, J; Shen, S 

et al. 

Trinomial 

lattice 

PC; IGCC; 

natural gas 
- China - 

Subsidy analysis 

 

Enhanced water 

recovery; EOR 

49 2020 
Fan, J; Wei, S et 

al. 

Trinomial 

lattice 

Coal-fired 

power plant 

Investment cost 

(deterministic) 
China - 

Subsidy analysis 

 

Coal vs. solar power 

50 2020 Li, J et al. 
Trinomial 

lattice 

Indirect Coal 

Liquefaction 
- China - 

Enhanced water 

recovery 

51 2020 Yao, X et al. 

Simulation + 

dynamic 

programming 

Coal-fired 

power plant 

Investment cost 

(linear) 
China - 

Subsidy analysis 

 

First vs. second 

generation 

52 2020 Zhang, X et al. Analytic 
Coal-fired 

power plant 

On-grid energy 

(GBM) 
China - Carbon price floor 

53 2020 

Zhu, L; Yao, X 

and 

Zhang, X 

LSM 

Simulation 
- Oil (GBM) China Abandon 

EOR 

 

Multiple agents 

(CO2; oil producers) 
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Appendix A. Systematic Search Summary Table. 

 Year Authors 
Solution 

Method 
Point Source Uncertainties Case Study 

Operational 

Flexibility 

Specific 

Characteristics 

54 2021 
Aspinall, T et 

al. 

LSM 

Simulation 
SCPC 

Electricity 

(IGBM) 

 

Investment cost 

(deterministic) 

European 

Union 
- 

Multi-factor carbon 

modelling (short-

term/long-term 

model) 

 

Replication study 

55 2021 Huang, C et al. Analytic - - China - Subsidy analysis 
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Appendix B. Schwartz and Smith (2000) Table and Figure Replications. 

Replications of figures 1, 2, and 4 and table 3 of Schwartz and Smith (2000) are presented 

within this appendix. 

 

Figure 1 replication. 

 

Figure 2 replication. 
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Figure 4 replication. 

 

 

Table 3 replication. Replicated values are given in parentheses 

Contract Maturity Mean Error SD of Error 
Mean Absolute 

Error 

1 mo. 
-0.0053 

(0.0061) 

0.0414 

(0.0417) 

0.0314 

(0.0311) 

5 mo. 
0.0005 

(-0.0004) 

0.0044 

(0.0038) 

0.0035 

(0.0029) 

9 mo. 
-0.0002 

(0.0002) 

0.0025 

(0.0029) 

0.0020 

(0.0022) 

13 mo. 
0.0000 

(0.0000) 

0.0000 

(0.0000) 

0.0000 

(0.0000) 

17 mo. 
0.0000 

(0.0000) 

0.0035 

(0.0038) 

0.0028 

(0.0030) 
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Appendix C. Cortazar and Naranjo (2006) parameter estimation replication. 

 Panel A Panel B Panel C 

 
Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

𝜅2 
0.433 

(0.002) 

0.492 

(0.002) 

0.673 

(0.002) 
 

0.687 

(0.013) 

1.038 

(0.004) 

1.254 

(0.005) 
 

0.435 

(0.002) 

0.461 

(0.002) 

0.655 

(0.002) 
 

𝜅3 
1.260 

(0.005) 

1.633 

(0.006) 
  

1.312 

(0.012) 

3.797 

(0.023) 
  

1.300 

(0.008) 

1.455 

(0.006) 
  

𝜅4 
6.411 

(0.050) 
   

7.440 

(0.042) 
   

4.949 

(0.079) 
   

𝜎1 
0.194 

(0.003) 

0.191 

(0.003) 

0.163 

(0.003) 

0.128 

(0.004) 

0.148 

(0.003) 

0.142 

(0.003) 

0.132 

(0.003) 

0.114 

(0.004) 

0.225 

(0.005) 

0.228 

(0.006) 

0.188 

(0.005) 

0.143 

(0.006) 

𝜎2 
0.172 

(0.003) 

0.168 

(0.003) 

0.185 

(0.003) 
 

0.217 

(0.008) 

0.168 

(0.005) 

0.169 

(0.004) 
 

0.195 

(0.005) 

0.197 

(0.006) 

0.346 

(0.006) 
 

𝜎3 
0.300 

(0.008) 

0.428 

(0.007) 
  

0.234 

(0.009) 

0.132 

(0.004) 
  

0.291 

(0.008) 

0.632 

(0.009) 
  

𝜎4 
0.191 

(0.004) 
   

0.143 

(0.003) 
   

0.241 

(0.007) 
   

𝜌2,1 
-0.387 

(0.024) 

-0.297 

(0.027) 

-0.020 

(0.024) 
 

-0.224 

(0.037) 

0.031 

(0.037) 

0.199 

(0.036) 
 

-0.372 

(0.034) 

-0.378 

(0.039) 

-0.106 

(0.040) 
 

𝜌3,1 
0.198 

(0.030) 

0.276 

(0.035) 
  

0.211 

(0.039) 

0.156 

(0.038) 
  

0.174 

(0.038) 

0.319 

(0.056) 
  

𝜌3,2 
-0.208 

(0.031) 

-0.028 

(0.040) 
  

-0.694 

(0.026) 

-0.071 

(0.039) 
  

-0.157 

(0.039) 

-0.209 

(0.069) 
  

𝜌4,1 
-0.040 

(0.027) 
   

0.037 

(0.034) 
   

-0.044 

(0.037) 
   

𝜌4,2 
0.301 

(0.025) 
   

0.372 

(0.032) 
   

0.374 

(0.034) 
   

𝜌4,3 
-0.324 

(0.028) 
   

-0.213 

(0.038) 
   

-0.425 

(0.032) 
   

𝜇 
-0.003 

(0.093) 

-0.008 

(0.057) 

0.003 

(0.051) 

0.009 

(0.041) 

-0.006 

(0.066) 

-0.013 

(0.065) 

-0.012 

(0.060) 

0.012 

(0.052) 

0.002 

(0.064) 

0.010 

(0.098) 

0.038 

(0.087) 

0.004 

(0.068) 

𝜇∗ 
-0.009 

(0.001) 

-0.008 

(0.001) 

-0.006 

(0.001) 

-0.022 

(0.001) 

0.013 

(0.001) 

0.015 

(0.000) 

0.018 

(0.000) 

-0.012 

(0.001) 

-0.017 

(0.001) 

-0.018 

(0.001) 

-0.010 

(0.001) 

-0.026 

(0.001) 
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Appendix C. Cortazar and Naranjo (2006) parameter estimation replication. 

 Panel A Panel B Panel C 

 
Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

𝜆2 
0.027 

(0.059) 

0.046 

(0.053) 

0.074 

(0.060) 
 

0.004 

(0.101) 

0.160 

(0.077) 

0.198 

(0.077) 
 

0.113 

(0.088) 

0.081 

(0.090) 

0.043 

(0.156) 
 

𝜆3 
0.113 

(0.116) 

0.125 

(0.137) 
  

0.180 

(0.109) 

0.075 

(0.060) 
  

-0.032 

(0.134) 

0.074 

(0.291) 
  

𝜆4 
-0.052 

(0.066) 
   

0.074 

(0.067) 
   

-0.123 

(0.114) 
   

휀 
0.003 

(0.000) 

0.006 

(0.000) 

0.015 

(0.000) 

0.061 

(0.000) 

0.002 

(0.000) 

0.003 

(0.000) 

0.009 

(0.000) 

0.037 

(0.000) 

0.004 

(0.000) 

0.006 

(0.000) 

0.015 

(0.000) 

0.073 

(0.000) 
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Appendix D. Cortazar and Naranjo (2006) replication using the maturity measurement error approach. 

 Panel A Panel B Panel C 

 
Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

𝜅2 
0.245 

(0.004) 

0.485 

(0.002) 

0.623 

(0.002) 
 

0.918 

(0.016) 

1.089 

(0.015) 

1.113 

(0.004) 
 

0.233 

(0.005) 

0.426 

(0.002) 

0.618 

(0.002) 
 

𝜅3 
1.044 

(0.010) 

1.376 

(0.006) 
  

1.291 

(0.017) 

1.648 

(0.022) 
  

0.980 

(0.011) 

1.246 

(0.006) 
  

𝜅4 
1.712 

(0.016) 
   

8.206 

(0.051) 
   

1.549 

(0.015) 
   

𝜎1 
0.209 

(0.004) 

0.196 

(0.004) 

0.181 

(0.003) 

0.172 

(0.003) 

0.150 

(0.003) 

0.148 

(0.003) 

0.145 

(0.003) 

0.146 

(0.003) 

0.234 

(0.006) 

0.232 

(0.006) 

0.213 

(0.004) 

0.200 

(0.005) 

𝜎2 
0.260 

(0.007) 

0.178 

(0.004) 

0.159 

(0.002) 
 

0.379 

(0.028) 

0.327 

(0.019) 

0.148 

(0.003) 
 

0.291 

(0.012) 

0.186 

(0.006) 

0.215 

(0.004) 
 

𝜎3 
0.416 

(0.015) 

0.426 

(0.009) 
  

0.402 

(0.028) 

0.307 

(0.019) 
  

0.548 

(0.032) 

0.525 

(0.011) 
  

𝜎4 
0.440 

(0.016) 
   

0.140 

(0.004) 
   

0.873 

(0.031) 
   

𝜌2,1 
-0.448 

(0.026) 

-0.355 

(0.028) 

-0.099 

(0.020) 
 

-0.219 

(0.039) 

-0.099 

(0.040) 

0.096 

(0.032) 
 

-0.302 

(0.054) 

-0.401 

(0.039) 

-0.148 

(0.029) 
 

𝜌3,1 
0.125 

(0.034) 

0.274 

(0.038) 
  

0.240 

(0.039) 

0.140 

(0.045) 
  

0.009 

(0.058) 

0.246 

(0.062) 
  

𝜌3,2 
-0.669 

(0.019) 

-0.187 

(0.041) 
  

-0.909 

(0.014) 

-0.878 

(0.016) 
  

-0.714 

(0.026) 

-0.187 

(0.071) 
  

𝜌4,1 
-0.091 

(0.034) 
   

0.086 

(0.035) 
   

-0.048 

(0.068) 
   

𝜌4,2 
0.685 

(0.019) 
   

0.296 

(0.036) 
   

0.823 

(0.018) 
   

𝜌4,3 
-0.848 

(0.013) 
   

-0.198 

(0.039) 
   

-0.848 

(0.022) 
   

𝜇 
-0.014 

(0.064) 

0.000 

(0.002) 

0.003 

(0.056) 

0.006 

(0.059) 

-0.006 

(0.068) 

-0.006 

(0.067) 

-0.015 

(0.066) 

0.004 

(0.068) 

0.009 

(0.112) 

-0.005 

(0.117) 

0.030 

(0.097) 

0.015 

(0.092) 

𝜇∗ 
-0.013 

(0.001) 

-0.011 

(0.001) 

-0.005 

(0.001) 

-0.029 

(0.001) 

0.014 

(0.001) 

0.013 

(0.000) 

0.018 

(0.000) 

-0.008 

(0.001) 

-0.012 

(0.001) 

-0.020 

(0.001) 

-0.014 

(0.001) 

-0.033 

(0.001) 
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Appendix D. Cortazar and Naranjo (2006) replication using the maturity measurement error approach. 

 Panel A Panel B Panel C 

 
Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

Four 

Factors 

Three 

Factors 

Two 

Factors 

One 

Factor 

𝜆2 
0.011 

(0.075) 

0.026 

(0.054) 

0.069 

(0.052) 
 

-0.031 

(0.174) 

0.085 

(0.147) 

0.185 

(0.067) 
 

0.028 

(0.125) 

0.100 

(0.090) 

0.055 

(0.099) 
 

𝜆3 
0.127 

(0.122) 

0.146 

(0.055) 
  

0.214 

(0.183) 

0.106 

(0.138) 
  

0.086 

(0.219) 

0.033 

(0.273) 
  

𝜆4 
-0.024 

(0.132) 
   

0.074 

(0.064) 
   

-0.044 

(0.329) 
   

휀1 
0.011 

(0.000) 

0.016 

(0.000) 

0.046 

(0.000) 

0.101 

(0.001) 

0.002 

(0.000) 

0.014 

(0.000) 

0.024 

(0.000) 

0.075 

(0.001) 

0.012 

(0.000) 

0.020 

(0.000) 

0.046 

(0.000) 

0.152 

(0.001) 

휀2 
0.002 

(0.000) 

0.002 

(0.000) 

0.010 

(0.000) 

0.041 

(0.000) 

0.001 

(0.000) 

0.001 

(0.000) 

0.002 

(0.000) 

0.026 

(0.000) 

0.003 

(0.000) 

0.003 

(0.000) 

0.012 

(0.000) 

0.080 

(0.001) 

휀3 
0.002 

(0.000) 

0.001 

(0.000) 

0.002 

(0.000) 

0.010 

(0.000) 

0.001 

(0.000) 

0.001 

(0.000) 

0.001 

(0.000) 

0.006 

(0.000) 

0.002 

(0.000) 

0.003 

(0.000) 

0.002 

(0.000) 

0.033 

(0.000) 

휀4 
0.001 

(0.000) 

0.002 

(0.000) 

0.002 

(0.000) 

0.028 

(0.000) 

0.001 

(0.000) 

0.001 

(0.000) 

0.005 

(0.000) 

0.016 

(0.000) 

0.001 

(0.000) 

0.002 

(0.000) 

0.001 

(0.000) 

0.009 

(0.000) 

휀5 
0.003 

(0.000) 

0.006 

(0.000) 

0.018 

(0.000) 

0.075 

(0.000) 

0.004 

(0.000) 

0.005 

(0.000) 

0.010 

(0.000) 

0.031 

(0.000) 

0.003 

(0.000) 

0.004 

(0.000) 

0.018 

(0.000) 

0.060 

(0.000) 
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Appendix E. Cortazar and Naranjo (2006) Table and Figure Replications. 

Replications of tables 1, 3, and 4 and figures 2, 3, 4, 5, and 7 of Cortazar and Naranjo (2006) 

are presented within this appendix. 

 

Table 1 replication. Replicated values are given in parentheses. Differences in replicated values 

are highlighted in bold. 

 

Year 

Average number of 

daily observations 

Maximum maturity 

(years) 

Panel A    

Panel B 1992 22 (22) 3 (3) 

 1993 22 (22) 3 (3) 

 1994 21 (22) 3 (3) 

 1995 25 (25) 4 (5) 

 1996 31 (31) 4 (4) 

Panel C 1997 34 (34) 7 (7) 

 1998 31 (34) 7 (7) 

 1999 31 (34) 7 (7) 

 2000 33 (33) 7 (7) 

 2001 34 (34) 7 (7) 

Panel D 2002 34 (34) 7 (7) 

 2003 34 (34) 7 (7) 

 2004 33 (34) 7 (7) 

 

Table 3 replication. Replicated values are given in parentheses. 

 Factors RMSE Bias 

Panel A 

1F 6.07% (5.92%) 0.0001%  (0.0004%) 

2F 1.48% (1.46%) -0.0001%  (-0.0004%) 

3F 0.53% (0.51%) 0.0000%  (-0.0002%) 

4F 0.31% (0.29%) 0.0000%  (-0.0001%) 

Panel B 

1F 3.71% (3.70%) -0.0001%  (-0.0009%) 

2F 0.87% (0.87%) 0.0000%  (0.0000%) 

3F 0.46% (0.31%) 0.0002%  (0.0000%) 

4F 0.16% (0.16%) 0.0000%  (0.0000%) 

Panel C 

1F 7.28% (7.12%) -0.0003%  (0.0010%) 

2F 1.50% (1.46%) 0.0000%  (-0.0003%) 

3F 0.56% (0.53%) 0.0000%  (-0.0003%) 

4F 0.38% (0.35%) 0.0000%  (-0.0002%) 
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Table 4 replication. Replicated values are given in parentheses. 

 
2001  

(In-sample) 

2002 2003 2004 

1F 
5.55% 

(5.43%) 

4.51% 

(4.38%) 

6.17% 

(5.93%) 

5.61% 

(5.52%) 

2F 
1.38% 

(1.38%) 

1.23% 

(1.22%) 

1.84% 

(1.88%) 

1.32% 

(1.35%) 

3F 
0.69% 

(0.60%) 

0.66% 

(0.66%) 

0.68% 

(0.71%) 

0.53% 

(0.54%) 

4F 
0.45% 

(0.36%) 

0.53% 

(0.53%) 

0.45% 

(0.46%) 

0.35% 

(0.37%) 

 

Figure 2 replication. 
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Figure 3 replication. 

 

 

 

Figure 4 replication. 
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Figure 5 replication. 
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Figure 7 replication. 

 


